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ON (C, a-CONVERGENT INT EGRALS AND THEIR APPLICATION 
TO MATHEMATICAL PHYSICS 


By 
P. K. Gnosnu 


(Received January 20, 1948) 


INTRODUCTION 


This paper. deals with a generalisation of (C, 1) convergent integrals treated by the 
author in a previous paper (Ghosh, 1947). As before. we establish the properties of 
continuity, differentiability and integrability of such integrals with respect to a parameter. 
This makes them fit for use as solutions of differential equations with respect to the 
parameter or parameters and hence applicnble for solution of such equations of 
mathematical physics, 


- MATHEMATICAL THEORY 


We know that if a function f(x) integrable -R tends to l as x tends to infinity, then 
at tW 
= -> tdt (&20)"' 
: 6-2) "ma eno 


tends to the same limit as æ tends to infinity. If /(z) diverges definitely, then 
; up l y i 
2 | (1-: feat 
also diverges definitely. . 


Definition. If - 
a - i an] 
NOEL 
^ 0 z 

tends to a limit l as z—->co, we call this limit the (C, @)-limit of f(a) as «x — oo. 

[ef. Doetsch (1920) ]. 7 : 


Example: In {he ordinary sense wsing oscillates infinitely ns 2, but 
(C, 2)-limit of zsinz ns z—» oo, vis., 


- 


(C,/2)lim gsm g = igh Ji (ifie o 
*—o0 >» 


jn case the function fe) is nob defined, “gay from 0 to b, we consider another 
‘function f,(z) such that i 
Pose: TL : QE 
fie) = fe, 2b cc ee 


9 P. K. GHOSH 


and take the limit of i 


= f (1 a : i jet 


(provided the limit exists) as z tends to co as the (C, a)-limit of f(z):a8 2 — co. 


Consistency Theorem. It has been established that if f(a) is (C, a)-convergent, - 
then it is also (C, B)-convergent to the same value if B 2» a. If f(x) diverges definitely, 
then also (C, a)-limit of f(z) diverges definitely. (Doetsch, 1920, 1921). 

We now consider the integral 


3 F(a) = J E (1) 


r 


... If the (C, 2 -limit of F(a) as z— co exists, then we say that the integral. on the 
right of (1) is (C, e)-convergent and we take this limi as the value of the infinite integral. 
We denote this integral by í 


(C, «)- J OR 


^ 


According to this notation 


e. 
f f(x)da 
of my previous paper becomes i 
(C, 1)- f tas. 
Example: Let us consider the integral 
F(z) = f z sin gde =—z cos x +sin cx 
0 


In the ordinary sense F(s) oscillates as 2 — oo, but 
(C, 2)- f zainads = 0 
0 
UNIFORM CONVERGENCE 


These infinite integrals may also contain parameters, Let 


Fl, u) -f (i = DT ajdt. (2) 
A i , 


Tf now F(z, a) converges uniformly in an interval A <a < B as s—> co, we say that 


r 


C, o- f fte, ode @) 


converges uniformly in the interyal Aas B, 
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We now proceed to study some important properties of (C, a)-convergent integrals 
containing a parameter. 


CoNTINUITY WITH RESPECT TO A PARAMETER 


Theorem 1. If f(x, a) is continuous in the region c seo, A a m B and ij 
the integral 


gf 


ES = * 
(0, a)- f fi, ajda 
e 
converges uniformly in the interval A <a < B, then the integral defines a function 


pla) = (0, 0)- f fle, ajde 


continuous in, that interval. 


Proof. We take any point a, in the interval A<a<B. As the integral 18 
uniformly convergent, 
a~l 
s) = © f ‘e(1-3) yf ft, a)dt+ Rela.) 


oath) = =f ie(1-2) [fn ach)it-Ry(m th) > 
0 


and 


x 


where both | R, (a) |< e and | Rz(a,+h)|<e when x’ > X(e) 


las hola) = & f a2(1-&)" f U, a+r, pate neas 9) — Re) 
0 c 


Hence í 
a zNÁÀ (7 i 
E f de (1-2) f [f(t, ash) -f(t, a,)]dt 
f + | Ez(ay 4 h) | + | Rer(a,) | 





| plast h) —o(a,) | s 


Now we keep z' fixed. Then, since 


s [56-27 finn 
0 c 


a continuous function of a in the interval A < a < B, it follows that 


is] 2) It, a 1) - ftt ay ]df| <e, [A | «8. 
' Hence < 2 A 
[o(a,- h) —e(a)| «8e, [h] <6. . 


whieh proves the proposition, 
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INTEGRATION WITH RESPECT TO A PARAMETER: REVERSAL OF THE ORDER, OF INTEGRATON 


Theorem, 2. If the function j(z,a) is continuous in tho’ region c ez e « os, 
A <e B, andif the miegral 


(C a)-f fæ, ade 
converges unijormfy in the interval A za B: . 


` dla) = (C, aaf re a)dz 
s foune (C, a)- fof Kx, ada 
Ns C feos fie ajde = (C, f fene 


l Proof. The NTN plu) is continuous by ren. l and, therefore integrable. 
Because of uniform convergence 


= T a—ı bi 
CORF i da(1-2) f "Ct, ajdi + Ry (a) 
whero | Ej (a) | <e when => X(s). 


ie oof. ont is : a 
J plajda d ('a(i- 2) x NL neg R,ta)da 


ug of 
We keep =’ fixed. The ordor of ietan in the fis TIN "on the zen can be 
reversed, so that 


f» (C, fie a)dz — € er sis JB ff^ f(t, ajda = f BR, danda: 


Hence 


fo. (0, o- f're ajde- © [4-9 "faf a)da 


' i x’ Š X. Hiiren 


E da.(C, «)- fre ie Aine (0, «)- «f da T f(z, a)da, 


DIFFERENTIATION WITH RFSPECT TO A PARAMETER 





< &(a,— dy) 


i 


Theorem 3. Let the integral 


flde m a 
converge in the interval A a B: 


(C, &)-CONVERGENT INTEGRALS AND THEIR APPLICATION, ETC. 


glu) = (C, a)- fie a)da. 
Let f/u exist and let the function 
Of [8a = fa(e, a) 
be continuous in tho region c zzz < œ, Axas B. Let the integral 


l (0, @)- f fale, ade 


converge uniformly in the interval A «a < B. 


: Then the function g(a) has a derivative, the derivative is continuous, and is given 
by the last integral: : : 


ZP = (0, a)- fi fle od 
Proof. Let 
Ya) = (C, e)- fie ae 


Then y(a) is continuous and therefore jséegtble. By Theorem 2 


FR V(aMda = (C, e)- foe afa S da = (0, a)- fi fx, a) f(z, Asa 


= (0, a)- f fts, Qs (6, a)}- fle, Alda 


Hence 


f Ya)da = da)- (A). 
From the continuity of V(a), it at E follows that 


: ya) = dp/da. 
The three theorems established above for only one parameter can at once be general- 
ised for any number of parameters. 
We now proceed to generalise the concept of the volume integral : i 


f f(z,, 24, 2,)dz, AL dT; ur - (4) 


taken over entire space. We first integrate over a sphere of radius r, the cenire being at 
a fixed point, so that the integral is now a function of r only, viz., 


fie. Ta £ dedede, = F(r)* i (5) 
sph = g 
If now the (C, «)-limit of-F(r) as r— oo exisis we say that the integral exists and its 
value is 


- 


(C, a- f fts, Va; z,)de,dz,dz, = (C, a)-lim F(r) (8) 
r>2 


r 


^ 


8 P. K. GHOSH 


Here as the integral is semi-convergent its value depends on the choice of the centre 
of the sphere of integration and this has to be adjusted by other conditions ofthe problem. 


We can similarly generalise the concept when the integrand contains parameters : 


ni [tar an: e 21, 2 ddnde, (7) 


taken over all space, as has been- done m my previous paper. In this ense also the 
arbitrariness due to the semi-convergence of the integral remains—the position of the 
centre of the sphere of integration has got to-be adjusted. In this case our ultimate 
object being solution of differential equations, we sce that it can be adjusted with the 
help of the boundary conditions. 


APPLICATIONS 


For the purpose of application we have to generalise the quantum mechanical rules 
for the calculation of the matrix elements of an operator A, vis., 


Amn = (C, a)-f YmAyndr ° 
instead of 


Ann = f Yn Avadr 


taken over the entire configuration space, where Ym, Yn are eigenfunctions belonging 
to the m-th and n-th states respectively 


In the solution of problems of Quantum Mechanics such integrals occur which m the 
last analysis reduces to 


B 


i f ko” cos kya dko, f LEH gin koa dk, 


eo 00 
J kj *! cos Ita dko. f kg" sin koa dk, 


[of. Dirac, (1948)] 


In the oustomary process these integrals have to be calculated in an artificial 
manner. But our theory gives the values of these integrals in a natural and logical 
manner. We got, for a>, 2n+1, 2n+2, 2n c 2, 2n+1 respectively, 


(C, a)- T Ko" cos k,adk, = 0, (C,a)- f ko * sin kua dk, = 0 
0 0 


(es) ^ 5 i 
(0, a)- J Ket! cos kya dky = (1)! kt, (0, a)- J Kö" sin kya dk, = (— 1). (n) AQ" 
0 0 
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; Although we proved the continuity, differentiability and integrability properties in 
all generality i.e. «(> 0) can be an integer, rational or rational quantity, in this paper 
we have given certain results for only positive integral values of æ. The general technique 
for such cases will be published later. i 
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ON CERTAIN INTEGRALS INVOLVING BESSEL FUNCTIONS 


Br 
B. N. Boss 


(Received February 20, 1948) 


The present note may be taken as a continuation of my previous note (Bose, 1945). 
The method of Operational Caleulus has been employed here as well. It is worthwhile to 
note that the changes in the order of integration wherever effected can be easily justified 
on account of the absolute convergence of the double integrals concerned. 

1. It can be easily deduced from the relation 


il 
ATI 42,2 = att” p TIA r4) 
/ Jutaz)J ,(az)&*t! exp (—2*/?).de FP TQ, e DT 1) ime 


Ma+v+1), (Atuty?) (kv) nue 


x,F 
2 | utl, v41, atv+l; 


where R(A+p+y) > 0, that 


à f 5» exp (-#*t).dz = (1/t) exp (-u?/2t).Im{a?/2t), provided R(m)  —1. (1) 
0 
In Hankel's integral (1875) (Watson, 1022, p. 429) 
3 
S 9s = 1, oy tn, 
0 


where R{k) > 0, y 2 0 and m, any number. On putting k = yp and multiplying both 
sides by p and interpreting the left hand side by (1), we get 


PIp(y V P)-Kmly V p) = (1t) exp (—y?/2t).Im(y?/2t),  R(m) > —1. (2) 
“It has been proved (Bose, 1944) for m > —4, that 


1 
f P4(1—2y* I (ey) Ka (ey)y?"*1dy 
0 . 





T'(2m —n 147) D'(2m * n 247) 


x [Io (0) Ka, (Ic) t Tapeh) Kinane i(k) ] . (8) 
We put k = yp in (B) and multiply both sides by p. On interpreting both sides then and 
writing y for y? und a for 1/(2t), we get 


_ (-1T@m+1) b (—n),(n 1,D(9m £141) 
2 Z1) 


1 
f P4. —2y*) exp (—ay?) Inlay?) y?" dy 
0 


_ {-1PIfam+1) N (-n),(n+1),Dam+1+r) P 
9 Z VG + )P(m-n-c 14 7I (m n 2r) 


x [Tm+r(@) tha Y(0)]. mc —i4; (4) 


-a 
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when m = 0, we get 


1 
[| P7299 exo Co ay) Lauda = exp(—a)[In@) + mal, (8) 
^ 0 


i; 
2(2n + 1) 
which has already been obtained by a different method (Bose, 1945). 


Again, we have 


r A $ 
K,,(#) = ry } 2” sinh?" exp (—2'cosh p).dp, for (m) > -4 


On multiplying both sides by 2” and writing e = Vp, we get 


(V p)" Kay p) = Pn f (v p)™*™ sinh?" exp (>y p. cosh 9).dg. (6) 


We have due to Goldstein (1981) 
(v p)t exp (— y p.r) = (2/2)) (1/2839. Dur] V QD}. oxp (—7/4t) 


(V py. Ky(y p) + (1/t) FA Wig y, w(1/4t). 
: Interpreting both sides and making use of Goldstein's results and writing a for 1/ V (21), 
we get 


and 


oo 
I exp (— ła? cosh *o).D,, 4, (a cosh g) sinh?"pdp 
0 2 


HT exp (~ 127). W mn, 34,02*), (02-0) — (7) 


am* 1 


Writing m’ = 28+2 and m = O in (7), we get, when 8 is a positive integer 


I exp (— ia? coshg). D ,,, (a cosh g)dg = (—1)!  z.2*7 1 exp (— 4a’). L,(4a?) (8) 
0 
On writing m! = 28+m+2, where 8 and m’are positive integers, we get from (7) 


f exp ( — ła” cosh°p).Das12m+1(8 cosh g). sinh*"gdg 


j = 2Qmte-18] (m + 3) (8 + 1)T (m +8 +1) exp (— $07). Th (39^), 


where Tm(2) is defined to be Sonine’s polynomial (Whittaker and Watson, 1927, p. 352). 


The integral on the L. H.S. of (7) can be expressed in terms of the Pearson- 
Cunningham function Wa, mle) (Whittaker and Watson, 1927, p. 358). 


We have (Watson, 1922) 
[Yo tub exp Comite rescue, ROS €) 


‘We pub v — 0 and od both sides by P„(1-2y?)y and integrate with respect to y 
2—1688P—1 


10 j B. N. BOSE 
between aero and one. Changing the order of integration on the left hand side, we 
get by (5) 
= 
[tant ) exp (- at). — : E : (1/a) exp(— 1/8a?). [1,(1/8a?) + 14,,(1,8a?)] ( (10) 
We have from Sonine's first finite integral (Watson, 1922) 
In (2)]8 = [| Jn(z sin 6) sin*^*!0 cos 6d0 (11) 


Let us multiply both sides of (11) by exp (—a?e*) and integrate with respect to a between 
zero and infinity. Changing the order of integration on the righi hand side and then 
using (9), we get, on writing a for 1/80? and sin 6 for sin*6, 





T2 z 
J exp( - a sin ®)In(a sin 6) sin"9 cos 6d6 = S 
0 
We have again (Bose, 1044) 


1 
az PU 9 SG) + Tuo] (12) 


z 5 
am =. arn (2r + 1)J ar+ (Y2) (18) 





| Tangaly V (B+ 2° 





We put. 3 — l and multiply both sides by exp (—a*y*) and integrate with respect4o y 
between zero and infinity, Changing the order of integration. on the left hand side and 
using (9) and (10), we get, on wrilıng t = tan 6, 


"IR n i ` 
f exp (— atan*6). 1, (t sec) tan 60 = „1 I [I (a) &15,,0)], (02-0) — (14) 
E : a(n+1) <& ` 
Treating similarly the relation 

[ratove + aeris tdt _ _ Tamaya) 


Tnt yg na 


which is obtained from Sonine's integral (Watson, 1922), we get 


mio 
f exp(— a tan?0).1,, (a sec?6) cos?"7!0 sin 0d0 = 
0 


1 
3n « 1) alo) + Inala] (15) 


Now, put v = $ in (9) und multiply both sides by P,(1—2y?)y? and integrate with respect 


to y between the limits zero and one. Changing the order of integration on the left band 
side and making use of (4) and tbe relatıon (Bose, 1944) . 


1 
/ Py(d—2y tyydy = 3 Cn east) nan] 


we geb 
n 242 dt A 432 dt 
(n +1) exp (—a7¢) Jansa(t) d _n exp ( -a*t In) 
0 0 


i = (Vz[8a).exp (—1/8a°).[Ip+s/(1/80°)— En—1(1/80®)]. (16) 
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Putting n—1, n-2,..., 0 forn in succession in (16) and adding the results, we get 





m dt wr ex (-1/8a Ny : e 

— a1? ux, t — = . . I, 1 )-I - ? . 

| exp (=) Tamil) T= qc y Dean 8.- Li 885].. (m) 
"Treating the relation 

2 1 2 a 
dade) = f Js a (8 sin 6) sin?™™ 20 cos 6d6 
0 
which is obtained from Sonine’s first finite integral, in exactly the same way as (11) and 


on making use of (17), we get, after writing a for 1/(8a*), and sin 0 for sin'6, 





"2 n 
A ; ; J : 
J u asin 0) Dian (a sin 0) sin" *1/20 cos 0d6 = E zep - aD Urne) ~I,—32(a)] (18) 


Again treating the relation 


tdt 1 
este x Bj = y Tan 


as before and on making use of (17) we get, as in (15) 
2 : 
exp (—a tan*6). 1, 4ai(a gec’6) cos?" sin 040 


P á 


= Im +2) 2 Msala) -ig(2)], (a > 0). (19) 
P ( 


2. We now give a list of Bessel functions each of which satisfies a homogeneous 
integral equation of which the nucleus is [sin a(s+1)k/{r(e+t}}. The importance of a 
function satisfying such an equation lies in its use in certain inversion formula found out 
by Hardy (1909) and Bateman (1906). 

We start with Gallop’s Integral (1886) 


jd eni J (bi)di = J, (ba), (az b 2» 0) (20) 
It has already been proved (Bose, 1944) that 
sin al sin a(a +t), Sana?) Jan+1(02) ae N 
[e a+) dt = (amb. (21) 


In (20) let us write b sin 6 for b and multiply both sides by cos*?716 sin 6 and integrate 
with respect to 0 between zero and 7/2. Changing the order of integration which can be 
easily justified in this and in similar subsequent cases and using the relation 
gr E 
: J (2 sin 6) cos?"7!0 sin 6d6 = nn In), (m>0) 
0 
which is obtained from Sonine’s first finite integral, we get 


19 . B. N. BOSE 


a A t 
f ERETI meia = Zul) (az. b 0, ma - 3. Qu) 


By putting m = —4 and m =4, we get 


sin a(s +t) $ 
: |. ar, cos btdt = cos bz, (a zx b >0) (28) 
? sin als +t) sin bt; _. sin bs ` -b 24 
f nle +t) i i 8 3 (> 0) ( ) 


Let us write 2bz for b in (28) and (24) and then multiply both sides of each by P,(1—22') 
and integrale with respect to x between zero and one. Changing the oıder of integration 
and making use of the relations (Bose, 1944) 


f P,,(1—22%) cos (dxz)de = 2 (—1)J, 1 us(2)J - 12) 
0 


and 
1 
. f P(1— 22?) sin (2ze)da = 5 Arne), 
we get i 
f nn) nord = Jurnld)d-n-lbe), (>20 2-0) (25) 
-%0 
in a(z t 
[>E J +1p(bt)dt = J? as(ba), (> 2b > 0) (26) 


- Let us multiply both sides of (21) by sin?^*?0 cos*”*19, write bsınd for b and integrate ` 
with respect to between zero and 7/2. Using Bonine's first finite integral (Watson, 
1922, p. 878) 

gri 


X9 
SIG | Ju(z-sin 6) aa 6 cos? H6d8 = Jusvai(2), Riu) > —1, Rv)>-L 


we get, after writing v for v+2 - 
C gin a(z + t) don» (bt) = Jon+v(be) E 
Se ao er, aabo v>- (a7) 


It can be easily deduced from (27) (by writing 2b cos for b, integrating with respect to 
6 between zero and 7/2 and applying Neumann’s result after changing the order of 
integration). 


sin a(z +?) Ja4sp(bt). _ Ia4sp(be) i " 7 
f n(s +t) po eu v MAAE pee 


Again in (22) by writing 2m for m and 2b cos 6 for b, we deduce as in (28), 
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gm a(z + t) J ? (bi) d Zul), l 
E Por m t= (a >2b>0, m > —}) (29) 





It is obvious that (29) is & particular cuse of (28). In (24) let ‘us write bcos@ for b and 


multiply both sides by sin?"6. Integrating with respect to 6 between zero and 7/2, 
we get 


f sm afe +t) Hy (bt) 7, _ Halba) 
a(@+t) [nu gmail ? 





(az,b20, m>-4 + (80) 
At a special case we get 


sin a(z +t) 1— cos bt a, _ l—cosbs 91 

f a(« t) e" a (81) 
Let us write bsin@ for b in (22) and multiply both sides by J»(bzcos6)sin'"*!8 cos"t!6 
and integrate with respect to 6 between the limits zero and z/2. On making use of 
Sonine's gecond finite integral (Watson, 1922, p. 376), we get 


f sin a(z +t) Toten [by (a? + £*)]dt 


rar) +t) (a? + ÓjymttneDR 


d [b 2^ +22) >= - E 


Putting m+v+1=0 and writing by for b, we multiply both sides by yP,(1— 2y^). 
Integrating with respect to y between the limits zero and one, we get 


® sin a(s D) Jas [b (02 +t)]dt _ Js s [0 (2* o 2)] 
J ae t) Væ) Je c0mbmO ^ (5 





Lei us again multiply both sides of (22) by cos (3w(1— b?)}b™*! and integrate with respect 
to b between the limits zero and one. Changing the order of integration and making use 
of the integral representation of Lommel’s function (Watson, 1922, p. 540) vis., 


y 1 
Usa, e) S J Jy ist) cos w(1— pdt, RO) > 0, 
0 


we get, on writing m for m+1 


J SOLL Us w, t)dt = Unlw, a), (m > i az 1). 


n(8 4- 


My best thanks are due to Dr. 8. C. Mitra of Dacea University for his kind interest 
in the preparation of the paper. 


ISLAMIA COLLEGA, 
CALCUTTA 


B. N. BOSE 
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ON THE DIVISORS OF aa" +be. 


By 
KULENDRA NARAYAN MAJUMDAR 


(Communi cated by S. S. Pillai, Received March 19, 1948) ' 


In his paper ''On the divisors of a" - 1", Pillai has established -the theorem that no 
prime of the form 4am —1 divides’ a”+1 iorany n. The object of this note is to obtain 
a similar and more general result which can be stated as follow8— 

Iia,b, œ, 8 be four positive coprime integers and q = abaB/Q?, where Q*'is the 
greatest square dividing abeB, then no integer of the form 4kq—1 divides aa +b8™ for 
any pair of non-negative integral values of n and m. 

Let € = aa" b". Then clearly:€ is an integer which can be represented primitively 
by the binary quadratic form ax’+by?, aax’+by?, az*+bBy* or aar? + DBy* according 
as n and m are both even; n odd,-m even; » even, m odd; or both n, m are odd. The 
discriminant D, of these four forms are D,= —ab, D,= —abe, D, = —abf, 
D, = -abaß. Put gq; = —D;/Q,*, where Q,” is the greatest square dividing Di. We know 
that if € is an integer representable primitively by a binary quadratic form with 


discriminant D and p|£, then (>) = 1 where (2) is the Legendre's symbol. On the 


other hand, if (2}= —1 where (3) is Jacobi’s symbol then clearly not P|£. 


Suppose now " ' 


P;—d4kq;i-1 i =13,2,8,4. — ` 
Then - ‘ 


Gl ==) 
(2-G)-G)- 
osse 


(iii) If q; = 2q; where q/ is odd, then 


@)-@)@)-@)-! 


(i) If q, = 4A 1, then 





(i) If qi = 44-1, then 
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Qs 


This implies that no integer of the form 4kq,—1 divides é when € oan be represented 
by the i th quadratic form given above. Plainly the set of numbers 4kq,—1 is a subset 
of each of the sets 4kq, —1, 4kq,—1, 4kq, —1. 

Hence we get the result stated above. _ 


Hence 


i 
DEPARTMENT oF PURB MATHEMATICS, 
CALOUTPA UNIVERSITY 


ON THE BENDING OF AN ELLIPTIC PLATE UNDER CERTAIN 
DISTRIBUTIONS OF LOAD—(I)* 


Br 
H, M, SENGUPTA 


(Communicated by Prof. N. M. Basu—Reoewed March 1, 1948) 


In the year 1021, Happel determined the deflexion cf the central plane of a thin 
elliptic plate made of isotropic elastic, material, loaded at the centre and clamped or 
supported at the edge. This was followed by a paper by S. Ghosh (1924) where the latter 
obtained the deflexion with the load placed at & focus, the edge being supposed clamped. 
In the present paper the author proposes to determine the deflexion of the central plane 
of a thin elliptic plate under the action of a load concentrated at any poınt on the straight 
line joining the foci. The edge will be supposed to be clamped.- 

It may be remarked that the results obtained by Ghosh and also those due io Happel 
for the clamped edge case are thus particular cases of the results contained in this paper 


Let the xy-plane coincide with the mid-plane of the elliptic plate in its unstretched 
stale. We take the origin at the centre of the bounding ellipse and suppose that the axes - 
of and y are coincident with its major and minor axes respectively. The positive 
direction of the z-axis is taken upwards. i.e., opposite to the direction towards which the 
weight acts. 


Let the cartesian equation of the bounding ellipse be given by 
efari+y?/b%=1, (a0 b 0) 
We introduce elliptic co-ordinates by the transformation 


z-iy = ccosh(£- iy, (c2 0 L 
It follows that er ( ) i 


T 


c cosh É cos q 


Yy = c sinh Ẹ sm y 


= (8) +(&) = =) + (8) - C (cosh 2 — cos 2). - 


The curves £ = const. and » = const. represent » system of confocal ellipses and 
hyperbolas respectively. The centre of any ellipse £ = const. is given by £ = 0, 7 = 1/2 
and the foci are given by £ = 0, ņ = 0; and £=0, n= m. 


and 


In particular if £= « be the equation .of the bounding ellipse, then «>0 and 
a=ccosha, b = csinh a and c? = a?—}?, 


* The author has aleo worked out the cese when the load is placed anywhere on the upper face of the plate, 
3—1689P-.1 i 
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We shall suppose the elliptic plate to be bounded by the curve € = a and the load 
to be placed at the point £ 2 0, y = B where OS Asx. ‘The cartesian co-ordinates of 
the point where the load is placed are therefore given by (c cos 8, 0). 


The problem will stand solved if we can determine a continuous function w: 


(1) which satisfies the differential equation 


viw = 0 
where , " 
ot et ot 
Vi = Gat a * By! " 


throughout the plate excepting the point (0, 8) where the load is supposed to have been 
placed; 

(2) which satisfies the boundary conditions w — 0 and 8w/Ov — 0 over = a, 
v being the direction of the inward-drawn normal at any point of the bounding ellipse; 

(8) which yields finite and continuous stress resultant and stress couples throughout 
the plate excepting at the point (0, 8); and 

(4) which is such that if the normal shearing stress across a curve 8 be denoted by* 


= —D(9[0v)v,*w 
then we must have 


[nae = w (8) 
j í 


where C is any closed curve lying entirely within the ellipse with the point (0, B) in its 
interior. 
We may, however, note that across the ellipse £ = « 
9w/8v = —h(6w]0£) 
1/h* = 4c*(cosh 2£ — cos 21) 


Now over =a, (eœ 0), cosh 2£ 2» 1. So over ¿= a, (x> 0), À* 20. So the condi- 
tion Ow/Sv = O0 over £ — a reduces to Gw/aé = 0 over =a. Thus the boundary condi- 
tions at a clamped edge, viz., w — 0, Qw/dv=0 over =a reduce to w — 0 and 
Qw/8£ = 0 over =a. 

Now let (x, y) denote the cartesian co-ordinates of any point of the mid plane and 
let us pub 


where 


T? = (r—ccos B)? +y’. 


Further, let us assume for the deflexion 


EN W 2 — Ina i 
w= agp? (eet log&c) + w'(e, y) ; (4) 


* D=§Hk3/(1—o%), where 2k is the thickness of the plate and E and o are the Young's modalus and 
Poisson's ratio of the elastic material. ; à 
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where w'(z, y) is some continuous function satisfy ng the differentia] equation 


Viu! = 0 
throughout the plate. Now 
y vii[r'(log r—log 4c)] = 0 


at every point of the plate except the point (0, 8). 


Denoting the contribution to the normal shearing stress resultant due to the function 


A pee 
un" (log r —log ic) 


by N,, we have across a circular are r = const. 


N, = W/2er, 
So 


f N ds = W 
C 


where C is any cirele of radius r with the point (0, B) as centre lying entirely within the 
ellipse. The above is also true, even if, C be any closed curve with the point (0, £) in its 
interior. " 
. If N, denotes-the contribution to the normal shearing stress due to the funotion 
wi(a, y), L8., if 
N, = - D(9[0v) v,  w! 
then 


[mas = -D f 2y, wiis = sdf v, w'dzdy = 0. 
c C r 


In the above, C stands ior any closed curve lying entirely within the ellipse and I‘ denotes 
the region contained within the closed curve C. It follows that 


[rae = J vae =W 
on Oi 


and 
[va = IAS RUE 
Os Ca 


where C, is any closed curve containing the point (0, 8) in its interior, while C, is any 
closed curve with (0, 8) lying wholly exterior to it. 

Thus the function 
wm — ap oe r—log dc) + wiz, y) 
with properly adjusted w(x, y) so as to satisfy the boundary conditions would be tie 
solution of the problem in hand. i 

We shall now adjust w'(z, y) in such a munner that 


w= O9w/O0£-0 over = 
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We proceed as follows: 
D = (2-0 cos R}? +y? 
= o*[(cosh £ eos ņ— cos ß)’ + sinh* £ sin? n] 
] = jo" exp 2¢,[{1~exp{—i(y—A)}.eap(—O} {1 — exp i(j — 8).exp( — 6)} 
| x {1-expf-1(n+ S). exp( — E} f1 — exp i(n + B).expC — £3] 
(E. Mathieu, 1869). 8o, 
log 1? = log(3ce)* + log[1 — expf- in 8)]-exp( — £)] +logfl —exp ij B).exp(- 8 
+log[1—exp{—i(y + 8) -exp( — £)] +log{l — exp iy+ B) exp( — 6}. 
We can easily show that : 


exp( —n£). cos 78 cos ny (5) 


log r = log łc 1-1» = 


nel 
The series converges absolutely for all y and 8 and for all £7» 0. Ib converges uni- 
formly for all y and B and for all =e where ¢ > 0 is arbitrary. 


We have therefore, for £>0, 
T'(log r—log 4c) = ttf ige cosh 2£ + 2+2 cos 28) + 2(1 + exp( — 2£)) + (2 + exp( — 2£)).cos 28} 
— (B£ cosh £ cos £ +2 cos B exp é+ (1 cos 8 + cos 8B)exp(—£) - E 
+ (cos 8 —3 cos 88)exp( — 8£)] eos " 
+ (2£-- (2 + cos 2/3) + (L+ 8 cos 28-4 cos 48) exp( — 2€) 
+(—} cos 28 +$ cos 48) exp(— 4£)] cos 2 


P 2S {( _cos(n— IB, 2 cos B cos(n — 1)8 — sca nd expt -(n—3)8 








= n-2 n-i 
«( cos 8 cos(n—1)8 _2(1+ cos 2ß)eos nA, 2 cos B cos (n ue) exp (—n£) 
"-—-1 n n+1 





eos ng , 2 cos B cos (n-- 1)8- cos (n - 2)8 > l 
+(- 2278 + "E e expt 0-2) eos ny | (6) 


We assume for the deflexion the expression 


w= — us [r(log r—log 1c)] - A^, - A, cosh 2£ -- (4^, cosh E+ A, cosh 8£)cos 1 2 


+ $ {Ana cosh(n— 2) + A'n cosh n£ + An cosh(1--2)£] cos ny* (7) 


nmz 





* The expression Æ = Ag cosh 2+ x {A,-, cosh In-2)E+A, cosh(n-4-2) £]cos nn is a formal solntion of 
ang . 


thé differential equation Vj1E-—0 in elliptic co-ordinates. lt was given ın essentially the above form by 
H. Happel (1921). See also Timpe (1928). 
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The constants Á's and As have now to be determined so that the boundary condi 
tions may be true on £ — a. 


For £2» 0 the above expression may be written as 


- we lee cosh 2£--2-- 2 cos 28)+2(1 + cos 28) + (2+ cos 28) exp(— 2£) 


~{8é cosh £ cos 8+2 cos B exp &-- (7 cos B -- cos 88) exp(—£) 
+ (cos 8—$ cos 88)exp( —3£)] cosy 
+ +(2+c0s 28) + (1+2cos 28 — $eos 48)exp( — 2£) 
+ (—i$cos 28 +4cos 4ß)exp(-4£)}cos 21° 


+25 {(- SE- DA „2 oos B eos (n IB. eoe n yr - (n -2)t] 


= n—2 n-—1l 


+(? COB d (n —1)8 „2d + eos Dea Lm 2 cos Bo +18 exp( - ^£) 


a (- n „2 cos B cos(n+1)ß  cos(n + 2 {—(n+ 2)¢} Joos na] 


n+l n+2 


+A!,+A, cosh 2€ - (A', cosh £+A, cosh 8£) 
+ >. {Ana cosh(n —2)£ + A’, cosh nE + An cosh(n 4-2)£]oos ny 
ns 


By formal differentiation with respect to £ term by term we have 


aw We 
8t 3D 


—{8(cosh é+ £ smh £)eos 8+2 exp £. cos B— exp(—§).(7 cos 8+ cos 88) 


— exp( — 8£).(8 cos 8 — cos 88)]eos y 
+241 — exp( — 2£).(1-- 3eos 28 — $cos 48) - Zexp( — 4£).(—$cos 28 +4cos 48)}cos 21 


-z*Íe- —9) exp (n — 3. (- son IR 4. deos B cos(n—1)8 cos ne) 


[2teosh 2£-- 1-- cos 28) +2£ sinh 2£ —2 exp(—26) — exp( —2£). cos 28] 





dome n—i n 
E 2 cos B cos (n —1)8, 2(1-- cos 28) cosnB | 2 cos B eos (n -- 1)8 
: +n oxp(—né). ( n—l n n+1 ) 


+(n+2) exp {—(n+2)é. (- gos S a 2 cos B cos (n+ DB e (rg Jes ny] 


+24, sinh 2£+(A’, sinh bob sinh 3£)eos y 





+ Š {(n -2)4,_, snh(n - 2€ n4/, sinh n+ (n- 2)4, sinh(n + 2)é} cos ny. 
n=2 2 


We shall later on prove thatthe sum of the above series is the correct expression for 


Ow/8£ ior 0 — E< 2a. 2 
° pitt? 
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The boundary conditions w= 0 and Qw/ö£=0 over =a give rise io two ` 
sequences of linear equations involving the constants A’,, Ay, A’ Ay, etc. These equas 
tions are easily solved. 

The boundary conditions w = 8w/&v = 0 over = a, thus enable us to determine 
the values of the constants A’s. In fact we have 








Ar sinh 2a = ED [@+ cos 2/7) + 2(1 + a)(1 + cos 28)sinh 2a — (1+ cos 28jcosh 2a — cosh? 2a] 
(9) 
A, sinh 20 = we 7j (1+ 008 28) ~ exp( - 20).(2 + cos 28) + cosh 2a 2a. sinh 2a] (10) 


A',(9 sinh 2«-- sinh 4a) = — wo [al [8(cos B— {cos 88) +2 exp a.(8 sinh 2% —cosh 8a)cos B 


t exp(—o).(7 cos B+ cos 88)(8 sinh 8a + cosh 8a) * 8(8a sinh 8a cos 8 
-cosh 8« cos B)eosh a—8« sinh « cosh 8a cos 8] (11) 








A,(2 sinh 20 +sinh 4a) = « cos B 


is D 
+exp(—8a).(8 cosh a+sinh «)(cos 8—4 cos 88)] (12) 


We? R ; 
ri] [{4a +2(2 + cos 28) 





A! (8 sinh 2a + sinh 6a) = —44, sinh dat. 


+2 exp(—2a),(1+ $cos 28 — $cos 46) —2 os 20 — 3cos 4/)]sinh da 
— [1 — exp(—2a1. (1-- 3e08 28 —$cos 48) + 2 exp( —4a).($cos 28— $cos 48) cosh 4aj] (18) 





Wet 
aap Le + 2+ cos 28) 


-+ exp( —2a).(1-- 8eos 28 — $cos 48) — exp( —4a).($cos 28 — cos 4ß)} sinh 2« 
—Í1— exp(— 20).(1--8cos 28 — cos 48) +2 exp( —4e).($cos 28 —$cos 48)}cosh 2a] (14) 


A,(8 sinh 22+ sinh 6a) = 2A, sinh 2a — 


A's [ (n ops 2a 4 sinh(2n-+ 2)a] = —A,_,[n sinh 4a +2 sinh 2na] 

+o Ten) * [expi- (n —2)a]. BO {(n + 2)sinh(n + 2)o + (n — 2)cosh(n + 2)a} 
t exp( — no). BO? t(n + 2)sinh(n +2)a +n cosh(n - 2)o]--(n-2)B(?] (15) 

Anl (n+ di 2a +sinh(2n -- 2)4] = Aa 4 [(n —1)sinh 2e + sinh(2n —2)«] 


— [expi- (n — 2)o]. BQ?Ín sinh na + (n —2)eosh na] - nBQ? 





er D 
+exp{— (n+ Qa}. BY fn sinh na + (n +2) cosh nad] (16) 

where for n >8 
. eos(n — 2)8 +2 cos B cos (n—1)8 _ cos ng 


dre 
Bu n—2 n—1 n 


(17) 
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B® = 2 cos B cos(n —1)8 _ 2(1 + cos 28) cos ng +2 eos 8 cos(n+1)8 


n=] n nil (18) 
BS = . 908 np 2 COB B cos(t+1)8 _ cos (n4-2)8 (19) 
n n+l n+2 


It is easy to verify that we obtam Ghosh’s result* from the above by putting 8 = 0. 
Also if we put B = «/2 in our result we get the same expression for w as given by Happel 
only with the sign reversed. This difference in sign arises from the fact that the positive 
directions of the z-axis have been taken in the opposite directions in the two papers. 

We bavéznow to consider the convergence of the series that appears in the expression 
for the deflexion and examine the properties of the iunction defined by it. We therefore 
take up ihe series 

w! = Al,+A, cosh 26-4 (A^, cosh £-- A, cosh 8£)eos y 


+ S (Ass eocb(n —2)£-- A'n cosh n+ An cosb(n--2)£]eos ny — (20) 
net 


appearing in the formula (7) purported to give the deflexion, where the values of the 
constanta A’, and A, are given by the formulae (9), (10), . .., (19). We shall prove that w’ 
represents a function that is finite and continuous throughout the plate including the 
boundary. We shall further show that the contributions to the stress resultant N and 
stress couples G and H due to it are finite and continuous throughout the plate including 
the boundary and that it satisfies the equation \ 

viw = 0 (21) 
throughout the plate. 

It is also necessary to justify the process which was employed to get the values of 
the constants A’,, Ay, ete. 

In order to achieve our object it is first necessary to determine the orders of magni- 
tudes of the co-efficients A’, and Ay. In the following section we shall therefore determine 
two inequalities giving the ordeis of A’, and An. 

We first consider the constants BY, BY and BY given by the formule (17), (18) 
and (19) respectively. We have for n z8 l 


BP = — cos (n—2)8 2 cos B cos(n — 1)8 cos nB _ cos(n—2)8 q C08 nf 

















n-—2 n—1 n (n—1) (n—2) n(n—1) 22) 
Therefore - 
| BP | 2/ fn(n — 2] l (23) 
B® = 2 eos B cos(n—1)8 _2(1+ cos 28)cos ng 42 CO8 P eos(n +1)ß 
nz —1 n 2 n+1 
_ cos (n —2)8 2cosnß _cos (n+ 2)8 (24) 


n(n —1) (n-In(nt+1)  n(n+1) 





* Tt seems that there are a few misprints in Ühosh’s paper, It is only at those places that the two 
results do not agree. 
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Therefore 
| BY | 2/ ini -2) 
Again 
Be = _ 608 nB +2 cos B cos(n +1)B8 cos(n--2)B _ 
n n ntl n+2 
Therefore 


Now, writing 
we have 


Anfn = A n-afn-a = 


+nBi? + exp(—2a). BS 


= Ann 


ep 


IBP | <= 2/{n(n+2)} 





(25) 

_ cos nf eos(n + 2)8 
n(n+1)  (n+1)(n+2) (26) 
(27) 


fn = (n + 1)sinh 2« + sinh(2n + 2)« 





We? [ of = _9 
18:D exp(2a). BY it exp( — 2na)) + 


5a —exp(—2na) 


"ud +exp(— 2na))} 


)+ u t exp(— 223] 


— [exp (2a). BW {(n —1)— exp( -2na9)] +n BY 


+ exp( 2a). BO? {(n+1)+ seat anal) (28) 


We may, therefore, write the an 


Auf in = Agy ofon—a— 


Ainaa] ma = Agnesfon-a— 








ite 16D 
inae 
Ad, = A f. en ~ fexp(2a) ) By) {7 — exp(—16a)} + 8BY + exp( 
Ade = Af ae 
Aafa = Ayfı- 





Addıng, we TE 


danfan = Af — ip 5 


— {BP exp(—6a) + B9? exp( —10a) + BY exp(—12a) + 
-RBQ + 6BY+8B@ + 


+{BY exp (—10a)+ BY exp( 


iD 


* [exp (2a) B9 {(2n — 1) — exp( —4na)] + 2n BS? 


+exp(—2a). BSS {(2n+1)+exp(—4na)t] (29) 


We" Texpt 20). [BBW -5B(U e 7B + . 


2. R2nBOD] 


+ exp( -20).(5BQC? -7B(P +9BP + 


—140)+ BY exp(-180)+ ..- 


- [exp (2a) BS , {(2n —8) — exp( - (4n — 4)a) 

—2 + e Qa). B9) M(2n — 1) + exp( — (4n —4)a}] (80) 
— 2a), BY? {9+ exp( —16a)] ] | (81) 
— [exp (2a) BYP? {5 — exp( — 120)] + en + exp( — 20). BY {7 + exp{—12a)}] (32) 


3 
Hi [exp (2a)B4) {3 — exp( - 8a) } - 4B? + exp(—2a). B? {5 +exp(—8a)t] (83) 


+ (2n —1) Bin} 


+ BO? exp(—(4n —2)a)} 


E (n - 1)BS2} 


+ BS exp( — (4n +2)a)}] (84) 


bo 
Ger 
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* 
We may show that 





BBY = _ 208 28 " eos 48 


2 4 
; 5BW ce cos 4B cos.68 
e 4 77 


p — _ cos6ß , cos8B 
THE p TIS 








2n —1)BQ) = ..tos(2n;-2)8 , cos 2ng 
( 1) BY C oom e F n 
Hence - i = 








$ = : - cos 2 eos 2n 
Bea 7B®+...+(@n-1)BV = — E * m B 
which gives 


]3BQ -5BQ ATBP +... +(Qn—-DBW|Sh+(1/2n) <1 for ng2 (85) 
Also, since «> 0, we have O«exp(-o)-«1. Therefore 
| BY exp(—6a) + BY exp(—10a) + BW exp(—14a)+ --- + BY? exp (— (4n—2)o] ] 


e a S| BY | +(BP]+ [BY] + --+]BiP[<4 (86) 
or n>, p 


Again, 1b is easy to show that 


B@ _ 90828 , cos4B _ cos4f cos 68 
ae g 73 5 5 


BP = cos4ß , oos08 _ cos6ß _ cos88 





f fo Du 7 
2) — cos68 , cos8ß _ cos8B. _cos108 N 
EPs oe ne Qu sc es 


evel” 


cos(2n —2)8 , cos MA E cos 2n8 _cos(2n+2)8 © 


(2. 3 e 
an Bis ón—i . nel: Mm+l 2nd Í 





Adding the above, we have 





A a (2) 4. ... 05 n — C0828 | cos 4B _cos2nB _ cog(2n+ MR 
ABP +6B2+8B2+ ... AMBY go ig n 41 2n 1 
‘Therefore : : i 

[ABP +OBP +8BP + --- + 2nBY |S t+4+1/Qn+1)+1/Qn+1) <1 for næ (87) 


Tt is easy to shew that 


cos4B , cos(2n - 2)8 
o Po en 


BBP HIBP +9BY + ocn B8) = maa 


4—1688P—1 
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A ; 
A [5B TB eB... (ne1B «d for nz. 

gain . 
| B® exp(—6a) + BY exp(~8a) + BY exp(—10a) +». + BY exp{—(4n—2)o} | 


$ 9.9 2 1 15223 | : 
pan u ERBEN wae —_— [mo — f f 2 38 
Sie’ saa "ue 2 2 marc. 5 9e 09 


^ 


Collecting all these together, we have 


| Aan fn | | Aafe| + {exp (2a)+ 4+ }exp(—2a)} for n 28. 





We? 
1867D 
It follows that there is a positive number P' independent of n such that 
| Asian |< P’ for al} m. . 
In like manner, we can show that for all n 
|4 Aene if ensi | <P” N 

where P” is another fixed positive number. - S 

- {If we write 1P for the greater of the two numbers P' and P" we have 


| [Ann] < 4P for ail n. 
Now 
fa = (n+ 1) sinh 2a + sinh(2n + 2). 


Since « 2» 0, we have sinh 2x>0 und sinh (2n+2)¢>0 and so f, > smh (2n + 2)a 
> texp(2n+2)« for sufficiently large n. Therefore 


| An] < Pyexp(2n+2)a 

for sufficiently large n. On the other hand we can easily show that for sufficiently large n, 
Anl <Qfexpln+2)a ` 

where Q is a fixed positive number independent of n. 


Now, for the consideration of its convergence, and the examination of the properties 
of the function defined by it, we break up the series 


w = A’, +A, cosh 2¢+(A’, cosh + A, cosh 3£)cos y 


- + lAn-s cosh(n -2)£ + A'n coah nÊ + An cosh(n 4-2)£]eos ny 


\ 
into two parte, viz., 
o 


1 = I A’n cosh n£ cos ny 
and n=0 


_ F, = A, cosh 2é+ A, cosh 8£ cos y + 2, da eosh(n — 2)€ + Ay cosh (n + 2)£]eos ny. 


P 


We further split up the series for F, into two parts, viz,, 
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e 
Faa Y An- cosh (n—%)E cos ny 
aud nos : 


F, = S An cosh (n +DIE cos nj. 
ax 
. We first take the series 
F,= S$ A’, cosh né cos ny 
nud 
We have - 
f [A'n cosh n£ cos ny] | A'n) cosh né. - 
Now, for sufficiently large n 
Anl < Q/eap(2n + Qa, 
where Q is a positive constant independent of n and 


0 < cosh n£ <= exp(n|£]) 
So for sufficiently large n : 


| A^ cosh né cos nq] < Q exp(n|£)/ exp(2n + Qa=@Q exp(— 2a).exp n(i£| — 2a) 


The series 


o 
F, = > A’,cosh nf cos ny 
neo 


therefore converges absolutely in Å, ņ for all y and for all £ such that | £] «2a. It con. 
verges uniformly in £ and y for all y and for all£ such that |E|S2a—-e. where e(e> 0) 
is arbitrary. At uny rate the series is absolutely and uniformly convergent in both the 
veriables within the given elliptic plate including the boundary =a. "The sum F, 
therefore represents a function that is continuous throughout the plate including the 
boundary, 7 


We next consider the series 
eo 
FQ, = È Ang cosh (n—2)£ cos ny 
n=? 
Now, - 
[án cosh(n —2)£ eos ny | & | 45-5 | cosh(n —2)E 


P cosh(n—2)é _ P exp(n—2)|é| _ ; 
pna cm = P exp(—2a).exp(n—2)(| £] - 2a) 





P4 


Here P is a positive constant independent of n, i 


The series for F,,, is therefore absolutely convergent in € and y forall y and ali £ 
such that |£| «2a. Jt converges uniformly in € and » for all » and for all £ such that 
[£z 2«—e where efs œ> 0) is small at pleasure. In particular the series converges 
absolutely and uniformly m bcth variables throughout the whole plate including the 
boundary = a. The series therefore represent» a continuous function throughout the 
p'ate. E i 


^ 


) 
Uu 
7 


à 
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Similarly we can show that the serios 
Fa. - An cosh (n+2)£ cos ny 


- behaves in exactly the same way as the previous two series in the matter of its nature 
and region of convergence. Its sum theretore represents a continuous function throughout 
the plate including the boundary. 


The aüxiliary series . 
p's A'st A, cosh 26+ (A’, cosh £- A, co:h 3£)cos y 


+ $ JAn- cosh(n —2)£ + A’, cosh né + An cosh(n--2)£]eos ny . 
n-2 


which is the sum ot the three series F, and F,,, and F,,, is thus absolutely convergent 
in £ and y for all 7 and for all £ such that [E] «2a. It is uniformly convergent in £ and y 
- for all ņ and for all € such that |£|z;2«—e where ¢(> 0) is small al pleasure. The 
series is therefore absolutely and uniformly convergent m both the vamables throughout 
the entire plate including’ the boundary €= « ‘The series may therefore be re-arranged 
in any way we like and its sum which remains unaltered for any re-arrangement of the 
terms represents a continuous function throughout the plate. 
We now consider the series that is obtained by term by term differentiation of the 
series for w’ with respect to £ The process gives rise to the lollowing new series, viz., 


. f = 2A, sinh 2€+(A’ sinh +84, sinh 8£)cos y + (24, sinh 2644, anh 4£)cos 25 
+ 3, n -2)4.. sinh (n—3)£ t n4', sinh n+ (n +2)An sinh (n+2)£}cos ny 
As before, we have 
|nA’„sınh né cos ny | PEL = nQexp(— 30). exp »(d— 20) 


where n is sufficiently large and Q is a positive constant independent of n. 

The series 7A’, sinh ng cosny therefore converges absolutely in £ and y for all y 
and ior all £ such that | £] < 2a. 

It converges uniformly in é and y for all y and for all £ such that | £ | zz 20-6, where 
«(> 0) is small at pleasure. It follows that the series snd’, sinh nÉ vos ny converges 
absolutely and umíormly throughout the elliptic plate including its boundary. We can 
further prove that each of the series i 


5 (n—2)4,.., sinh (n—2)E cosny i . 
nez : i 
and 


, > (n+2)A, sinh (n +2)€.cos nij . 
à ne P 


converges absolutely and uniformly in £ and y throughout the olliptio plate including the 
boundaty.. The series f is thus uniformly convergent throughout the elliptic plate in- 
cluding the boundary = «. So its sum represents the correct value of Ow’/O¢ through-- 
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out the elliptic piate ineluding tho boundary. In fact it represents Ow’ /OE m the interior 
of the bigger ellipse OS < 2a, and is continuous. throughout that range. The suno 
argument may be empioyed to prove that partial derivatives of all orders with respect to 
€ and y of w’ may be had by term-hy-term differentiation and they meprceeut continuous 
functions throughout the plate including the boundary. 


The series for w’ being proved to be convergent in the interior of the ellipse £ = 2a, 
we may put £=« in each term’ of the series and the sum is the value of w'(a). The 
value of (Ow'/O£)t-a is equal to the sum of the series obtained by differentiating the series 
for w' term-by-term with respect to £ and then putting € = «in the derived series, This 
happens on account of the uniform convergence of the derived series throughout the interior ^ 
ag well as on the boundary of the ellipse € = 2x—e, where e(> 0) 1s small at pleasure. 


The series for r?(logr—log.$c) converges absolutely in € and » for ally dnd all £ 
such that £2» 0. It converges uniformly in and y for ally and all £ zx e where «(> 0) 
is small at pleasure. The value of r'(logr—]log 4c) is tbus the sum of the series for it 
when we put = «in each term of the series. On the other hand the series obtained by 
differentiating term-by-term the series for r*(logr-log%c) with respect lo t converges 
absolulely in £ and s for all ; and all £2 0. The new series also converges unifocmly in 
€ and »-for ally and and all £ zx e, where e(>0) is small at pleasure. The sum of the 
derived series therefore represents the function O[r'(logr—log #c)}/d£ for all £20. In 
pärtieular, the value of the latter for & = « is obtained by putting £ = «in each term of 
the derived series. . 

The above considerations demonstrate the validity of the process employed to geb 
the values of the constants A'n, Ay. 


‚It follows that the expression for w as given by formula (7) represents a function 
continuous throughout the plate including the boundary, except at the point = 0, y = 8 
where ıt is not defined, However, w tends to a definite finite limit as + tends to zero and 
ascribing to w this hmiting vaiue-at €=0,7=8,w ? happens to be continuous throughout. 
the plate. 


That w satisfies the boundary conditions w = 0 and Ww — 0 over = a has 
just been shown. 


Again, following the method adopted by Happel we can easily show that the 
function w' satisfies the differential equation 


Viw = 0 


throughout the plate excepting at the foci of the ellipse. The same method may be em- 
ployed to show that the contributions to the stress resultant N and the stress-couples G 
and H due to tunction w' are continuous throughout the plate including the boundary. 
excepting at the foci. The difficulty at the foci arises on account of the appearance of 
positive integral powers of the function-h as factors in the various expressions of the 
stresses and also in the expression for Y, w. 

We therefore propose to follow an entirely ‘different line of arguments to settle Voss 


* o 
M O 
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points.* We shall use the concept of analytic junctions of a complex variable z and shall 
show that this method succeeds in proving that w’ satisfies the differential equation 


vi" w'-0 
throughout the plate, the foei not excepted. - 


Also the method will establish the continuity ot the contributions to the stresses due 
io the funetion w' throughout the entire plate including the boundary, the foe: not 
excepted. 

The plan referred to above is given in the following section. 


* Starting with the transformation 


8 = z+iy= c-coshl£+in) (c0). l : (ÀJ 
We have on putting [= £+iy 
. cosh £ cos +i sinh € sin EE tua o 


cosh 2£ cos 25 +i sinh 2¢ sin 2: = cosh 2t = dfexp(26) + exp( — 20] = (22? — 6?)/c*, 
i cosh 8£ cos 84 +i sinh 3£ sin 3y = cosh Bf = (42? —8c*2)/c? 
In like manner we can show that 
cosh 4£ cos 4y +t sinh 4£ sin 4j = (82*—8c?2? + ct) /c* 
We thus see that cosh t, cosh 2t, cosh 85, cosh 4% are polynomials in of degrees 1, 2, 8 
and 4 respeotively. 
We ean now prove by induetion that 


cosh nö = cosh n£ cos nj i sinh nf sin ny 


is a polynomial of degree n in 2 for all positive intogral values of n. 


To show this, we assume that it has been proved that cosh ré cos ry+i sinh r£ sin ry 
. is a polynomial of degree rin 2 fórr—1,2,...,n—1. Then 


cosh né cos ny +i sinh n£ sin ny = cosh nf = exp nt + exp(—nd)} 


= glep tese OP (exon - Ee exp 5720 


n ———— 
-(5) fexp(n—4)C+exp(—n—-4Q)—--. -t| 
where i 
i Hr NM 


if n be even aud 


t= i 5) fexp ¢+ exp( - 0)! 





4 "The use of Cartes'an co-ordinates was suggested by Prof. N M. Basu, and the author took up the idea 
of using the complex variable z from a study of the recent works of Mr, A. C, Stevenson (19421. 


- 
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ifn be odd. So, 


: n n : 
cosh né cog, ny +i sinh né sin ng = 2"^!cosh"t — ( ‚Josh —4X- (| Jeoste — 4) > — 4t 


where $t; is a constant if n be even and is equal tol, ae 1 osht if n be odd. 


By hypothesis, cosh(n—2); i a polynomial of degree (n —2) in s, cosh(n — 4) is a 
polynomial of degree (n —4) in z and so on, 


Thus it is proved that cosh nt is a polynomial of degree n in s. We proved that 
` cosh ný is a polynomial of degree n in s for n = 1, 2, 8 and 4. So, we can now assert that 


cosh nt = cosh né cos ny+i sinh n£ sin ny 


i8 a polynomial of degree n in z for ail posilive integral values of n. 


On the other hand - x 

: cosh 26+ cos 2 = ase aee ee 
C Cc 
where we write 2 for z—1y. ‘Again 


(cosh 4£ cos 2y + cosh 2€ cos 4n) + ı(sınh 4£ sin 25 + sinh 2¢ sin 45) 
i = 2(cosh € cos ņn—i sinh £ sin y)(cosh 3€ cos 8q +1 smh BE sin 85) = (22 /c*)(42* — 8c?z). 
(cosh GE eos 4y + cosh 4£ cos 65) +i(sinh 6£ sin 4g -- sinh 4£ sin 64) 
= 2(cosh £ cosq— i sinh £ sin y) (cosh S£ cos 5-k i sinh 5£ sin 5) = Eee, 
. Also 
cosh 2n£ cos(2n —2)n + cosh (2n — 2)£ cos 2n5 + [sinh 2n£ sin(2n —2)y + sinh(2n —2)£ sin Qn} 
= 2fcosh é cos y —isinh £ sin s)(cosh 2n —1£ cos 2n - Iy + i sinh En — 1t sin 2n — 15) 
2 a Pasa) l 
where P;4.,(s) is a polynomial of degree 2n —1in s. Again, 7 
cosh 8£ cos 7+ cosh £ cos 87+ i(sinh BẸ sin 85-- sinh £ sin 8y) 


9 ace : - : Qa 273 —c? 
= 2(cosh £ cos  —i sinh £ sin 7)(cosh 2€ cos 25 +i sinh 2€ sin 2) = — ——.. 


c c 


And f . 
(cosh 5€ cos By +cosh BÊ cos 55) + i(sinh 5£ sin 84 +sinh BE sin 55) 


A RR 
= 2(cosh € cos n—isinh £ sin n)(cosh 4£ cos 4y +i sinh 4£ sin 4n) = 22 Se TT, 
. Rurther, 
eogh(2n +1)£ cos(2n — 1)5) + cosh(2n — 1)£ cos(2n + 1)g 
7 + jainh(2n + 1)£ sin(2n —1)g + sinh(2n — 1)£ sin(2n + 1)y} 
= 2(cosh £ cos y —i sinh £ sin n)(eosh 2n£ cos 2nj-* i sinh 2£ sin 24) = 2 Pen (2) 
` where P,4(2) is a polynomial of degree 2n in 2. i 


* 
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Now, the expression for the deflexion has been taken to be 
Wet 


nr ga, p "(08 7-log 3e)+ A", +A, cosh 2£+(A’, cosh é+ A, cosh 8£) cos 7, 


+ > fána cosh(n — —2) e+ A'n cosh n£ + Ay cosh(n -- 2)£] eos ny 
We broke up the series into two parts, vis , 


= S A’, cosh n£ cos ny 
2 - 0 
and f ” : * 
“PF, = A, cosh 26 4 A, cosh 3£ cosy + > (As. ecsh(n —2)£ + An cosh(n + 2)£] eos ny. 
. nee 


Each of the series was proved to be absolutely convergent in £ and ņ for all ņ and for all 
€ such that [E| < 2a. So also each was proved to be uniformly convergent for all 7 and 
for all € such that | €/<2a—6, where e(>0) 18 arbitrarily smalls 


We now write the series F, as 
eo 
= % Anfeosh(n +2)é eos ny + cosh né cos(n + 2)n} 
n=0 


which we can evidently do on account of the absolute convergence of the series throughout 
the interior of the ellipse £—2a. We have 


F, = A’, + A’, cosh £ cos y+ A’, cosh 2£ cos 27 


+ A’, cosh 82 eos 8n ++ ++ +A’, cosh né cosnn+ - +> 
Let us write 


F’, = A’, sinh € sin y+ A’, sinh 2£ sin 2+ A’, sinh 8£ sin 84+- + +A’, sinh né anng + 


It 15 easy to show that the series F’, converges absolutely in f and for all y and for 
all £ such that |€|<2a. It can also be shown to converge uniformly for all n and for all 
£ such that |E] SS 2a—~e¢ where «(>0) is small at pleasure. 


Now, consider the complex series 
F3 1F', = A’,+A,’fcosh £ cosy+i sinh € sin y) +A’,(cosh 2£ cos 2q +i sinh 2£ sin 29) 
+ A’ (cosh 8€ cos 37 +i sinh 8£ sin 85) +++ + A'«(cosh n£ cos ny i sinh n£ sin ny) + «s 


A’ a+" ar - of) det Be" 3z) +. e Pula) + PURUS 


= Ant 

By what we have proved in a to the convergence of F, and F', separately it 
follows that the complex series is absolutely convergent for all 7 and for all £ such that 
|£[« 2a. Also it is uniformly convergent for all: and for ali £ such that | 2] zz 2a re 
where e(>0) is arbitrarily small. It follows that the series in the complex variable z 
equivaient to F,-- if", is certainly absolutely and uniformly convergent throughout the 
elliptic plate including the boundary. In point of fact it is absolutely and uniformly 
convergent in any closed domain lying entirely within the ellipse whose boundary is 
€=2e. On the other hand each term of the series, being a polynomial in 2, is an analytic’ 


x 
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function throughout the entire z-plane. So the sum is an analytic function in the interior 
of any closed domain contained entirely within the ellipse £ = 2e, 


Thus in any closed domain lying entirely within the ellipse £=2a, even if the domain 
happens to contain a focus in its interior, the real and imaginary paris ot the above 
function are bounded and continuous possessing bounded and continuous partial derivatives 
of all orders with respect to z and y and also mixed derivatives. Thus contributions to 
“ the stress resultant N and stress-couples G and H due to the part F, of the deflexion- 
function are finite and continuous throughout the plate including the boundary. Also, 
each of the functions F; and F’, is harmonig throughout the interior of the e llipse £= au. 


F, therefore satisfies the equation 


yF, =0 x " Leu 
and so aiso V,*F, =0, throughout the interior of the ellipse = 2«. Let us igala write 
F, = A, cosh 2£ + A, cosh 8£ cos 1+ Zu ee T 
= A,(coah 2£+ cos 25) + A, (cosh BẸ cos y + cosh £ cos By) + A,(cosh 4£ cos 2y 
+cosh 2£ eos 4p) - - - + + Agn{cosh (2n + 2)€ cos 2ny t cosh 2n£ cos(2n + 2)x} 


+ Ayn, ,{cosh(2n + 8)€ cos(2n + 1)y + cosh(2n + 1)6 cos(2n Bib - - - 


This re-arrangement is permissible throughout the range of absolute convergence, so 
throughout the interior of the ellipse £ = 2a, hence certainly throughout the given elliptic 
plate ineluding the boundary. 


We now take the series 
Fl, = A,(sinh BÉ sin 7+ sinh € sin 85) + A,(sınh 4£ sin 2: - inh 2£ sin 45) + A,(sinh 5£ sin 8y 
sinh 8£ sin 5y) d pad A, jsinh(n +2)¢ sin 2ny + sinh Ing sin(2n + 2)n} 
+ Aane fsinh(2n + 8)2 sin(2n +1) ^ sinh(2n + 1)£ sin(2n + Bmt s 
It is easy to show that the series for F’, is absolutely convergent for all 9 and for all 
£ such that |£]«2e«. It is uniformly convergent for all 7 and for all £ such that 


[£[z2a—e, where e(>0) is small at pleasure. The series is therefore absolutely con; 
vergent in £ and ņ throughout any closed domain lying entirely within the ellipse ¢ = Qa. 


We now consider the complex series . - T 
F,+iP',= A,leoeh 26+ cos 2n)+A {(cosh 8£ cos + cosh £ cos 37) + i(sinh at sin y + sinh £ sin 8n)} 
+ A,{(cosh 4£ cos 2n + cosh 2€. cos 4p) +i(sinb 4£ sin 25 t sinh 22 sin ae 2 


+ A,nf(eosh 2n 4- 3€ cos 2ny + cosh 2n£ cos 2n 425) + i(sinh 2n +2, * Jé sin PN a, 
+sınh n£sin 2n + 29) + An «il (cosh 2n + 2n +BE cos 2n + 1n + cosh 2n + 1£ cos a5 + mT) 
+i(sinh 2n 8£ sin 2n + 1g -- sinh 2n 1£ sin 9n +8yj+ + -- 

6—1088P—1 


, 
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By what has been proved already, we have 








F,+iP, = 2s] Ae «ie - o) + Eas 80%) des + £20 Pans (@) + SR P nala) + "n ‘| 


where P,(z) is some polynomial of degree r in g. 

We have already remarked that the series for F, is absolutely convergent for ali y 
and for all € such that | E| «22e. It is uniformly convergent for ail 7 and all £ such that 
l£[z;2«—e, where e(>0) is small at pleasure. The same is also true of the series for F',. 
It follows that the complex series F,+iF’, behaves exactly similarly in regard to its nature 
and domain of convergence 

We shall show that the series within brackets is absolutely and uniformly convergent 
in any closed domain within the ellipse € = 2a. 


The series within brackets written in elliptic co-ordinates runs thus 
A, (cosh £ cos 4 +i sinh € sin y) + A,(cosh 2£ cos 25 + i sinh 2£ sin 23) + A, (cosh 8£ cos 8y 

+i sinh 8¢ sin 8y) - - - - +A,fcosb(n + 1)£ eos(2n + 1)y +i sinh(n + LE sin(n 1g]. ~ 
We consider the series "mS 
> An cosh(n + 1)£ cos(n +1) 
nae 
and 


> An sinb(n + 1£ sin(n +1)n 
ns 


It follows from arguments similar to those adopted previously that each of the series 
converges absolutely for all y and for all € such that | £[«22«. Also each series converges 
uniformly for all 7 and for all € such that [E| = 2a —« where e(>0) is arbitrarily small. 

- It follows that the series ` 
Ass +A ( 
c 


LI 
cà 





nri 


201-0) + Adet - Bote) + mE + Ae Panle) t ++ 


converges absolutely and uniformly throughout any closed domain lying entirely within the 
ellipse è = 2a, The series therefore represents an analytic function of z, throughout the 
interior of the ellipse € = 2a. The real and imaginary parts of the function defined by 
the series are thus continuous and possess continuous partial derivatives of ali orders with 
respect to x and y throughout the interior of the ellipse £ = 2e. They also possess conti- 
nuous mixed derivatives throughout the same range. Finally, the real and imaginary 
parts are each separately plane-harmonie throughout the interior of the ellipse £ = 2a, 
In symbols, if we write the sum of the series as u-+iu’, we have 

- Vius y w= 


threughout the interior of the ellipse £ = 2a, 


We may now write 


Patim, = 2G) (a a iur 
€ 


s 
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Therefore 
= (2/c)(zu+yw). 
So 
ap, — u Ed 8 du 
vr (es c Ox 


/ 
(for = = a throughout the interior of the eliipse £ = 2a) and therefore 


Vu, = s P ou 


eu epee, 2 = 
LN 9 


throughout the interior of the ellipse £ = 


The reversion of the order of differentiation is permissible on account of the conti- 
nuity of all derlvatives. F, is therefore biharmonic throughout the interior of the ellipse 
É = Qa, 

Thus the function w'(z, y) which is | represented by the sum of F',+F, is dontinusus 
and biharmonic throughout the elliptic plate including the boundary. Besides it possesses 
finite and continuous partial derivatives of al: orders with respect to x and y and also 
similar mixed derivatives throughout the elliptic plate = «, including the boundary. It 
follows that the contributions to the stress-resultant N and stress-couples G and H by this 
part of the deflexion function are finite and continuous throughout the elliphie plate 
including the boundary. 

It follows that the formula (7) where the constants are given by the fortia 
(8), (10), . ..,-(19) represents the deflexion of the central plane of a thin elliptic plate 
clamped " itis edge carrying a load of weight W concentrated at the point £ = 0, 7 = £ 
(0 = B Sz) on the line joining the foci, 

I am indebted to Prof. N. M. Basu for the kind interest he has taken in the prepara- 
tion of the paper. 
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BENDING OF RECTILINEAR PLATES 


By 
B. R. Sera 


(Received March 15, 1948) 


Despite the wide attention that the important probl-m of the bending of plates has 
received not many complete solutions for rectilmear plates with supported edges 
have been obtained. The known cases are the rectangular plate, the equilateral plate 
“and the right-angled isosceles triangular plate. -In the last case the solulion has been 
‘obtained in ‘a double Fourier’s series and then by an elaborate process reduced“ to a 
simple series (Nadaı, 1925; Galerkin, 1919; ‘Timoshenko, 1910). The equilateral 
*phite lras-been dealt with by W inowsky-Kri: ger (1933), Sen-( (1984) and Seth (1845). _ 
"We propose to develop a general methed for supported rectilineaı plates. The cae 
of damped plates has been discussed in a récent paper (Setb, 1947). It not only’ gives 
the known solutions for unıform pressure. and uniformly varying Pressure, ’ bat “also 
suggests, a general method when the pressure is'8 polynomal of the »- ‘th dégYee. 9 For 

i uniform: pressure it is shown that the solution can be made to depend ‘on thé corresponding 
torsion, ‘solution forthe boundary, tn Be , 

Let w be the displacement of any point (x, | y: 0) of the siae plane of “the plate 

‘ot thickness 2h, the face subjected’ "to uniform" “pressure” p being $ = —h. "Putting 

D = 8Eh*](1—o^). where E is the Young's modulus and v aky Poisson's rátio we know 


anes the Mirena Suse satıslied by wis Weve, =D. d nz =. E 
3 2 d g WR 


For the supported edge of a rectilinear plate the boundary conditions can be 
written as 7 


w= 0, Viiw = Q, (2) 
We can re-write (1) as - l 
i Vii [vio the? + y!)] =0. | (8) 
Let k is s er 
X= VPw- tha ty’), . (8.1) 


then x is such & harmonie tinenga E óver the boundary 
X= dh yn). (3.2) 


The determination of x therefore reduces io finding the corresponding torsion 
function. Having known x we can deduce w bearing in mind that the general bi-harmonic 
solution is of the form 


2$ (2) + eple) + pla) + (2) (8.8) 


` 
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where $ and’) are harmonic functions, ¢ = z+iy and bars denote the conjugate complex 
values. We need the following relations satisfied by a harmonie function 


Vo) = a, veto = 20r (8.4) 


oy 


"rc oo Ee : RECTANGULAR PLATE i; ei, eat 


To begin with we’ take the known case of a rectangular plate T edges are 
ze+ay=+tb. : g Sen Be A S 
The torsion funetion being. known we o geb, H -p . 
QD) R D ) 7 5 n2 v 
2w = Miat-a Tikè ò (-)* cosas] a cosh any [a . 
Vi =} e 2) am: c (2m n+ 1)? cosh bla. 





a es 





3) 4.52 3 (-0^ EN M Oy fd 
Lay, +E ense St respi. Ee 


where e 7. &(2n + I)r. 


To determine w we ee add a Hinia fonction to a particular integral of (4) 
‘auch that,w = 0 over the edges. A particular integral of (4) in obtained, by using 
(8 4), as f 


= 2,3 3, hal 72) — gf? 3 4 (—1)" cos e,z/a sinh any/a 
w, = 4k[2”y? + b* (a? — 23) — o*y*] + 4a MAIS e Qul cosh a,bja — 


tr 





B 2 po UNES Ded JH cos oy /b sinh any/b jg 
+4 Hala) „£ Gari TER T (5.1) 


Since w = 0 over z= +a and y = +b, the harmonic function to be added to w, 
to gət w is - 


— ja*k(2/)* 22 ZU b_tanh Sah sech ai cos = cosh Say 
0 


(2n +1)‘ 
_— —4b*k(2/n)* 2 dcn an a tanh Fa soch 394 cos “al cosh “2 (5.2) 


Adding 6. 1) and (5.2) we = the result (Love, 1927). 


ÉQUILATERAL TRIANGULAR PLATE 


We take the sides of the plate aa y=a, y=+38«, Proceeding as above 
we-find 
vw = dat +y’) + gi? =y) + E(k" - eae ye i[a(y-a(y*-8e). (6) 


w = Jkr y’ + qky(8z*y — ETET zy’ — zy) + ak (at — 6x!y* + y$) 
- + gy(k /a) (Baty —102*y? + y?) — 3gka(827y — y?) 
= qda(k/a)(a— y)(82? — y") (Bz + 8y* — 4ay). (7) 
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We, the deflection at the centre, where il is a maximum is given by (Seth, 1945) , 


1 
Wo = yga hat. (8) 
IgOSCELES RIGHT-ANGLED TRIANGULAR PLATE 
We take the sides of the plate as z = a, y =a, y+x=0. From the known torsion 
solution (Seth, 1934) we get 


Qw = la? y?) -gka(az- y) ii 





+a2k(2/n)? (—1)* cos azja sinh asy/a 4 cos anyja siùh e4z/a (9) 
e (2n 1j . sink a, 


w = gek(z4 y)*— deks +y) + qaa +y) 


— ska? (2/7) > marae, [fa cosh e, sinh e,y/a — y sinh e, cosh a,y/a} cos e,z/a 


+ {a cosh e, sinh ez/a —z sinh a, cosh a%z/a} cos &ny/a] 


| _ın : 
—4kat(2/7)° > Gri awe, [sinh a,y/a cos ez [a 4- sinh ez/a cos ay /a]. (10) 
0 ' N 


With the help of the expansions 





-y = wan S x cos Gy /a, (11.1) 
d —40^y? + pat = 4a*(2/ ne > a EA cos a,y/a, (11.2) 


we see that V,^w and w both vanish over the FON 
The central displacement tw, is ds by 


ine = —4ta«(2] »i- vy (ae nl?) sinh 2a,/3 cos a,/8 


sinh a, 
- : —1)* ‘sinh a EE f 
— ka!(2/m)? d n ; 2 
Fam 7 (2n +1)? sinh e, Sos los Tn 








V + = 


" 





The infinite series are found io be rapidly convergent and we get 


w, = 0.0108ka* (approx.). (12.1) 
For a square plate of side 2a we know that ` ‘ ; 
w, = 0.0825ka* (approx.). (12.2) 


The value of w, given in (12.1) ıs the value of w at the centroid (3a, a). ‘This is not the 
maximum value of w, which occurs near the pomt ($a, 4a), and its value, w,,, is found 
to be s 

m = .0166ka*. 
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This 18 almost half the maximum displacement in the case of & square plate. 
For o = 0.8, the value of Wm obtained with the help of the double Fourier’s series 
result due to Nadai (Timoshenko, 1940) is 








a* 
= (0.020) Fos (12.4) 
while we get a slightly higher value - 
wy = (0.022) Po E = (12.5) 
ÜmiFoRMLY VARYING PRESSURE . 


Rectangular plate 


In this case the harmonic function x in (3.2) is of the third degree on the boundary 
of the plate, and hence, instead of the torsion function, we may have to take a function 
similar to the flexure function. 

For a rectangular plate whose edges are z = +a, y = +b, we may write 


^ 


vw = E (42 + 0, y ) t (18) 


from which we get 


Vw = ju = (y —b*)+ ho, EY v (e ? — a?) 


+ 2K( alt > ay ESE y^ b? cosech a„,a/b sinh e4z/b cos any /b 


+ ca? cosech a„b/a sinh a„y/a cos e,z[a], (14) 


w= js A (dest —4b?y? fb) +40, 3 (Dart — 4072? + hat) 


k(2/m)* ce [e, 0? X, cosech? a,a/b cos %&y/b+¢,0°Y,, cosech? anb ja cos e,z/a] 





z (2n 1)4 
—2k(2|u) Fe, [¢,b* cos: ch @,a/b sinh a,r;b cos a,y/b 
+ 0,0* cosech a„b/a sinh e,y/a cos „e/bj, (15) 
where - 
` Xn = v sinh @,a/b cosh a,2/b—a cosh apa jb sinh e,2/b, 


and Y, is obtained from X, by interchanging z, y and a, b. 


Right-angled isosceles triangular plate 


In this case let 
yw = k(æ +y), 
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and we get 2s f T 
vw = thely? — a?) + {kyle — a?) . 


eo 


+ 205% (2/n) >, (—1)* sinh e,y/a cos e,z[/a- sinh tint a cos anyja (10) 


^ (2n + (9n x 1) sınh @, 


w = gkal 344 hayt + Lat) + phy Gye — 3a?z? + hat) 
+ a3k(2/5)* S Lazy — 289 k(2] m)” $ Mmgy (17) 
0 0 


where L,.; y ond M, „,, are the general terms of the infinite feries in (10). 


General case 


In the general case when the load is a given polynomial of any degree n, the 
eoıresponding value of x can be determined from the following equations (Seth, 1935) 


| d = 4T (t7 £7, (18.1) 


1 


; Sp = R(t). TIG geto, (18.2) 


In (18) £'s are the points on the = inihet-plane that correspond to the m angular 
points of the plate and ra,’s are the internal angles at these points. R(t) ıs a polynomial 


of degree [(n + 1)m —2(n-- 2)] with real coefficients, and O,,, is given by 


n+l s 
Quam (pei), rm eriy. (19) 


Hinda CorrsaE, 
Deraı 
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‚ON BOUNDS OF SKEWNESS AND KURTOSIS 


AN Bx ' À . 
i 8. M. KERAWALA 


* (Received January 19, 1948) 


4. If z be the arithmetic mean of n( > 8) real variates 2,, 2,,..., Zn and. >; 


a, = (Xni zy [nh (2-87? nd, 

then @, = 0,2, = 1, o, and «, respectively represent skewness and kurtosis. The result 
a, « (n —2)/ J (n —1) is well-known, but a rigorous proof has been recently supplied by 
Wilkins (1944), who concludes his note with the remark: “Ib would probably be 
possible, although rather diffioult, to derive afi explicit bound for æ, as a function of n by 
using the methods employed above for @,.’’ However, the result a, < (n—2) - 1/(n —1) 
is given without proof by Pearson (1916) in a foot-note on page 440 with the remark that 
it was given to him by Mr. G. N. Watson. Chakrabarti (1946) proves the two result by a 
-different method. 

Here I define «,,,, and e,,,, respectively as skewness and kurtosis of the pth order 
and obtain their upper -and lower bounds, The two above bounds emerge as particular 
cases given by p = 1. Finally, I give a generalisation of the inequality a, >1+4,*. 


2. . The substitution 

nn) = yê > (ei- 2) 
gives Yu ; "S 
fr(y) = na, = Xy, where g(y) = Sy?—n_= 0 and h(y) = Sy, = 0. 


Let E,be an extremum of e, and 6, ., be the value of «,_, corresponding to that Seb y, 
which generatfs the extremum H,, Let also 


Ply) = fely) -Ag(y) — why), 


where A, „ are Lagrange’s multipliers, Then the extremizing y; satisfy l x 


ay P) =p Ayu = 0, Sy? =n, Sy = 0 
i : : IPS 


‘But 5 
SIR.) = 0 «nd Ey D. Fy) = 0- 
OW Oy, ? 
give u = r6,., and 2A = rTE,. Hence PE 
= Vo — Eas ep, = 0 = l (1) 
3. Bounds of skewness: Consider skewness of order Pee '(1) becomes 


say: 


yi? — Es y 7 Cap = 0, 
$—1688P—1 
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The last equation has exactly two real roots, 7, and ņa; since ey > 0, na < O if 7, > 0. 
The set y; thus contains n, repented r, times and y, repeated r, times, where r,, 7, are 
positive integers whose sum isn. Ehmination of n,, fa from | 


l 
. mtr = 0, rm“ Trage? =n and NB spy) = ry P3 raja" ?*1 
leads to : 
Pr? 


as the expression representing all extrema of %,»,,. The numerater of this expression is 
maximised ifr, = n—1 and’, =1 while the denominator is minimised for the same 
partition of n. Hence the upper bound M;,,., is given by 
. _ (n—1ys—1 r 
Mapai iun n(n—1)-18 
and is attained when ny = V(n-1l)andsg,- -1//(n—1). The lower bound Map+ı is, of 
course, ~Myy,,. p = I gives M, = (n—2)/ y (n—1). 


4. Bounds of kurtosis: 7 — 2p+2 gives kurtosis of order p and converts (1) into 
wer. ee =0 


where E psa > 0. If e,5,, > 0, the equation has only one Be real root and exactly 
two real negative roots; if e,,,, <O, it has just two positive real roots and only one 
negative real root. In either case, -there are just three real and distinct roots n, ha. 13. 
In the set y;, therefore, 7, is repeated r, times, 7, repeated r, times and y, repeated r, 
times, where 7,, Ta, T, are non-negative integers whose sum is n, 


I now regard 7,, 7,, r, 48 continuous variables and set 
O Za) rugs eng -—0, : 
p= Tihi Taa t Tana = O, 
y 2S rit Tatr n = 0, 
and ` 
[T A = Typ Pt? rg 9*9 + Paa Pta, 


Let 
O E naapa Ad — p$ — v), 


where À, x, v are Lagrange’s multipliers. The extremising sets n; 7; satisfy 


P 


=0 Er u = (2p + 2)eap+ y 
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and 


Ir N Haas _ 


t 


Hence the nine extremising oouditione reduce to 
mv??? — E apral p + Unt —26:8. (p 1)  pEp44 = 0, 
PT -Espei Cape, = 0, nd 0=0, 9=0, =O. | 
From the first six conditions follow immediately the three conditions 
ái pt D'apa. 1-0 
D E. 


But 15.5, 1a cannot all be distinct if each satisfies the same quadratic. Hence only 
two of the three roots suffice to extremise .the kurtosis. Without loss of generality, 


therefore, 3 
7, — 0. and ^ gg, ——1 
Hence . 

Titr =n, n>0,n>0, 


Pitia = 0, mm =l, - 
gt S ap+2 1p+2 
T Tu — n, and tra? 


Elimination of n,, 7, leads to = v : 


ap+l ap+1 
T,22*1 p pP 


Esai "mnn with Ty +t, = n, t, > 0, 7,20 


Now 
d E _ @p+1) jrit P 747?) + p(ry Ng) (TP ur my 


which is <or>0 according as T, >or<r,orr, <or>n/2. Thus, E,,,, decreases 
as r, increases from r, =1 reaching a minimum at r, = n/2 and then increases as r, 
inereases to (n—1). Hence the upper bound will be given by either r, = lorr, — n—1. 
In either case, the value is the same. Hence 


Mau = LET ~... (8) 
i Apta 77 i “MDP” . ET 
and is attained if , = me ead fa — —1/ 4 (n—1) with T, £1. p=1 gives 
M, = (n? —8n--8)/(n —1), which is Watson's value. 
The lower bound will be given by r, = r, = n/2 if n is even, and by r, = (n~1)/2 or 
PE if n is odd. In the first case, the lower bound m,,,, is 1 and is attained if 
= 1, gj, 7 —1; in the second case, the lower bound is 


m (n+ iPr 4 (n-1)? 
Monts — Zn(n* — 1) ; eke (4) 
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and is attained when 





fne (Eti, 4 X EE) ER ii 
h RT) Nig Ef 6-9 
3 
If p = 1, m = 7*9, so that 
. n*—1 
g ” n?+8 -8n+B .,.: 
"j^ a x Beth > if nis odd. 
and 
is, =r -3n+8 ifn is even. 


n=l ’ 
. B. Pearson’s inequality, &, >1+4,’ is readily amenable to generalisation by Wilkins’ 
Method. Let 
G(a,, Ay... ag) = (I/n)S(a,+a,y,+. ty)? Es gay. 
G is positive semi-definite, so that for all integers 7 ET 2 


Ay= 1% m @ . 0, |>0, 


ee Apr 


Or Oe reg oe Kar 
where a, = 2, = Landa, = 0 


. Iir=2, A, >0 reduces to Pearson's inequality. ' 


- PRESIDBNOY COLLEGB, 
OALOUTTA, 
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A TYPE OF SOLUTIONS OF EINSTEIN'S 
GRAVITATIONAL EQUATIONS 


Br 
J. Gnosu 


5 (Received March 22, 1948) 


1. The.Gravitational equations of Einstein Have been solved for a very limited 
number of cases, including the field of a homogeneous material sphere in which the 
internal stresses are isotropic, i.e., the stress-components represented by T,', T,?, T,’ are 
equal (Schwarzschild, 1916; De Sitter, 1916; Einstein, 1917; Ghosh, 1926, 1928; Sen, 
1924). But there are cases of spherical body under symmetrical strain, where the radial 
and transverse stresses are not equal. A simplo case in which the radial and transverse 
stresses are linearly related has been worked out in this paper. The ‘original assumption 
and the deduction of the differential equation which yields the space-time metric was 
obtained in a previous paper by the author, published in the Indian Physico-Mathematical 
Journal, Vol. III. As the journal is now defunct, the present paper starts with the 
recapitulation of the preliminary steps. 


2. Assuming the gravitational equations in the form 
Kyq~49pqk + B9ng = —8xT pq, (1) 


where f is the cosmological constant, and Ty, is the material-energy-tensor, and the 
radially symmetric field is given by the metric 








ds? = - (6 *dr?+ 73d 67 +17 sin? de?) + e" dt?, (2) 
- the equations (1) give i 
= 1 B sein peel} v = oN — 1) ö 
ex(7, *£) = e e m (8) 
i 8- 2 B ag 1 Ay 1 y! 4 A! 

87 (r. " £) , fiv prep ur } (4) 
(OTI . ' (5) 

— 4 BN uA 2-22) : 
ex(r, +f) 2e -R- | | (6) 


It has been shown that (6) with T;* = p, constant, gives 


e7^ = 1-a?-bjr, 


BZ 


where a = 4(8mp + 8). . 
As the field extends to the origin, b is to be taken as zero and we have 


er = l-ar, ! i (7) 


1 


+ 
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Assuming T, = m T, +n. ib has been m thet 6) und (4) give 


(r- ar (am -1)- Am - Yard e (im — 1)a —N} = 0, (8) 


where Les 
z= oew and N = (m—1)8—8zn. (9) 


3. It appears from (7) that the .instantaneous (dt = 0) spatial geometry of the 
space depends on the density, but is independent of the distribution of stress. 
Since ar «i and a = 4(8rp + £), it follows that r must ba less than y 8/ (Bxp+ A} 
This sets an upper limit to the size of a sphere of density p. 
l & If we require that the solution of (8) should nof be infuile ab the anıgin, 


'we assume . 2. . Qu rg 

. z = 0+0 rt Cyr + - re u ad M (10) 

Substituting i in (8), we gel . : Bod WA os er E u Ta 
Ces (2) 017m] = C, affi D - 2m) -K POTENS 

where : $a ua ; Zr 
2 ; aN! = a(m —1)— N. a aD 

Hence . l : 
z = Bl) t chr), i E = -(18) 

where - : S 


g(r) -1 N! 2 N42(8 — —-2m)- N} a?r 


Bm) Lama) 77 (14) 


Yo) _ 44 @-8m) - N^... {2 2m) — NIB- 2n) - NL, 
T 8(8—2m) MEET Ea 2 o " (15) 


From (11), we have i -= 


Lt Chet Lt {(k- -1)(k- Lai yj 


9 — qp 
Or (i+ 1)E+1—Im) a 


Since ar «21, the series’ (18) and (14) are convergent for all possible 
values of r. 


5. From (8), we "i Poo ( T TES 


- ero +f s (1— a3) [1 Uew tew), +4), 


T Cb Ou p 
giving ir 


HT! = ds or eara ~(a+f). . i 


If the sphere has a radius 7, and the surface of the sphere is free, we have T 
where f =f, This gives 


2(1— ars *)K(eogs! + ey) —(a+ 8) (Copo + €,9.)T, =(, (16) 


where ¢, is the value of gir) at r= r,, etc. 
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At r= Tẹ, we arrive al emply space of De Bitter, Hence 
e" = 1-— ~$6r,’, 
: & 4 - T, 
M being & constant, identifiable with the mass of the sphere. 
Hence at r = r,, we have 
Copo + Cipo = kos (17) 


where ¢, is the value of g(r) at r — r,, V; is the value of V(r) at r= r,, and 

i = _2M _ a) 

k,= «( row $87," ). 

` Equations (16) and (17) determine the constants c, and c,. In fact, we have 


Goss (a + B) roo — 29. (4 — ar?) : 
B 2(1— aT”) (Popo! m Poo) Á 


e, = 29, (1 — ar?) — (a + B)r.o, k.. 
" A(1—ar,)(Yopu!— ° 
Thus (7), (18), (18) and (19) give the complete solution of the problem. 
6. We may now consider a particular case in which the radial and transverse 
stresses are proportional. We have in the case T, = mT,', so that n — O. Since ilie 
natural curvature of space is very small compared with the curvature produced by the 
matter composing the sphere, we may further put 6 = 0. 


M 





(18) 


(19) 





We then have 
; N=0 and N' = m-i. , (20) 
The equation (8) becomes 
2 
.(r- ant) oe —((2m -1) - 2(m — lar tr(m—1)as = 0. (21) 
The solution is then A : 7 
= sel) t or), (22) 
where 
g(r) = 1+4ar + 538m) ° rt + (28) 
and 
yn _ l—m (1-m)ü3—-7m) Bar... 
T LE 8—2m da "58 —2m)(5 — 2m) vind (24) 
BvaHLi CoLLEGE, 
West BENGAL. 
References | 


De Sitter, (1916-17), M. N. R. 4. 8,78,3. 
Einstein, A., (1917), Berlin Sitz., 149. 

Ghosh, J., (1926), Proc. Edin. Math. Soc., #4, 72. 
, (1928,, Bul’. Cal, Math. Soc., 19, 67. 
= ; Schwarzschild, (1916), Berlin Sıtz., 189. 

EG Ben, N. R., (1924), Ann. d, Physik., 18, 866. 





CALCUTTA MATHEMATICAL SOCIETY 
Report of the Council for the year 1947 to the Annual General 


Meeting of the Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
following report on the general concerns of the Society for the year 1947, as required by 


the provisions of Rule 25. 


[A 


The Council: The Couneil of the Society for the year 1947 consisting of the officers 
and members elected at the last Annual General meeting together with the Editorial 
Secretary, was constituted as follows :— 


Prof. A. C. Banerjee 
Prof. N. R. Sen 


Dr. B. R. Seth, 

Prof. 8. N. Bose, 
Prof. B. B. Sen, 

Mr. A. C, Choudhury, 


President 


Prof. N. M, Basu 


Vice-Presidents 


Prof, M, R. Siddigi. 


Treasurer 


Mr. S. C. Ghosh 


Secretary 


Mr. U. R. Burman 


* Editorial Secretary 


Other members of the Council 


Prof. F. W. Levi, 
Prof. C. V. H. Rao, 
Dr. N. G. Shabde, 
Mr. B, C. Chatterjee, 


Dr. R. N. Sen 
Dr. 8. 8. Pillai 


Mr, 8. Gupta (Upto August, 1047) ; 
Mr. P, K. Ghosh (from September, 1947) 


Dr. P. N. Dasgupta, 
Dr, Gorakh Prosad, 
Dr. B. 8. Ray, 

Mr. P. K. Ghosh 


(Assistant Secretary) 


General: It has not been possible to resume yet the various activities of the Society 
which have so far been conducted with the usual wartime arrangements. The Council 
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is however.glad to report that it. was possible to arrange a publie lecture by Prof 
L. J.'Mordell, Sadlerian Professor of Mathematics in the University of Cambridge, 
(England), during the Professor's visit to this country ta attend the 84th session of the 
Indian Soience Congress held at Delhi in January, 1947, The Council offers ita most 
sincere thanks to Prof. Mordell for the very interesting lecture he ai on, the- works 
of the Indian Mathematician-Ramanujan. ..- à . 


The Society was very much unfortunate in losing the services of the Editorial 
Secretary Mr. 8. Gupta, who had to leave us in September, 1947, to take up an appoint- 
ment in the Tata Institute for Fundamental Research, Bombay. The Council takes 
this opportunity to offer him its grateful thanks for the valued services he rendered to 
ihe Bociety for the past few years. 

Membership: The Council records with profound regret the death of two distin- 
guished Honorary members of the Society, Prof. G. H. Hardy, of the Cambridge 
University (England) and Prof. C. W. Oseen of the Uppsala University (Sweden). The 
Council also learns with a deep sorrow of the death of Prof. C, V. Hanumanta Rao, 
whose services as a former Vice-president and a member of the Board of ia of the 
Bulletin, the Council recalls with giateful appreciation. 

During the, year under review 4 new members were elected. 

Meetings During 1947 : The Council held five meetings during the year and there 
were three ordinary general meetings which were devoted to the reading of original papers 
communieated to the Society for publication in the Bulletin. 

Publications; Two numbers of the Bulletin were published during the year 1947, 
vig., No. 4 of Vol. 88, and No. 1 of Vol. 80. The Society was faced with some unforeseen 
difficulties in the matter of publications and inspite of best efforts it was not possible to 
bring out more issues of the Bulletin during the year under review. 

The Society received wilh grateful thanks a sum of Rs. 650/- from the Rockefeller 
Foundation Grant, distributed through the National Institute ot Sciences, India. The 
Council has the pleasure to report that this grant has largely contributed towards the 
improvement of the Bulletin. 

The authorities of the Caleutta University have continued to lend their usual 
magnanimous services in printing the Bulletin free of charge, and the Officers and 
members of the staff of the University Press have given their every sympathetic and 
active co-operation in bringing out the Bulletin in these difficult times. The Council 
takes this opportunity of offering them its very sincere thanks. 

Exchange of Publications ; The distribution of Bulletins to countries with which 
communication was impracticable during the war period has been carried on wılh 
increasing facilities, und some new exchange relations have uiso been established during 
ihe year under review. 

Finance; The annual accounts of the Society for the year 1947 have been presented 
to the Council in the usual form by the auditors Mr. L. K, Ray aud Mr, N. L. Ghosh, 
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who deserve the Couneil’s grateful thanks for their honorary services. The Council 
desires to point out that the decline noticed on the receipts side under the head Interest 
ig partly due to the diminished rate of interest reported in the previous year, and partly 
due to a deduction on account of income-tax, which latter will however be refunded to 
the Society, when the necessary Income-tax exemption certificate is obtained. The 
financial position of the Society as a whole remains much the same as in the past 


few years. 
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AL3DOS TVOLLVWIHLVN V.LLAO TV 


ON THE BENDING OF AN ELLIPTIC PLATE UNDER 
CERTAIN DISTRIBUTION OF LOAD—(III) 


By 
H. M. Senaupta 


(Communicated by Prof N. M. Basu—Recetved Maroh 1, 1948) 


In a previous paper (1948) the author has determined the deflexion of the central 
plane of a thin elliptic plate, made of isotropic elastic material, under the action of a load 
of wejght W concentrated at any point on the line joining the foci, the edge of the plate 
being clamped. The elliptic co-ordinates of the point where the load has been placed 
being (0, 8) (0 z; 8 zz 7), the deflexion is given by formula (7) of that paper read together 
with the formul (9), (10), (11), . . ., (19) of the same paper. The cartesian co-ordinates 
of the loaded point are # = c eos B, y' — 0. The deflexion at any point (x, y) of the 
above plate given by formula (7) of the paper mentioned above may be written as 


Mm -pe-e + y’lllogfe- w)?  y*]-- 2 log 3e] +A’) +A, cosh 2€ 
T 


4 (4', cosh £+ A, cosh 8£)cos q- I {An -a cosh(n —2)£ 
^u2 
+A’, cosh né + A, cosh(n -2)£]eos ny (1) 


The positive direction of the s-axis has been taken in the opposite direction towards which 


the load acts and D 2 an where 2h’ is the thickness of the plate and E and o are 
the Young's Modulus and Poisson's ratio respectively of the material of the elastic plate. 

, X The above defines a continuous function biharmonie throughout the plate excepting 
at the point (z—z',y-0), i.e., where the load has been placed. The function is not 
defined for (a', 0). It, however, tends to a finite definite limit a5 (z, y) tends to (z', 0). 

We now propose to determine the deflexion when a load of equivalent weight ig 
spread uniformly on any part of the line joining the foci. 

Let the cartesian co-ordinates of the end points of the part of the major axis exposed. 
to the pressure be denoted by (X,, 0) and (X,, 0) where - <A, « X, ze. Let the 
elliptio co-ordinates of the above points be (0, 8,) and (0, Ba) respectively. Then 
X,=ccos8, and X,=ccosf, and 0&8, <ß,<r. The part of the major axis 
exposed to the pressure has the length X,— X, = c(cos 8,—cos Ba- . 

Since the total load is of weight W and the load is uniform, the load per unit length 
is of weight W/(X,—X) = W] c(cos B, — cos B,) and the load on an sement of length dr’ 
is of weight Wàz'/(X,—X,) = Wéz'[c(cos B,—cos £). 

The deflexion on account of a load: of weight Wör’/(X, Ly placed at the point 
(2^, 0) along the major axis is obtained by replacing W by us 5) in the formula 
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given above and the deflexion when the load is spread uniformly from X, to X, is given 
by the integral 


E NE H hà 3 (a — 2 ao I 
areg, t z) +y [logie e) + y*]- 2 log 3e ]da! 


X; 
* [T.+ A, cosh 2£+(A’, cosh £- 4, cosh 8£)eos 5 
as 


+ > (4n. cosh(n—2)£+ A'n cosh n£ An cosh(n+2)éeos ny ]de' 
ns 


where A, stands for the modified expression for A, when TV appearing in An has been 
replaced by W/(X,—X,). . 
We however start with the integral 


M Ww 5 er? N +t s 2 
U = le 2!) + y’}llogfe- =)’ + y*]-2 log de]de (2) 


where the parameters æ, y stand Tor the co-ordinates of any point on the mid-plane of the 
elliptic plate while x’ is the x-coordinate of any point lying on the part of the major axis 
whose end points have coordinates (X,, 0) and X,, 0) respectively. 

So long as (z, y) lies outside the line joining the points (Xa 0) and (X,, 0) the integral 
(2) has a definite finite value as the integrand in that case is continuous and bounded 
throughout X, zz 2! e Xj. 

It represents a finite and continuous function in any closed region that does not 
include any point of the line obtained by joining (X,, 0) and (X,, 0). At every point of 
the above region we can easily show that 


1 á 
vii f Ke-2) + y3 ogie- 2/* + y*1- 2 log $c]de! = 0. 
Xs 


The integral therefore represents a continuous function biharmonie throughout the 
plate excepting at points that lie on the line joining (X,, 0) and (X,, 0). Partial -deri- 
vatives of all orders with respect to x and y and as also mixed derivatives are finite and 
continuous everywhere throughout the plate (ensuring finiteness and continuity of the 
contribution to the stress resultants and stress-couples arising out of this integral) 
excepting at the points that lie on the line joining (Xa, 0) and (X,, 0). 

At points (x, 0) that lie on the line (X,, X,) the integral reduces to 

Ww 
IDZ, -Xj 
The integrand is defined and continuous in the mtervals X, g V <s and e «£z gX 
It has no value for z/ — z. The function is however bounded in the range of intégration: 
In fact the integrand tends to the limit c as z/— z either from the left or from the 
right. The R.integral therefore exists and its value is l 


ae. w 
a IDE,- E S 


Xi . 
f. (z —z!y'flog(z —2/)*—2 log 3cldz. 
Xs 


- 


X; log(z — X,)? — (z — X; log(z — XT Ecc 


-H@-X,)-(@-X,)}-(1+8 logie) (8) 
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For z2 X, y=0 


U=- -Xj'lgX,-X'-$0-X)'Qs81egjo]. T A 





It has exactly the samp value for the point 
z= X» y = 0. 


or (x, y) such that y #0, we may easily show that 


W 


[a DM 
487 D(X, — X.) 


fte- — X, log E, — (x — X? log R- $e — X, — (e—X,)"} (1+ log 0). 
T*8y'(z— X,)log Rit- (@— Xog R,*L- 4j (X, — X))(1-- 8 log 10) 
+4y tan! ur = tan tr da Ji (5) 


where H,? = (rz— X,)!--y* and R? -(z- Xj yt , while for y = 0 but z not Wig on 
the LIne «X, X, 


2 W 
= DA XL 


—- Xj log(z- X )* — (z— X? log(z —X;)*] 


—5(c— X. —- (z— X, 1-3 log 3c)] - (6) 
We thus see that U(x, y) is continuous throughout the plate. 
We can easily show that for y 3: 0 


E 17 " X^ g 2^ 
Urale, y) = 16:D(X,- Xj log R,’—R,? log Rz?) -2í(z— X,)* — (z— X.) og $c] 


i*log(z—X,9-(z-X, y log (cons )*} 
© =2{(0-X,)*~ (@—X,)"Hog $c] 


W 
U',(z, 0) = ———-———— = 
«(5 0) = te X 
for X, <2< xf, : j 
U's(z, 0)(z > X and e « X,) is also given by the same formula 
F 


W(X 0) = 0 — X? log(X, — X,  2(X,. -X,)? log. ie] - 
and E l 
Du. 0) = eD Xj'leg(X,-X,*-2(X,-X,)logàel ^... 


Thus the partial derivative of U with respect to æ is continuous throughout the plate. 
We can show without dfficulty that the first partial derivative of U with respect to y as 
well as all partial derivatives of the second order with respect to œ and y are finite ane 
continuous throughout the plate. 

Thus contributions due to U to Gand H the stress-couples that depend on derivatives 
upto the second order of the deflexion function are finite and continuous _ throughout 
the plate. 
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We can easily show that for all points (z, y)(y + 0) 


Ww : A 
yU = le log R?- (z— X,) log R,'} +(X, —X,)(1 + 12 log 3c) 


+ 12y{ tan-2— AL - —tan u LT ] 


and for points on y=0, the corresponding value of w,?U is the limit of the above function 
as (x, y) tends to appropriate point on the z-axis. Let Ny stand for the contribution to 
the normal shearing stress N due to U, across an arc A. Then across a line parallel to 


y-axis i.6., v = const. 
Nu. = -D2g2U 


We use the symbol Nv,» for the value of Ny across a line z = const. So for any point of 
such a line for which y #0 


W à 
No,e = 
U, = da(X,— —X. xy es Rı RB, —log Ry ] 


Thus Ny,» has an infinite discontinuity in the neighbourhood of the extrémities of the 


strip X, zv zz X,. Across a line parallel to the z-axis, i.c., across y = const. 


Nowy = -DÊvŻU 


where Ny, y is used to denote the value of Ny across a line y = const., for y #0 


Zaa MWe [ 
E "omn y 7 


Hence for any point (z, y) such that X, <2 « X, 


W [ 1A, -T z—X 
Sue n 17 + d re 
Novy an(X,—X,) um y tan: | 





tends to x eee as y tends to +0. It tends to — 


3X,-Xj) as y tends to —0. 


De) 

So there is a discontinuity in the value of Nu,y in crossing from one side of the ‚strip 
X,<ae<X,;y=0, to the other. 

If, however, «> X, > X, ] 
AV | 1 T-X x—X 
~] tan! It i2: 
2n(X, — Xa) y 77 : 
Bo Ng, , — 0 as y — 0 either through positive or through negativo values, There is thus 
no discontinuity in the value of Ny,, in crossing any part of the z-axis that lies to the 


right of the strip X, v zz X,. The same is also true of the part that lies to the left of 
the strip X, se zz X, : 


Noy = - 
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: We can show by direct integration that the value of f Nyds taken along the edges of 


the rectangle z, zzz z«,; -l £y al where Co ZX, <e, <x, « X, Sc aud l(0) is 
small enough to ensure that the above rectangle lies completely within the ellipse is equal to 


Wa, =z) IX, ~X;) (7) 
While the value of the integral [os taken along the edges of the reetangle 


dageraad; -Isy<l where -o<d,<X,<d, <X, <a and l(— 0) is smali 
enough to ensure that the second rectangle lieg completely within the ellipse is equal to 


wa, —X,)(4, -X,). . (8) 
Also the value of [rods taken along the edges of the rectangle e, Se Se; -laysl 


where —«« X, «e, « X, « e, <a and l(2 0) is small enough to ensure that the above 
rectangle lies completely within the ellipse is equal to 


W(X, —¢,)/(X,—X,). (9) 
For the deflexion we now assume 
w= Ua! (10) 
where W x TM N] ida! : 
= DR) [ ie-9 t y*} logí(z — 27)? + 37] -2 log ge jc (11) 
and 


w! = Bl,+B, cosh 26+ (B', cosh £+ B, cosh 3£)eos y 
+ S [Bus cosh(n —2)E + B^, cosh n£-- B, cosh(n+2)}cos ny (12) 
nm? 


We have now to adjust the co-eficients B’, and B, in such a manner that w=0 and 
ƏW/3E = 0 hold at all points of the bounding ellipse £ = a. 
Now for £>0, i.e., for (x, y) such that it does not lie on the line joining the foci we have 
Ww 9 W a 
-c eF ff —a! 3*1 -2 log dc] = — — m t*(logr- log ác 
BDE X44 Y + y?}[log {(@ —2)* + y*] -2 log $c] DK, X) (log r — log $c) 


E mba cate cosh 2£ +2-+2 cos 26) + 2(1 + 673€) + (2+ e73)oos AR} 


—{8€ cosh £ cos B+ 2£ cos B+ e-€(7 cos B + cos 38) + e~*(cos B—4 cos 86)]eos y ~ 
+ {26+ (2+ cos 28) + 6-¥(1 + $ cos 28 —$ cos 48) + e7( —$ cos 28+ $ cos 48)] eos 2g 


+ 2S [ex .008»—2B | 2 cos B cos n~1 8 ee) 
n=B E n—2 n—1 nf 











* ax? cos B cogn — 15  2(l--cos 2ß)eos np 2 cos ß cos (n £g) 
n—1 n nti 


: + sce cos nf, 2 cos B cos(n-F1)B cosn +26 \cos m]. 
n nal n+2 


m 
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The above result has been proved to be true for all £ >O, in the paper entitled '' On 
the bending of an elliptic plate under certain distribution of load. Part I.” 

In what follows, we shall use the abbreviation w(é, y; 8 B) for the above series. 

Itis quite easy to show that the above series is absolutely convergent in £, and B 
for all » and £ and for all £ such that £> 0. It is uniformly convergent in £, 7 and £ for 
all y and £ and all ¢ >s where e(>0) is small at pleasure, The series may therefore be 
multiplied by the bounded continuous function —csinf and integrated term by term 
between the limits £, and 8, where O< 8, < Ba S7. Thesumof the integrated series 
wil represent the integral U given above at all points of the ellipse for which £7» 0 and 
in particular over £ = a. 


We have therefore for € >0 


wW Xa 
U = RDE] p, e t Monte vh Bag ele 





Bs 2 
z -0 f 06 vi Asin B dB = -a cx gj e cosh 26+ £--1-- je?) 


x (cos B,—cos B,) + 1(0-- 2£-- e*t) (cos 38, — cos 38,)] 
— M(8£ cosh £+ 26€ 4-606 + $e-*t)(cos 28, —cos 28.) + 3(e7* — 3e*6)(cos 48, — cos. 48,)]cos 1 
+{(2E +8 +367% + 40-4) (cos B, — cos By) +4(1 + e — tat) (cos 88, ~ cos 8ß,) 
— (67 — fo) (cos 58, — cos 5ß,)}oos 27 
_.f _ cos 2B,— coa 28, , cos 48, — cos 48, 
oos Bnfee{ -295 Bs c08 s „eos M con dia) 





en a (tes 2B, — cos 28, , 908 4B,—cosdß, cos 68, — cos Bs) 
24 24 79 


" (tes 2B, — cos 26, cos 48, —cos 4ß, , cos 68, — soe yy 


24 80 120 
á Sos mf seus n—88, —cos n —8 f, _2eos n ^ 18, — cos n — 18, 
— (n —1)(n—2)(n—8) n(n —1)(n—2) 





cos n+ 16, — cos n+ 1s 
(n+ )jn(n — 1) 


vo n—8ß,-cos n—-88, , c08n—1ß, — cos ^ —88, 














n(n —1)(n — 8) (n — 1)n(n +1) 
2 C08 n 18,—cos n-Fif, _cosn+3ß, —cosn +32.) 
(n —1)(n +1) 20 (n4 1)6n-48) 
+orwtne{ p08 ni 18, — cos n-iß,_ cos n — 18, —cos n-- 1B, , cosn+3B,- cos(n + 8)8 
(n — 1)n(n--1) A n(n + 1)(n 4-2) iid 4] (18) 


(n+ 1)(n + 2)(n + 8) 


D 
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Tho above series 1s absolutely and uniformly convergent in £, ņ and f for all y and 
` and B and for all Ede where. e(> 0) is small at pleasure. For £7 0, ihe sum of the 
above series is U. Now the ser ieg obtained by term-by-term differentiation of the above 
with respect to £ may likewise be easily. proved to be absolutely and uniformly convergent 
in é, y and f for al! ; and £ and for all $ such that £>e, where «(>0) is small at 
pleasure. The sum of the differentiated series is therefore equivalent to GU/G£ for é> 0. 


In particular the value of QUIE for £e ais 3 obtained by putting é- « in the derived 
series. 


The boundary conditions w= 0 and 3w/Ə = 0 over g= « lead to the following 
formule 


B', sinh 2& = DI Er) [-- (14 aues $cosh 2x = cosh? 2a](eos B, — cos ß,) 


+41+2(1+ a)sinh 2x —cosh 2a}(cos 88,—cos 88,)] (14) 
B, sinh 2& = dea Ee. [(4-ge-*+ cosh 2a -- 2a sinh 2x)(cos B, — cos ß,) 
s 82D(cos B,—cos Ba)” f ? 
+4(1—07%)(cos 88, — cos 8ß,)] (15) 
Woe? | i 
256r D (cos B, — cos ß,) 
x {24 e*(8 sinh Ba — cosh 8x) -- 8e7*(8 sinh 3a -+ cosh 8a) 


B! (2 sinh 2a + sinh 4a) = — [4(cos 26, — cos 2#,) 


+4(8a sinh 8« — cosh 8x)cosh «—4 sinh « cosh 3a] 
— (cos 48, —cos 48,}{1—e-*(3 sinh Ba + cosh 8a)}] (16) 


à 


B,(2 sinh 20+ sinh 4o) = Wer -yp [91008 2B, — os 28.) 


1567D (cos Pi- 1 


x11—2 cosh*« 4- 3e «(sinh «+ cosh 8a} 


+{1—4e-%(8 cosh «--sinh «)}(cos 48, —eos 48,)] (17) 


B',[8 sinh 2% + sinh 6a] = —4B, sinh 4o + we 


89x D(cos B, — cos B.) [2((4a +3 4- $0722 30 1«) 


xsinh 4a—(1—4e7**—4e—)cosh 4ol(eos £,-— eos £) 


. P cos BR, = vos Bao 4-26-™— e~*)ainh 4 + (673 = e—4)cosh 4a] 


4 £08 5B, —ens 9B, = Br 30-% + Je~4e)sinh 4a + (—fo-% + $o-*)cosh 4oj] (18) 
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B,[8 sinh 2 sinh 6a] = 2B, sinh 2a— no. sos ga n 3+ doe tei 2a 
7 2 


82nD(cos B, 
— (2— $e — 8e—*:)cosh 2a}(cosB, — cos B.) 


+ cos BP, = cos BB a + 207?» — c7 1*)ginh2a + 2(e— — 6~4¢)cosh 2a} 


4. 00850, = 008.98; en Sara 2{(— 207? + e—s)ginh 2x + 2(— 07?» + 07*s)eosh 2] (19) 


F ; ; ; Pc? i | cos 28, — cos 28. 
B!, [4 sinh 2% + = — +2 1 2 
‚[4 sinh 2a + sinh 8«] B,[8 sinh 4a + 2 sinh 6a] +5 Don, [X 





x {—8e~-9(5 sinh 5a + cosh 5a) + e—%(5 sinh 5% +8 cosh 5a) -- 5E 


+ SOE £008 Pu sinh 5a+ cosh 5a) + e—*(5 sinh 5a +3 cosh 5a) — 4} 


4.208 08, 008 OB. 9-0 (5 sinh 5a--8 cosh 5a) +83] (20) 


B,[4 sinh 2a+ sinh 8a] = B, [2sinh 2% + sinh 4o] — nich | usas 
" 1 PT 2 4 


x1—867*(8 sinh 84+ cosh 8a) -- 0753 sinh 8a -- 5 cosh 8a) +8} 


+ 208 SP 008 AP 50-18 sinh 8a-+cosh 8a) —46—«(8 sinh 84+ 5 cosh 3a) +15} 


+ 208 OF 208 OP ato (o sinh 8x+5 cosh Ba) — 3] (21) 


B'a [(n 4- 1)sinh 2a + sinh(2n +2)a] = — B, [n sinh 4a 2 sinh 2na] 


+ ern fe +2)sinh(n + 2,0 + (n -2)eosh(r + 2)ad 
x {cools —8)8, — cos(n—8)8. _ geos(n —1)8, — eos (n — 1)8, à cos( + 1)8, ~ cos (n + 1)8. 
j (n—8)(m—2)(n—1) . (n—2)(n — 1)» (n — im(n-1) 





+e—"{(n + 2) sink (n +2)a +n eosh(n + 2a cosin an —-8)B. 





cos (n — 1)8, — eos (n — 1)8, 4.608 (n+1)8,—cos(n+1)B, cos (n+3)8, —cos (n+ 2: 
(n — i)n(n +1) (n — 1)n(x +1) n(n 4- 1(n 4-8) 








cos(n — 1)8, — eos(n —1)8, _ocos(n + 1)8, — cos(n + LB, , cos(n + 8)8, — cos(n *8)84] (56 l 
nal (n= I)n(n +1) n n(n4 1)(n42) 7o (10342) +3) i ac 
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Bal(n-+1)sinh 2a + ainh(2n+2)a] = By-o[(n—1)sinh 2x + sinh(2n —2)a] “mihi B c 
T 17 a 





x [e765—2*fn sinh na+ (n —2)cosh na 20? a zpi Si Ps .. 9eos(n E ES -1)8, 








, 908 (+ LB, —cos (n+ DR. (eost -3)8,— cos (n —8)8, _cov(n ~1)8, — cos(n — 1)8, 
(n—1)n(n +1) (n — 8)(n — 1) (n—1)(n+1) 


__coa(n 4- 1)8, — eos (n+ 1B, P cos(n + 8)8, — cos (n + 8)6, 
: (n—I)(n + 1) (n+1j(n +38) 





J+ e7 o t?*Ín sink na -+ (n +2)cosh na} 








cos (n —1)8, —eoa(n—1)8, _ocos(n + 1)8, — cos (n-- 1)8, , eos (n - 8)B, — cos (n - 8)6, 
«f (n -1)n(n- 1) eR ae NGS) j] vo 


We now consider the convergence of the series 
wi = B',-- B, cosh 2£+(B’, cosh é+ B, cosh 8€)cos n 


+ S {Bua cosh(n — 2)£ + B's cosh n£-- By cosb(n + 2)£]oos nq 
nud 


We can show, as was done in Part I that for sufficiently large n 
| Ba] S K/e™, 
where K is a positive constant independent of n, and that 


| B'a | s Ki fee, 


where K' is another positive constant independent of n 


We can now prove that each of the series 


e 
> B'a cosh nf cos ny 
n=0 
oo 
© Ba-, cosh(n—2)£ eos ny 
ne? 


> B, cosh(n +2)E cos ny 
n=0 


is absolutely and uniformly convergent in £ and 7 for all ņ and all £ such that [£[ 5 2a—«, 
where e(>0) is small at pleasure. Each of the series is thus absolutely and uniformly 
convergent im both the variables throughout the interior as well as the boundary of tbe 
ellipse £ = 2a—«& where c(>0) is small at pleasure. The same is thus true of the series 
‚for w! which is the sum of the above three series. . 

- Followingthe plan adopted in a previous paper (1948), we can easıly demonstrate 
that the function defined by 


F,= * Bi, cosh nE cos ny 
pao 
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is the real parl of a function of the complex variable s, analytic in the interior of the 
“ellipse £ = 2a, The partial derivatives of F, with respect to z and y and also mixed 
derivatives of F, exist and are continuous throughout the interior of the ellipse .£ —2« 
The function F, is further harmonic in the above range. So it satisfies the equation 


e" 


vr, =0 


throughout the interior of the elliptic plate and also the contributions to the stresses G, H 
and N due to F, are finite and continuous throughout the elliptic plate including the 
boundary £= a. 

The function defined by the series 


= [^] 
F, = A, cosh 26+ A, cosh 8£ cos n+ > {Anz cosh(n —2)£ - An cosh(n + 2)£]eos ny 
noaz 
is the real part of a complex function of the form 
(z—iy)(u- iw’) 


where u-+iu! is an analytic function of the complex variable g throughout the interior of 
the ellipse £ = 2e, Ibis easy to see that F, satisfies the differential equation 


Vs FF, = 0 


throughout the elliptic plate and that the partial derivatives of F, with respect to æ and y 
and also mixed derivatives exist and are continuous throughout the mterior of the ellipse 
£ = 2a, ensuring thereby the finiteness and continuity of the contributions to the stresses 
due to F, throughout the elliptic plate including the boundary. 

We consider with this the fact that we proved elsewhere Y,‘ U = 0 throughout the 
elliptic plate excepting at the pointe that lie on the line joining the points (X,, 0) and 
(X, 0) where -c <X,<X,<c. And we also mentioned three results embodied in 


formule (7), (5) and (9) giving the values of f Nyds taken along the edges of three 


rectangles suitably chosen where Ny stands for the contribution to the resultant normal 
stress N due to U. 
Further we have just now seen that 


- vitw! = ViH(F,+F,)=0 
throughout the plate. We may therefore assert thal {he function defined by 


w= U+wi 


where U is given by formula (11) and w’ by the formula (12) and the values of the 
constants appearing in the expression for w’ are given by the recurrence formule 
(14), (15), . . ., (28) represent the deflexion of the central plane of a thin elliptic plate 
clamped along the edge £-— « under the action of a load of weight W distributed 
uniformly along the line joining the points, whose cartesian co-ordinates are (X4, 0) and 
(X. 0) where —c < X, X, zc and whose elliptic co-ordinates are (0, 8.) and (0, 8) 
respectively. 
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NOTE ON HOMOLOGOUS AND ADIABATIC RADIAL 
. MOTION OF A STAR 


Br 


Q. Pan anp Q. Banpyopapayay 
(Received Maich 8, 1948) 
INTRODUCTION 


The radial vibration of gas spheres, under adiabatic conditions, has great importance 
in the theory of cepheid variables. Investigations of the particular case of the homo- 
logous adiabatic pulsation of a homogeneous star has recently been carried out by 
Rosseland (1948), Bhatnagar and Kothari (1944). The importance of this case lies in the 
fact that it admits of, as has been shown by later authors, exact solution of the differential 
equation of vibration which need not necessarily be small. It is, however, worthwhile to 
examine what conditions are necessary for homologous radial motion of a star under 
adiabatic conditions. The object of this note is to consider this point and to investigate 
the general nature of motion (vibratory or otherwise) which can be obtained in the 
above case, à 


Equations or Motion 


The equations governing the motion are: 


OP Gm 





T — 

zs - (2) 
P Y 

a) ®) 


Equation (1) is the ordinary equation of radial motion brought to the above form with the 
help of (2), which is the equation of continuity; and equation (8) represents adiabatic law. 
m is the mass enclosed within a shell of radius 7, and is used here as a Lagrangian 
co-ordinate. The initial configuration and the initial motion being given, equations (1), 
(2), (8) determine P, p, » as functions of the independent variables m and t. 


We now try to obtain the conditions under which homologous radial motion is 
possible, or, in other words, obtain condition for the existence of a solution separable in m 
and t as follows: 

r = ry(m).f(t) (4) 
This form was used by Thomas (1980). 
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CONDITION FOR SEPARABLE SOLUTION 
Substituting equation (4) in equation (2), we get 
P = Poff ; (5) 
P = PP (6) 
Again substituling from (4), (5), (6) in (1) we get 


and (5) ın (8), we have 





rf? PU dm Jere l x 


To proceed further wo use a Lemina, previously proved and used by one of us 


. (Bandyopadhyay, 1048). From the Lemma it follows that (7) will be satisfied if 
either l 


u BP pg | (8) 
and s . 
_B_4rdP,, Gm 
T, Adm 3 Tt (9) 
or 
ml aD Qi 
and 
C 4zdP, Gm 
x ug wr un 


A, B,C, D being constants. 
Let us consider case I first and suppose that equations (8) and (9) hold. Equation 
(8) gives 








B = D x 
eS 3’ - À - 1, BP F (12) 
so that aquation (9) reduces Lo 
B dP,, G.m 
inc er (14) 


The above two equations mean that homologous radial motion is possible for a gas sphere 

' under adiabatic condition if y = $ and further if the initial configuration satisfies equation 
(18), B being any constant whatsoever. The form of f(t) in this case is given by the last 
equation of (12). Besides (18) the given initial configuration need also satisfy the 
equation of continuity. But two equation, vız., (18), and the equation of continuity are 
not sufficient to determine the three varinbles Pe, Pes To uniquely as functions of the 
independent variable m, Hence any additional equation between the three variables may 
be adjoined to these two. Physical considerations suggest that a relation between P, and 
p, may be taken as the most suitable additional equation. Hence we have 


^ 
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Theorem I, A star with any given initial relation between pressure -and density 
can have homologous radial motion under adiabatic condition if y=4/8 and provided 
certain mitial conditions are satisfied. The suitable initial conditions are given by the 
relation between P, and po, the equation of continuity, and the equation (13). 


Let us next consider ease II, i.e., equation (10) and (11). From (11) we have 


Cum. i, 3 (14) 


as m and 7, must be posilive it follows U>0. Equation (14) means that the star should 
be initially homogeneous (whatever y may be). From equation (b) it follows that such a 
star will remain homogeneous at all times though its density will change with time. The 
form of f(t) in this ease is given by equation (10), which will be discussed in the next 
section and the initial configuration will be given by the other part of equation (11), via., 


4r dP, = G.m 


D' dm rf (16) 





Equations (14), (15) and the equation of continuity are sufficient to determine the con- 
figuration uniquely. These ensure the usual pressure distribution in a homogeneous star. 
It may be noted that since 
dP, 
Im © 0 
it follows from (15) that ; 
D «0. 
‘Hence we conclude: 
Theorem II. Under adiabatic conditions homogeneous star can have homologous 
radial motion (no matter what the value of y may be) and further no other star than a 
homogensous one can undergo homologous radial motion if y Æ 4/3. 


INVESTIGATION OF THE NATURE or RADIAL MOTION 


We shall now examine the forms of f(t) obtained in the two cases described in the 
last article to find out which of these can represent vibratory motion and under what 
conditions. 


The equation for Case T is given by 
P= Bif 
f^ = —QB/f) +E, (46) 


B and E being eonstants which can take up any value, positive or negative sub,ect only to 
the condition of reality of f’. A necessary condition of oscillation is that P (t): should 
vanish for two distinct finite values of {(). This is not possible for equation (16) because 
the right hand side of (16) can vanish for at most one value of {(t). Hence: The homo- 
logous and adiabatic radial motion of a star for y = 4/3 can not be oscillatory. 


which on integration gives 


~ 
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We next consider equalion (10) which gives the differential equation to determine 
{(t) for Case II. The considerations of provious article lead to the restiietiong 


C0, D «O0 


Putting : 0 " 
, f(t) EUN p= Ss (17) 
(- DR (— D)i~8y 
We have 
d H pf - 1 1 
C= PN EA (18) 
on integration we get 
Š 2 2 l 
62 = "4 — ft Se ae 
€ p ( Pa z mye) (19) 


F being a constant. Putting £=1 in equation (18) we find ¢’=0, We shall call £=1 
the equilibrium configuration of the star. In vibration, therefore £’ will become zero once 
for a value of £ greater than unıty and once again for & value of £ less than unity- 

We enumerate the conditions of vibration thus: 


(i) & and therefore the right hand side of the equation (19), should vanish for two 
values of £, viz., for £> 1 and <1. 
(ii) ‚The volue of £^" must be negative for £=£, and positive for £—£,. . 
(ii) The time taken in passing from £, to £, should be finite. This will be ensured 
provided the roots, é and £, (of the right hand side of (19) equated to zero) are not 
- repeated roots. 
l We shall examine condition (i) first. When y< %4, ihen 3y-2<2, so that 
for £21 


pres < e 
that is i 
grs E Ls 0, 


So that £* is positive for > 1. Thus condition (ii) can not be satisfied for y «24/3. It 
can similasly be shown that condition (ii) is satisfied for y> 4/8. 
We shall now examine condition (i) confining ourselves to the case y> 4/8 enly. 
We write 
l adt = sP, say 


pog 





where p, q are positive integers; y being assumed rational. y 7» 4/8 now leads to the 
condition p 2g; the right hand side of (19) equated to zero takes the form 


Pla) = -F + 2an Pls =0, (p>q) . (20) 


By Deskärten! rule of signs this can not.have more positive roots than the changes of 
sign. From this we should obtain (aftor examining the function g) 


PO, 
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as necessary conditions for p(x) to have two positive rools. We also note: 


g(0)— -F 
e(1)= alig zi) 


(es) = —co, (negative) 


so that p(x) will have two positive roots, one less and the otber greater than unily (just 
like £) if 9(1) — 0, That this last condition must hold can be seen from the requirement 
£^ >00. for £ — 1. Thus condition (ii) is fully satisfied for the case y > 4/8 provided 
1 
O<F 2(1 -,+;) 
<F< 87-8 
We now tako up condition (i). Differentiating the left hand side of (20) we get 
Pla) = 2q(2t7 - 21) 


which shows that besides z — 0, æ= 1 is the only positive root of (z). But the two 
positive roots of p(x) are different from zero and unity. Bo g'(x) and g'z) has no common 
positive roots. Condition (in) is thus fulfilled. We thus conclude that the adiabatic 
homologous motion of a gas sphere can have the character of vibration (f 


y>$, oc ri 1). 
8y—8 

We have seen before that vibration takes place only through homogeneous configurations. 
The equation (19) has been solved exactly for y = 5/8, 8/2 18/9 (Bhatnagar, 1946), 
The present discussion establishes the possibility of adiabatic oscillation of a homogeneous 
gas sphere through homologous pulsation configurations for all y > 4/8. Moreover such 
homologous oscillations are possible only for homogeneous spheres. It may be pointed out 
that the inequality 
: F0 


SE “3 A 2 55. m 3 
y~ 
p, being equilibrium density. F is thus "—Ó with the energy of vhe configuration, 
In eonclusion we take the privilege of acknowledging our gratoful thanks to Prof. 


N. R. Sen for his kind interest and helpful suggestions. 
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ON A CONTINUÉD FRACTION OF A GENERAL TYPE 


Bv 


ANUNOY CHATTERJEE 
(Communicated by Dr. P. N. Das Gupta—Received April 80 1948) s 


Milne-Thomson (1938 a, b) first exhibited a simple continued fraction in the form of 
a continued: matrix product. Upadhyay and Das Gupta (1947) discussed continued frac- 
tions of a’general type where the various partial quotienis were themselves continued 
fractions. The author in this paper discusses some of the formule obtained in the above 
paper, and extends the idea of continuing the type referred to by further assuming the 
partial quotients of the general type as being expressible themselves by continued fractions. 


NOTATION 


Let (^ .) denote the continued fraction, such that 


o(” ) = aime. l 


a,(m) + as(m) + +++ an(m) 
where 
1 1 1 
alm) = ay t —— —— Za 
+f ) Gr did da dede 


in 
Let (o denote the continued fraction, such that 
l 


ctor. & 1 1 1 
mjalt) mi m... fmi 
l TOET OEE (Tr) 
where 
mY o 1 1 1 
al 1 ) = eg EDAD 
where again 


* 2 1 1 
a(l) = hyi t UE 
lija dia + Aiza t + ai 





28. . 
Let «t p > 2 denote the continued fraction, such that 
128---n Mer i 

«, ges y= ae rom 4G) + ay) sas) 


8—1083P—2 ` 
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Further denote the numerators of the convergents 


n . in 128...n 
of ailm), alm], « ) 
n l ret PS v 


by ° 
^) f n 128.. ") 
»( » Di » P T , 2(; 8i...7 


and the corresponding denominators by 


(5 (m) i 128...m 
) "mj N 
Amy L a, N 


(A) 
1. Consider the continued fraction of the form 
i 
Ay, = a +. 
Fe 
Ba ay 


Bi 
where if A, = pa/Gn, we can, by induction, prove, 
Pn = Pp, + Ba-ıBaPpn-2 


In = Cndn- + Ba-ıßnIn-2: 


So, 
al ee Fe ee Pe P 
= [5 j| lee, 0] P Pues | "n 
That is, . " 
a id 2 -— ^ 

EID cle elle dE SE o 

Also, . 
LIS b D o 


ON 
Hence for the continued fraction «. H = t 2 i$ follows from (1) that 
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le ados aca bol 


(8) 





Sailr eati seo su 








9. Now in the continued fraction aj;(j), we have 
v4) = agp — 1) tp» -2) 


qi(j) = yai — 1) + aij — 2). 
So, 


i)’ qo «pij 9) d pos M ge pij - 8) a = : : y; k i 
bad) Od Tal aid 02) | Ta, re j 


$3576 a, 1 Oray 1 0 a, 1 Oray O 
= L 00/1 0 0)---| 1 0 OFT OF. 5 
dla ae sos ® 


Lo o 1J*0 0 1 0 0 1-.0 1 
And 
1 0 
ae I IB NM. JP « |J: | 
j us 0 AG] 16-1 Z 0 (6-1 4-2 M 
0 qj qG) ag Hle. se q(-1) 6 Ale c radices 
% 0 0 i 0 Opl 0 
-[ 5 ule flo0 a 1190-4 d (0) 
- [; ae a; 
0 1 0 010 0 l 
Also 


“wala " 
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Hence by the use of (5), (6) and (7), we have from (8) the result: 


12-::n—-1m 
of ) 


t0 1 a, 1 O} Ga 1 0 digi 1 04 rir 0 
Ts Wu v : 
Mm =; ; il}: 0 Js 0 o|- 1 0 |: | 
N ") ooılooı 0 o isto 1 
rare u vj: 
100 j 0 Ol 0 Opl O 
100 ] 
=], 1 ol O aj 1|:--|O az 1j0 a, 110 1 
0 1 0 0 1 olo i olo 0 
10 1 Gai 1 0 Gaa 1 0 lagzi 1 0 (og 0 
x| 0 o| 1 00 1 0 o] 1 0 
010 | 
Lo 0 150-0 1 0 o illo 1 
icd 2070 1 0 uei 0 Oi 0 
x[, 1 alt les | [o d | - ilo 1 
0 1 0 0 1 olo 1 o'to o 
x: , r 
H 
` x ; ’ . ~ 
ion 1 O4razz; 1 0 ass 1 Oraziu O 
x | 1. 586] € ool} ı oola o0 
0 1 oll. 
o oilo qug -L o oto d 
01,1 0 
ioo! ? ? pL Opt uer 0 1 
x[, 1 oJ 0 ag; 1j|:::|]O azaga 100 ag 110 1 
010 0 1 0/0 1 0/00 


an l][aüs 1 Anzi 11 fan 
oa et ei 
1 Olli 0 1 0 1 
— 1 - 
8. We now introduce the arrow operator { ) which is defined by the relation 
— 
N N D 
D| |p O| 
IN an . IN D 
The operator acts upon the 2x1 matrix | n | and converts it into a 2x2 matrix DO 


Then from the definition of the operator, we have 


2.0) T3 d) 
SPUR (9) 
4:5) tq 0 
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So, by using the operational notation as in (9), it follows from (4) that 


C 12--n-lm"N| |, o € 
Y, 8** u ) "a pe) Paala) Palv) 
13-—-l»y| Lge) tated Lens Lo] 2 
= = QT) J Lale Qul qui). 
Ee 8-7 u ah i . 


EE ea. 


Hence the result (10) oan be exhibited as a formula : 


Here again 


" 12:-n-1 2 T En Rer dece a pen REP 
I u v a, ll[a, 1 ag 1|| a, 

(M poli 1 Oj]i1 
E rg." u v/ 





—— een ti ratito e 
.[ agni i aza, 14 n 1 r1 
x eee 
1 0 1 j| 1 
dy, lfm 1 Anv-ı Any 
" adds (11) 
1 O;, 2 0 1 


This result (11) is perfectly general and will replace the results "e (15), (16), (17), (18), 
(19) and (20) of the paper by Upadhyay and Das-Gupta (1947). 
(B) 


4. Inthe case. when r=8= ... =u=v(=m), the result (11) can be expressed as 


"HELM 


Since, from the notations, we have 
- "yd b sss 2) 
(n m.m 


(G ARNS 
Ain mom 
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the result (12) cun briefly be stated as a formula: 
u n E £ E ia 
s^) ( n—l,9—1 ——3 ) m=1 — 
ee © 
" ) EN ( idi : 
2 af ) we] \ j=l jel ? 
» m 2 
B. An extension of the above result 


In the simpie continued fraction a,(m), we know 


[s] Gri] 


By substituting this value in (18) we get 


EAI n-1 + 
ME s MT 


m). 


Extending this result to the sontinued, fraction ( n) we have 
l 


Ha. 


m * 


Here, it follows trom (18) that 


OL cere reden 


Substituting this value in (15) we get the formula: 
m 3 -1, m—1 = 1-1 ——+ N 
(a) > LE dn 
l 
E 3 Pen er TE NE: 
x deri] ( LU] (16) 


1 \ l=] 





The method is perfectly general and the formula can be extended to any number of 
elements. 
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ON THE CUMULANTS OF f, 


Br 
D. P, BANERJEE 


(Received April 1, 1948) 


Hsu (1989) has found the moments of b,. Here I find the cumulants of B,=p,/u,*. 
Now (Kendall, 1945, p. 271) i j 


Ba = ka + 28k ke, + 56k le, +351? + 260K ika? + BOk kyt 105k,*. 
Hence 


H(B,) = p(82~*) + 28n(62-*) + 56u(5.3 27*) + 851.(4*27) + 210u (427%) + 2804(B727*) + 105n. 
Again (Kendall, 1945, p. 289) 


FO eee ee (n—-1)(n+1)- - + (n+2j—8) 
el 50489) = u( nn TT NER = 2 


Now 
(8) = kg (0) ko p(4) = k,, „(5.3) = k(58) 


p(4*) = k(4)+k,*, p(B?) = k(8*) - &*(B) = k(8°) +k.. 


Neglecting ky, ka, --+, k, we have 


2)  24n(n- 1) 1 ee = a Y 
k(4*) = &-—1)n-8)m A , &(8) = 0 = u(6) = u(4) = p(5.8), 
2) — __ Bnk € 2) = 24n(n +1) 4 

he» (n —1)(n — 2)’ Hem (510-3) —8) ^ ' 


. 


"PENES. 
(88) = 0, pet) & Ss. 


We have 


| Las 24n(n +1) m-1n 1) - ++ (n5), s aan m 1m +1)(n +8) n 64.105 
u(ß,) = 85 n-a- Jaa k, OG ies INE SR) +105n. 
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ON THE FLEXURE OF A BEAM WHOSE CROSS-SECTION IS 
BOUNDED PARTLY BY A STRAIGHT LINE 


By 
B. Gross 


(Received May 17, 1948) 


1. It has recently been shewn (Ghosh, 1947a) that the problem of flexure of an 
isotropic elastic beam can be solved by a conformal representation of the area of the 
cross-section of the beam on the unit circle. The function which makes this conformal 
representation is often of a very complicated form, and we encounter considerable 
difficulty in evaluating the integrals appearing in the solution. But when the cross- 
section is bounded partly by a straight line, and forms half of. an area which is 
symmetrical about this straight line and which can be represented conformally on the 
unit circle by a function of comparatively simple form, we can use, with advantage, the 
method developed in a previous paper (Ghosh, 1947b) for solving the problem of torsion 
of a beam of the same cross-section. 


2. Let C, be a closed curve in the s-plane (= z +iy) symmetrical about the real 
axis, and let the cross-section R of the beam be the part of the area within C, above the 
real axis, so that the boundary C of R consists of the upper half of C,, and the part of the 
real axis lying within C,. Let z= a, y = b give the centroid of R. Then z' = z—a, 
wy = y—b are the coordinates of the point (x, y) of the cross-section, referred to parallel 
axes through the centroid. i i . 

The solution of the flexure problem consists in determining two plane harmonic 
functions %,, V, in R, which satisfy respectively the conditions (Ghosh, 1947a, p. 4) 


p = f [A + 0)2? — cy? ]dy' + const., (2.1) 
4 
^ . 
p, =- f [(1- 0)y^ —c02^ ]dz' + const., . (2.2) 
-A i 


on the boundary C, Substituting z' = z—a, y' = y—b, we find, after partial integration 
and omission of additive constants, that the boundary values of Y,, Y, are respectively 


P = 
p = (eee  ob]y - (Lt o)uay toby -4l +20)y'+ (1+ oF f (as—a)sde, (23) 
E A 
Wo = [oa -(1+0)b’]e-oaa’+(1 -o)bay+ gor" 


P P E 
-(1+o)bI | zde+4(+0o)R | (6-9 (2.4) 
nu | 


where R and J placed before an expression denote respectively the real and the imaginary 
parts of that expression. 
4—1883P—2 
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If we put 


W, =¥,-[+o)a*-ob?]y+(l+o)azy, a (2.5) 
T, = y.— [ca? -(1+0)b?]e+ ca (z? — y*)—(1+0)bay — 3e (2? —8zy*), (2.6) 


we see that V,, V, are plane harmonic functions in E, and satisfy the conditions 


P 
V, = oby? -g1 +20)y? + (L+ o)l f (a~a)ade, (2.7) 
A - 


M coo eei ike wf fürn | TE (2.8) 


raspentively on the boundary C of R, 


Taking A on the real axis, we see that Y, = iV, — 0 on the real axis. If we 


therefore put . 
: . F, = DEDE, FP, = 0,+i¥,, 


we can, by choosing ®,, ®, suitably, make F,, F; analytic in E, and real on the real axis, 
so that by Sehwarz's principle of reflection. they can be continued analytically to the part 
of the area within C, below the real axis, U,, V, taking the values 


P 
T, =—oby?—F(14 2e + (14 0)I f (z —a)zds, (2 9) 
A 


P_ P reis 
T, = cay - cay - (1901 f Ede ito f (a — 2)*dz, (2.10) 
A A 


respectively on the part of C, below the real axis, 


9. Let us now suppose that 
i 8 = ol) 


maps the area within C, in the z-plane conformally on the unit circle in the ¢-plane. 
Then it maps the domain R in the »-plane conformally on the upper half of the unit 
circle, the straight boundary of R on the real axis corresponding to the diameter of the 
unit circle on the real axis. 

The functions F,({) and F,(t) are analytic sin the unit circle, and their imaginary 
parts V', and 7, take up values given by (2.7) and (2.8) respectively on: the upper halt a 
of the circumference y of the unit circle, and the values given by (2.9) and (2.10) 
respectively on the lower half B of ihe circumference y. With the help of Schwarz’s - 
formula in its modified form used in a previous paper (Ghosh, 190478, p. 2) we get 


P,Q = Sal mmus di gi 


4 1420 f [o() -o(1/0]* rm F(t)—F(1/t) 
+ Habe EB He [EOR A, ua 
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Fo = ral Left et DE af] 


~ of f Ot- a f] Grob f 600—600 
Sli -t-t a f] I .t-t 9 











ni 





v ige OR [] (8.2) 


where 
r= f [ae = ifo du) (8.8) 
a . E 
G() = f s oda), (8.4) 
1 
HO = f [6 -«,0)9209. (8.5) 
r 1 m 
4. The flexural moments (Ghosh, 1947a, p. 0) 
z , / os y h 2 x j ^ 
x, « fJ T f L4c)a'^y oy? ar OF Ly Os away, 
f c)z"y' —oy? —c V sy | da’ dy (4.1) 
N «ff cz? — (1c o)z^ "m — ‚a da'dy', (4.9 
la : [ y a Sy | y (4.2) 
can be written in the form . 
Ni = NytNigt Nis, Na = NatNat Nas, (4.3) 


where 


Na un [1+ o)(x—a)*(y—b) ety — b)? +20. + o)azy — (1 o)a(ay + bz) dzdy, (4.4) 
=- gow + y dady = — | d,(zdz t ydy) =—-4R | F,d(ez) 
Jf (ryan [teen in 


: . : 1 . 
= -4R f FOAL- f PODO] (48) 


V ov, p OF: 
Fu - ffe s - n Sa «v = f] (- a Ge ) dedy 
= J 9. oty - ban EXC 
0 6 


= half the sum of {he last two mtegrals = 4R(a+:b) f F da 
i 0 


t 


= iR) [ f roa» f real, (4.6) 
a =1 
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Ny, = f [c(z — ay — (1-- e)(z— a)(y — 5) 4 Boa(z? - PP) —2(L4+ 2o )bzy 
A ` 


— o(a" —8zy?) - ((1 +0)b?—20 «?]z + (1+8o)jaby]dædy, (4.7) 


van- [rm 


- 1 m 
E (4.8) 


Nos = f f (Ss oS) iiy 
= Rosi) | frais f row} «» 


8. Asa simple application, we take the cross-section of the beam to be the semi- 
circular area bounded by the arc of the circle <? + y? = 1, y zz 0 and the diameter y = 0, 
-1zzzl Herea = 0, b = 4/(87), and o(t) =t. We have 


PO fa -i- 
l 


aY = En gt, 
, l 


H(t) = f (t—1/tfdt = 30 —2t—-1/t4- 8/3. 
1 


We have already proved in a previous paper (Ghosh, 1947b. p. 109) 





fee Le ar [--Sgp sew iog L*Í 
e 
8 


"1-5 
“ana i6 can be proved in a similar manner that x 
~ 2 ` p t3. 4342 ar 
f fee dt- f = 3-4 417,4 28 € DG D* logs =e, 
a a P 5 TA 
and E 





H() AND 4 i 104 2 1) 90-95 --109—901), 14[ 
US SEI Wie] ue uu S a yg $ 
J it alte te log 72è 


Further 
f F(—F10 q Lorie 
tat i 
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gi: - SEP at = tri og 0+9; 
kou 


Jen di = Mill — 30). 
Y = 

Substiluling in (8.1) and (3.2), replacing & by s, and omitting additive constants, 
we get 





E de ga 
F(z) = 48 +20) 4 45(1 +2c)2 ux vo PU gs log: | (5.1) 





—.1-2o (a 1) Ze tern l+# 
fam ôr ( +) de a Se 


ge [ -82 log (1+8) +? 
- T27 





E —05* + 102? — 02? +1 it 5 
. 2 
g? le per 02 


The flexural moments are very easily calculated. We have 





Ni, = — (1—60) /80 — 640 / (2777). (5.8) 
Also " 
Ns 2- f EF (EdE. 
Using the results i 
1 1 
lageit£a-z, (qoapeltíape-? 
J zart p f Cmeithu-- 
we get 
Nia 2 —(8t0)/15—10c/ (812). (5.4) 
Further 


1 
Ms = RGijs) | f 2070 f. rt]. 
a -1 
As the second integral within the bracket is real, 


Nyy =-(2/3m)I Í FOUY = + 40) + 84/2702). (5.5) 


Hence i 
N, =-(1-70)/15-160/(8#°). (5.6) 
From symmetry about the y-axis, we see at once that N, = 0. 
Since the axes of z', y’ are the principal axes at the centroid of the cross-section, 
the coordinates of the centre of flexure are (Ghosh. 1947a, p. 7) 


z,— 0, yy -N,I[2(-o)1,] = 41-70 +800/7)/[157(1+0)] 


since 


pes f [ 7m = n/8. 
R 


Therefore 
gg—0, yy = yo 4[8n = 88-0 +400/7°)/ [Lőni +0)]. 
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This result agrees with that of Stevenson (1988, p, 195) if we replace o by «/(1—0), 


the new o being the modified Poisson's ratio of thé generalized plane stress. 
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DIE LORENTZTRANSFORMATION UND IHR 
PHYSIKALISCHER INHALT. 


Vox 
S. C. Kan 


(Communicated by the Secretary— Received April 80, 1948) , 


Inhaltsübersicht: Es wird hier eine neue Ableitung der Lorentztransformation gebracht, dre die 
Lorentgformeln von der üblichen für sie sehr einschrünkenden Bedingung fast vollkommen freimacht, dase 
das bewegte System-sich mit konstanter Geschwindigkeit gegen das ruhende bewegen muss. Es ge.ingt dies 
durch Anwendung einer Parallaxenmethode zur Messung bzw. Definition der räumlichen und zeitlichen 
Entfernungen. eames Gegenstandes. 

1. ` Der Lorentztransformation liegt bekanntlich das Postulat zugrunde, dass sich 
das bewegte Bezugsystem (£,1,0;7) gegen das ruhende (z, y,2; t) mit konstanter 
Geschwindigkeit bewegen muss. Auf die Frage hm: wie lange murs diese Geschwin- 
digkeit konstant anhalten, damit die Lorentztransformation zu recht bestehe? scheint 
die Antwort zunachst so lauten zu müssen: auf ewig. Eine kritische Betrachtung des 
Einstein’schen Gedankenganges liefert uns indessen eine genauere Antwort. Nach 
Einstein hat man sich, nämlich, die Zeit eines vom  Beobachtungsor entfernten 
Gegenstandes und meines unten zu begründenden Erachtens auch dessen Abstand 
grundsätzlich durch einen Versuch wie den folgenden festgestellt zu denken. Der Beo- 
bachter entsendet etwa zur Zeit +, einen Lichistrahl nach dem Gegenstande und erhält 
ihn nach Reflexion an ihm wieder zuruck etwa zur Zeit ,. Dann ist die Zeit rg am 
Orte des Gegenstandes, zu welcher der Lichtstrahl ihn trifft, zu messen bzw. definieren 
sein durch (Einstein, 1905) 


Ta = Alto tro) (1) 
und der Abstand £ des Gegenstandes vom Beobachtungsort durch 
£—46 7n). || B 


wo c die Lichtgeschwindigkeit im leeren Raume ist. Allerdings nimmt Einstein an, 
der Abstand £ ist einfach mit dem Längenmassstab su messen und Gleichung (2) 
gestattet uns dann erst dıe Lichtgeschwindigkeit zu bestimmen. Voraussetzung eines 
Messens mit dem Massstab ist aber gewiss dies, dass der Abstand während des Messens 
fest bleibt, was im allgemeinen nicht zuzutreffen braucht insbesondere nämlich dann 
nicht, wenn der Gegenstand ein Punktereignis ist. Dagegen können wir wohl "behaupten, 
dass das weitere Postulat Einsteins, die Lichtgeschwindigkeil c sei eine universelle 
Konstante, die Gleichung (2) wirklich zur Definitionsgleichung von £ macht wohl indessen 
einer, die, wie es sein muss, ım Einklang steht mit dem Messvorgang für die Lichtges. 
chwindigkeit. Die Lorentztransformation geht sodann aus der Forderung (Relativitäts- 
postulat) hervor, die obenstehenden Definitionen von rg und £ behalten ihre Geltung noch 
vom Gesichtspunkte eines zweiten Beobachters bei, der den ersten als mit konstanter 
Geschwindigkeit elwa v m der (x, €)-Richtung bewegt erklärt; allerdings werden dabei 
noch zwei Nebenhypothesen zu Hilfe gezogen, nämlich, (i) dass eine eindeutige 
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Korrespondenz (Forderung der Linearität) zwischen (£, 9, (; 7) und (æ, y. 2; i) bestehen 
müsse und (ii) dass dio vom zweiten Beobachter wahrgenommene Länge mgend eines 
starren bewegten in der (jj, t)-Ebeno liegenden Stabes nicht vom Sinne der Bewegungs- 
.riehtung abhünge. Die nachfolgende mathemutische Herleitung (Einstein, 1905) der 
Transformationsformeln, welche wir nicht wiederholen wollen, zeigt, dass die ın Rede 
stehende Geschwindigkeit für eine derartig lange Zeitspanne konstant anhalten muss, die 
der Lichtstrahl für den Hinweg nach und den Rückweg von dem Gegenstande benötigt. 
Diese Zeit füllt verschieden aus, je nachdem der wo in der Bewegungs—(é) 


oder in einer normalen (y, t) Richtung liegt; sie beträgt jn E To) bzw. =, wo L nach 


dem Urteilen des zweiten Beobachters den Abstand des Gegenstandes von der 
Ausgangsstelle des Lichtstrahls in dem Augenblick bedeutet, in welchem er vom 
Lichtstrabl getroffen wird. Wie lange die Geschwindigkeit konstant anhalten muss, 
hängt also jederzeit wesentlich davon ab, wie weit von der Ausgangsstelle des Lichtstrahls 
der Gegenstand liegt, dessen Koordinaten (E, 4,63 7 &z, y, 2; t) in die Lorentziormeln 
eingehen; sie muss also nur dann eine auf ewig andauernd kon-tante sein, falls wir die 
Lorentzformeln für den ganzen sich ins Unendliche erstreckenden Raum in Anspruch 
nehmen wollen. ' Die vielen anderen Ableitungen der Lorentztransformation, welche in 
der Zwischenzeit dieser Einstein'schen gefolgt haben, ändern etwas an diesen Sachverhalt 
nicht, weil sie alle es zur Voraussetzung machen, dass die Geschwindigkeit eine ewig 
konstante sei und dabei auch keine Handhabe bieten zur Beantwortung der von uns 
eingangs aufgeworfenen Frage. 





2. Im nachstehenden wird es unser Besireben sem zu zeigen, dass die Sache 
jedoch nicht wie oben zu bestehen braucht, dass aber vielmehr der in den Lorentzformeln 
auftretenden Geschwindigkeit die Bedeutung einer fast momentanen Geschwindigkeit des 
Systems (£, n, ;7) gegen das System (x, y. 2; t) beigemessen werden kann. Um dies 
zu erreichen müssen wir uns die raumliche und zeitliche Entfernungen eines Gegenstandes 
grundsätzlich durch einen anderen Versuch als den von Einstein festgestellt denken. 
Wir wollen, nämlich, dass man emen, wohl etwas ideellen, doch prinzipiell Pease neater 
Apparat wie den nachstehend skizdierven verwende. 


- i Ar. 
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Die Geraden AA’, B,OC stehen fest und zueinander normal. OA = OA’ =A, das 
wir die Halbbreite des Apparates nennen wollen. S, und 8°, sind zwei zu O- befestigte 
ebene Spiegel, welche mit OC den festen Winkel r/4 machen (nach oben bzw. nach 
unten) und etwaige von A bzw. A’ ankommenden Strahlen nach B, reflektieren. -8, und 
S’, sind zwei weitere ebene Spiegel, je um eine durch A baw. A’ gehende der Zeichenebene 
normale Achse drehbar, welche den gleichen Winkel (etwa v) mit OC machen und bei 
richtiger Einstellung auf den Gegenstand nach O d.h. nach den Spiegeln 8, baw. 8,’ 
reflektieren "sollen. ; Bei richtiger Einstellung des Apparates gelangen also, wie man es 
nun leicht einsieht, die beiden Strahlen von A bzw. A’ gleichzeitig zum Beobachter B, 
und -er schliesst ohne weiteres, dass der Gegenstand G, wo die Strahlen auch gleichzeitig 
entstanden sind, am Schnittpunkte der. Strahlen .GA -und GA' d.h. auf OC liegt und 
ferner, dass (i) die räumliche Entfernung von O nach C 


ce —Atan 2g = [£] 
und (ii) die zeitliche Entfernung von O nach "Vergangenheit 


= * (14800 29) =~ [] N 


isb; wir postulieren wohl dabei, dass die Lichtgeschwindigkeit c eine universelle Konstante 
sei. Man seht, dass es- sich hier wirklich um eine Parallaxenmethode handelt. Sie 
stellt in dieser Form gegenüber der Einstein’schen eine prinsipiell einfachere Methode 
zur Bestimmung der räumlichen und’ zeitlichen Entfernungen eines Gegenstandes dar, 
weil sie auf einer einmaligen Beobachiung beruht und somit ein auf den Beobachtungs- 
moment bezogenes momentanes Bild des Punktgeschens (d.h. des Gegenstandes) liefert, 
wogegen bei Einstein zwei Beobachtungen (zu To, T'o) gefordert werden. Die Gleichungen 


à tan 2p = [£] (a) 
_ *ü + seo 29) = [7] i (b) 


wollen wir deshalb zum Rang der Definilionsgleichungen von [£], [7] überhaupt erheben. 
. Den Grössen A, A/c kommt dabei offenbar die Rolle der Längen-bzw. Zeiteinheit zu. 

3. Wir führen sodann die Relativitätshypothese Einsteins em und fordern, diese 
Dafinitionen bzw: Messungen‘ von [É] und [7] müssen noch nach dem Urteilen eines 
tweiten Beobachters B, gelten, der den Apparat also auch den Beobachter. By als bewegt 
findet: "Mit der Bewegung "des  Apparates, welche wir bi auf weiteres als Bleichförmig 
ansetzen, geräten aber für B, auch die Spiegel mit in Bewegung und er. muss ‚sich mit 
deh Gesetzen der Reflexion an bewegten Spiegeln” zürechtfinden allerdings "dhne jegliche 
Bezugnahme auf die Lorentztransformation. Dies wird aber durch das -Huygens’sche 
Prinzip ermöglicht, welches, wie das als bekannt gelten mag, leicht ergibt 


._ fier cb 3) . , s as ru 
(5°) OQ 5 l ost , 9 


wo i der Einfallswinkel ist, r der Reflexionswinkel dad y die Komponente der 
Geschwindigkeit des Spiegels längs der zur Spiegelläche nach aussen gerichteten Normale. 
6—1088P—3 
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Des weiteren machen wir noch die Nebenhypothesen, nämlich, erstens (é, j, $; 7) müssen 
sich in linearer Funktion von (x, y, 23 t) ausdrücken lassen, zweitens der bewegte Raum 
(& 4, t) muss nach dem Urteil von B, um die Bewegungsrichtung rotationssymmetrisch 
‚sem ünd drittens die von B, wahrgenommene Länge irgend eines starren bewegten 
‚Stabes muss nicht vom Sinne der Bewegungsrichtung abhängen. 

4, Die Achsen (£, n, {) legen wir beziehungsweise den Geraden: (OC, A’OA) des 
‘Apparates und der zu deren Ebene (des Papiers) nach oben gerichteten Normale parallel 
‘und wir lassen ferner die Achsen (z, y, z) den Achsen (Å, 7, ¢) parallel laufen. Bei 
der Herleitung der Lorentztransformation mussen wir drei Fälle unterscheiden, je 
nachdem die von B, erklärte Bewegung des Apparates in der (1) (a, £)-(IT) (ys n)-oder 
(III) (e, Ü-Richtung stattfindet und sie gesondert behandeln. 2 


(I) FALL DER BEWEGUNG IN DER (x, £)-Rıcatung 


5. Die nachstehende Figur zeige an, wie für B, die Verhältnisse der Reflexionen 
an den Spiegeln durch die von ihm zugedachte gleishtórmige Bewegung des Apparates 
geändert werden. 7 


D,9 ALS, 





yo. os Tk 


Die Lage des Apparates zur Zeit, dass die Reflexionen an den (zu O) festen Spiegeln 
stattfinden, deuten wir in der Figur mit der Gerade A’OA. Da der Apparat bewegt 
ist, ist die Lage jedoch mit der Gerade D'ND zu deuten zur früheren Zeit, zu der die 
"Reflexionen an den (zu D', D) drehbaren Spiegeln stattfinden. Die Koordinaten von O 
"seien für B, mit (&, Yos Zo; to) angegeben und ferner sei für ihn DN = D'N =I, Fall v 
die Geschwindigkeit des Apparates bezeichnet, so gilt 
NO. DO D'O 


weil das Licht von D bzw. D’ nach O die Gerade DO bzw. D’O entlang ankommt. 
Falls ferner « den Winkel Z NDO order den gleichen Z ND'O bezeichnet, so ist 


sine, DO = l sec a, ON = Itana, 
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6. Man ersieht nun folgendes: Es ist eben das Punktepaar D, D' (des Raumzeit- 
kontinuums z, y, 2; t), das nach dem Urteil des Beobachters B, vom-Beobachter B, 
als das Punktepaar A, A’ (des Raumzeitkontinuums £, 7, ¢; 7) angeschaut wird; daher 
gelten für B, nach dem Urteil von B, folgende Beziehungen, 


bo 2d en 
notA = 1p 
Yo A = fp: | (e) 
b, = tp l i 
= p i () 
To A aT l 
um D | (g) 
= Typ 


wo (fos to £03 To)» (Én: "Ip, Ko; To), (Ed's Nor, So's To’) für B, die Koordinaten der Punkte 
0, D, bzw. D! (des Raumzeitkontinuums z, y, 2; t) sind. 

Wir wollen nun (€,7,§;7) in linearer Funktion von (e, y, 2; t) . ausdrücken, 
insoweit zunächst obige Beziehungen das ermöglichen. Die Beziehungen (d) lassen sich 
‘schreiben wie 


; : , 
Ela YoRobo) = &(2- ON, Yot DN, a, 4-20) . 
p l , (d) 
[s € (s.- ON, Yo —DIN, Zor i,- 2-2) 
Daher folgt wegen Linearitat 
0=-0N S96 + pn 2E -20 OE 





Oz, Oy, © Ot 
|: DOG 
eon SE -pw Se POS 
Oz, BY c Ot,” 
oder 
DE zs 
8y, | 
und F2 
=0 
v = + at. 
Wir setzen nun 
aÉ 
82, xu 


und berechtigen es mit folgender Überlegung. Im Falle relativer Ruhe von B, gegenüber 


B, würde sicher gelten 
f= a. 
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im Falle der Bewegung muss daher aus Stetigkeilsgründen (d.h. weil die Transformations- 
‘formeln für den Bewegungsfall in ee für den Ruhefall stetig übergehen müssen) 
gelten Br 


9E io 
T Oc, 
"und der Einfachheit halber nur noch 


3 
SE se 0, 


weil 9£/öt, mit o£/Ox, gekoppelt erscheint. Demnächst lasst sich é in Funktion von 
(m, y, 23 t) sofort wie i 
£ = k,(z— vt) + konst. 
ausdrücken oder wie 
£=k,(e—-vt) ; (3) 
falls £, œ, t einen gemeinsamen -Nullpunkt etwa zu U (Fig. 2) baben. Dabei ist k, eine 
noch naher zu bestinimende Konstante. Die Beziehungen (e) schreibt man.ebeufalls:wie 


Pn NT n (zogosofo) - X = v (s. oN, y, * DN, sinti- DO) Joo m 
ots ^ en " . P .- : E Pe: d E 2 (6) 
"E _ , D'O MU ng 
NEY otot) - A = y| 29 ON, y, — D'N, zo, ier 
Daher folgt i l : 
i =- t +DN I — (DOO 
went ON Sa, Yo c Ot, 
cO Es 8y, bici c Ot,’ 
oder 
On , DO Ne 
N ce Ot, ý 
und 
l On =À, 


o 


Im Einklang damit und zwecks Einfachheit setzen wir 
j o= ĉ® 9p 9 


Demnachst drückt sich 4 in Funktion von (z, y, 2; t) wie 


y = m, : - z ese 
=À } oe Ss us (4) 
m= T’ 
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aus mit einem gemeinsamen Nullpunkt zu U von y, y. Aus den Beziehungen (f) hat man 
ferner p. 


NET = Ur, "S ON, yo t DN, Boy ty — P0) 


(f) 
zt, - ON; y, - DN, 455 4 Do) 
d.h. =~on X pn & .DO8 
" Oz, $ Oy, c Oty 
=-on & -py 9 DO & 
oN Oz, i Oye o Of, 
oder i at 
ar f $& x 0, 
und ] . 
n "TEE 
Kara, LE ar 7 ^ Om € Oty - : 
Bei Rube von, B i gegenüber B, würde offenbar gelten ‘ i : 
R - Fer S M ; * t = f. 
Bei-Bewegung muss daher . ” = 
l DV i 0 R 
99, + 
sein. | Demnach setzen wir zweeks Einfachheit * 
~ 0 dt, 
und haben den Ausdruck ] 
: Š = ks = (5) 


mit einem gemeinsamen Nullpunkt zu U von {,3. k, ist dabei eine noch näher zu 
bestimmende Konstante. Endlich lauten die Beziehungen (g) ebenfalls wie 


ars 
TEY ototo) = x =r (2-0, yo t DN, 2, to— Pe) 
g 


Ze (2-08, ye DN in h Die) 


woher man hat 
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oder: or " 

ay, ^^ 
und 

` ‘moose = 0S e B mitm = ^. 

Wir setzen zwecks Einfächheit, 

Or 

OT _ 9 

Oe, 


und alsdann drücken 7 in Funktion von (2, y, 2; t) wie 
T = kæ + (m cog a—vk,)l (6) 


aus, 7, 2, t haben dabei einen gemeinsamen Nullpunkt zu U und k, ist eine noch näher 
zu bestimmende Konstante. 


7. Wir wollen jetzt dazu übergeben, den Vorgang der Reflexionen, welche an den 
zu O festen Spiegeln stattfinden, auseinanderzusetzen. Wegen Symmetrie um die 
Bewegungsriehtung OC genügt es nur einen Spiegel etwa S, ins Betracht zu ziehen. 
Nach dem Urteil von B, wird an diesem für ihn bewegten Spiegel 8, der Strahl DO nach 
ON reflektiert. Gemäss dem von ihm erkannten d.h. aus dem Huygens'schen Prinzip 
abgeleitelen Gesetze der Reflexion an einem bewegten Spiegel kann aber eine derartige 
Reflexion, wie wir es sogleich finden werden, nicht statthaben, wenn der fragliche Spiegel 
S, zu OC um den von B, angegebenen Winkel, nämlich, 7/4 geneigt ist, Wur fragen 
2150: um welchen Winkel muss der Spiegel 8, zu OC geneigt sein, damit die genannte 
Reflexion stattfinde? Ts sei die Lage des Spiegels in Fig. 2 mit c, gezeichdet ; er mache 
den zu bestimmenden Winkel y mit OC. Fur den im Auge gehaltenen Reflexionsvorgang 
hat man dann aus der Fig. 2 leicht 


Einfellswinkel (i) = y —«, 
Reflexionswinkel (r) — 5 —y 


die Komponente (V) der Geschwindigkeit des Spiegels c, längs der zur Spiegelfläche. nach- 
aussen gerichteten Normale = —v sin y. 


Wir setzen nun diese in Gleichung (c) ein und erhalten ^ 
yendo psy. = 2) 
si (9 3 2) o saf g 


1 T =) 
= ipe m 
Wy i+v/c tan (7 a7, 


ad 2 
MH 


oder 
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mit Hilfe von : sin « = v/o. Der Winkel y wird somit bestimmt. Wir überlegen nun 
noch folgendes. Nach B, lautet die analytische Gleichung des Spiegels S,, da er mit OC 
den Winkel r/4 macht, wie 


b n-m = É-& 
Nach den Transtormationsformeln (8), (4) geht sie für B, über in 


yy, = Eis ot)- (2, —vt,)] 


Für ihn macht also der bewegte Spiegel c, einen Winkel mit OC, dessen Tangens = k,/m 
ist, Der Vergleich ergibt uns somit 


fi 
B 
1 


oder i - x 
+ v(e 
womit die Konstante k, in Abhängigkeit von m festgelegt wird. 


8. Wir werden sodann die räumliche ([z]) und zeitliche ([#]) Entfernungen des 
Gegenstandes berechnen, wie sie B, nach dem Urteil von B, wirklich gemessen hat. 
Zu dem Zwecke wollen wir daher die Strahlen OD bzw. OD’ über die von ihnen an den 
drehbaren Spiegeln erlittenen Reflexionen hinaus nach ihrem Schnittpunkte G', zu 
welchem nach B, der Gegenstand liegt, zurückverfolgen. Falls 3 den Winkel Z NDG” 
oder den gleichen Z ND'G" bezeichnet, so hat man aus Fig.-2 leicht 


^ 


(7) 


[£] = Utan $—tan oj, . 
[] 9- t {sec 9 + sec a}. 


Demnächst müssen wir also 3 berechnen. Wegen Symmetrie genügt es nur die 
Reflexion zu betrachten, welche an einem Spiegel etwa S, stattfindet. Dieser hat für B, 


die Gleichung ` . 
n= (go +A) = (£— £9) tan 9, 


welche aber für B, nach den Transformationsformeln (8), (4) mit Hilfe von (7) in die 
Gleichung = ee 


UW) ler ri 


übergeht. Der für B, bewegte Spiegel, welcher mit c, bezeichnet wird, macht also 
einen Winkel y mit OC, für welchen gilt f 


tany=tanpseca .. "o (8) 
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` Aus der Fig. 2 hat man nun für den Vorgang der Reflexion anc, __ 
f i >. Einfallswinkel (i) = $—y, 
Reflexionswinkel (r) = 4—4, 
die Komponente (F) der Spiegelgeschwindigkeit längs der zur Spiegelfläche nach aussen 


gerichteten Normale = v sin v. 
Das Einsetzen, von diesen in Gleichung (c) ergibt 
sin [8^ -(d- ot sin FES, 
ad c 2 
oder 
: 3 


tan T = tan y — tan a, 


Daher hat man mit Hilfe von (8) und nach einigen einfachen Umformungen 


sin 29 —sin« 


Sin 3 = ———— —— 5 D 
1—sin 29 ain « 

3 a 
mee cos 2p cosa — 


"UN 1 ~sin 2p sin « 
Damnäch hat man. f j 


ud xi e 2o — sina Stan a}, 
cos 2p cos € & 


ee 1 [Lis desine 


T Sec 21 
cos 29 cos æ 


Gegenüber den räumlichen und zeitlichen Abständen des Gegenstandes von O, welche B, 
nach eigener Anschauung gemessen hat, nämlich 


[2] = A tan 2g, 
DE [r] = Au. +sec 29), 


stellen [z], ti also diejenigen Abstände des "Gegenstandes von O dar, welche von B, 
nach der Anschauung von B, in der Tat gemessen werden, 


9, Man sieht nun, dass [a], [t] und: [£] ohne weiteres die Transformationsformel 


(8) mil k, rues (nach (7)) befriedigen, denn man hat 
7 Fü Te) a v[t]i 
EE : =à soa ftinzensine_ us ee see) MALES 
l " l cos 29 cos @ "eos 2p cos €. . DHL $n 


a =à tan 29 = [£]. 


DIE LORENTZTRANSPORMATION UND IHR PHYSIKALISCHER INHALT 93 


Dieses wichtige Ergebnis besagt aber, dass jene ‘Transformationsformel, . welche aus 
der Bewegung des Apparates [Gleichungen (d), (e), (f), (g)] und aus den durch diese 
Bewegung geänderten Verhältnisse der Reflexionen gewonnen ist, sich auf die Koordinaten 
eines beliebig entfernten Gegenstandes ausdehnen lässt; man beachte eben, dass o ein 
ganz beliebiger Winkel ist. Wir fordern nun, dass Formel (6) auch in demselben Sınne 
auf eine beliebige Entfernung sich erstrecken lasse, dass es nämlich gelte 


[7] = k,[z] + (m eos «— vk) [t] 


l f1—sin 2p sina 
c t cos 2p cos a 





d.h. _ à (14 see 29) = k,l cos « tan 2p — m cos a. + sec a} 


= =m L (14 s06 29) +L tan 2p. (ku cos a+ 885). 
Wir müssen also setzen 


m sin @ 
k, cos e+ ———— = 0 
e 


und der Konstante k, den Wert —m tan efc erteilen. Die Formel (6) nimmt somit die 
Gestalt an 


r=- "etanat m(cos a+ t tana) t, 
c c 


E LE (- =). 
y d. — v*[c?) cet 
10. Was die Konstante k, der Formel (5) betrifft, so setzen wir 
em | 
um es auszudrücken, duss der bewegte Raum (E. 7, t) nach dem Urteil von, B, um die 


(e, &— Richtung rotationssymmetrisch ist. Demnach lauten die Transformationsformeln 


wie 
= m j i + en m a Ue 
Co cua um n=my E n MGE UT UP IIO (i =) " 


Die Gleichsetzung von m mit Eins erfolgt nun in fast der Weise, wie es bei Einstein 
geschah. Es sei nämlich der Beobachter B, mit einem dem vorigen gleichgebauten und 
parallel gestellten Messapparat, dessen Halbbreite etwa l betrage, versehen und dieser 
Apparat sei wieder von einem dritten Beobachter B,, der die parallelen Achsen (z', y’, 2") 
benutze, als mit der Geschwindigkeit v in der negativen (z', z)-Richtung bewegt erklärt. 
Dann liat man ebenso wie oben 


e 4 Eat zs m d oz ral 
d m (oE) ye my eom t= ers Com p! 


= Uoc) 
6—-1633P—2 : 
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wo l/ die von B, wahrgenommene | entsprechende Halbbreite bezeichnet. Die Hypothese; 
die Länge eines bewegten starren Stabes hänge nicht vom Smpe der Bewegungsrichtung 
ab, ergibt, dann 


PA 
T T 
oder i 
m! e m. 
Daher folgt 
y 1 i "NEN M 
E mv ü-vjos € . Ems Ym! qi 





1 ro 1 ( = 1 
x = i- " 
m mi? : m y (1—9*,c?) p mi 


Man verlange nun, dass die Systeme (£, 1, 6; 7), (2, y’, #'; t) identisch seien und kann 
also setzen 
m=]1. 


11. Als das wichtigste Ergebnis unserer ganzen Schlussweise wollen wir nun 
folgendes hervorheben. Die von B, erklärte Geschwindigkeit des Messapparates d.h., des 
Systems (£, n, t; 7) gegen das System (x, y, 2; t) braucht bei obenstehender Herleitung 
der Transformationsformeln nicht eine auf ewig konstante sem. Es ist nämlıch 
hinreichend, dass die Geschwindigkeit für eine Zeitspanne konstant anhält, welche mit 


l 
TETI 


anzugeben und von der Entfernung des Gegenstandes unabhängig ist. Dabei misst 


l 
ov (i-ve) 

die Zeit, während der der Apparat'von der Lage D'ND (Fig. 2) nach A’OA durch die 
Bewegung übergeführt wird und s bezeichnet eine nieht nüher zu bestimmende, dem Null 
nahe Zeitgrósse, welche eventuell einem Zeitbedarf der Reflexionen an den Spiegeln 
Rechnung tragen soll. Jene Zeitspanne, welche also fast nur von der Halbbreite des 
Apparates und von dessen Geschwindigkeii abhängt, kann man demnach immerhin klein 
halten, falls man den Grenzfall ausschiiesst, in dem v der Lichtgeschwindigkeit c 
unendlich nahe kommt. Es stünde in der Tat prinzipiell nichts dagegen, die Halbbreite 
l dem Null beliebig nahe heranreichen zu lassen, wenn nicht diesem Herannahen durch 
die Wellenlange des gebrauchten Lichtes eine Grenze gezogen wäre, In diesem Sinne 
ist es also zu verstehen, dass der in den Transformationsformeln auftretenden 
Geschwindigkeit v die Bedeutung einer nahezu momentanen Geschwindigkeit des 
bewegten Systems (£, 7, ¢; 7) gegen das ruhende (z, y, # ; t) zukommen kann. 

Die Transformationsformeln, wie sie oben abgeleitet worden sind, haben noch eine 
beschränkte Geltung ; sie gelten nämlich nur in dem Falle, da s die Geschwindigkeit des 
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Apparates dieselbe Richtung hat, in welcher auch der Gegenstand liegt." Daher ist der 
Beweis davon unerlässlich, dass die Lorentzformeln auch dann gelten, wenn die 
Geschwindigkeit eine normale Richtung hat. Zu diesem Nachweis wollen wir jetzt also 
übergehen. 

(U) FALL DER BEWEGUNG IN DER (y, n)-Rıoarund 


- 12. Die für B, geänderten Verhältnisse der Reflexionen an den Spiegeln seien für 
diesen Fall in der nachstehenden Figur angezeigt. 





Fre. 8 


Die Lage dea Apparates im Augenblick, in dem die Reflexionen an den zu O festen 
Spiegeln stattfinden, ist mit A’OA angedeutet. Zum früheren Moment der Reflexion an 
dem Spiegel zu D ist der Bewegung zufolge die Lage als ND, zum noch früheren Moment 
der Reflexion an dem Spiegel zu D! aber die Lage als D'N’ zu erkennen. Dabei gilt: 
DN = D!N! = l (die von B, erkannte Halbbreite des Apparates). Man hat dann 


€: v 0—9 
und daher 
Den Dee 
Ito 1-vje 
Die Koordinaten von O seien für B, wie fruher mit (&,, Yo, Zo; to) angegeben. 


13. Man sieht nun, dass die Beziehungen (d), (e), (f), (g) &uch im vorliegenden 
Falle ihre Geltung haben und dass man sie an Hand von Fig. 8 zu schreiben hat wie 


l l 
Elto Y ototo) = é (2, Yor Tae fonts c(1 7) 
(d^) 


LA ee 
o: Yo 1—-v]e "v ^ s —v]o) 
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HLoYo®olo) +A = nl tu Yot 
l 
(oY o% oto) — = yh Eo Yom IZ icon 29, t 


Eo; 


x i 
Cmoyosot.) = C Tos Vot rie 


A 
7 (oY uZqto) — = 


l 
= r (n Votilgpe ^" Bo 


1-v/e 
Daraus folgern wir die Transformationsformeln 
E = kr, 


n= m(y-vt), 
C= kas, 
v = m(t—vy/c?) 


t= 


t= 


TE) 
waver) 
^ t(o. er) Aor to E 
asa) 
7) 


o dor 


; ) 
mu dne. a 
l+v/e’ fu o C+ v]c) 


eo 


Tas 


dress 


c(1— LS 


(e*) ^ 


f) 


(g^) 


(9) 


wo m =A/list und k,, k, zwei noch näher zu bestimmenden Konstanten sind. Wir 
wenden da das im Abschnitt 6 schon fur den vorigen Fall verwendete Schlussverfahren an 


unter Wahrung der Stetigkeitsbedingungen, nämlich 
SE uo, S10, So 
Ox, Æ 3 Oy, ra , 9a, S e ’ 


Or 
s; TO 


und der Einfachheitsregel, dass sämtliche übrigen partiellen Differentialguotienten 
gleicher Art verschwinden ausser nur solehen, die mit jenen vier durch die Gleichung- 


spaaren (d^), (e”), (f"), (g") verkoppelt sind. 


1%. Wir wollen nun die an den zu O festen Spiegeln stattfindenden Reflexionen 
auseinandersetzen und merken uns zunächst folgendes: Weil B, nach dem Gesichtspunkte 
von B, in der (y, n)-Richtung bewegt ist, gelangen zu B, die an jenen Spiegeln reflektierten 
Strahlen nicht längs OB, sondern längs OB’, (Fig. 8), wobei OB’, mit OB, den Winkel « 
(= arosin v/c) nach oben macht. Wie im vorigen Falle können für B, auch die Lagen 
der Spiegeln S,, 8’, nicht die von B, angegebenen sein, 
welche wir mit cı, o’, (Fig. B) bezeichnen, die Winkel y, y' mit OC, so gilt es zunächst, 


diese zu berechnen. 


Machen die bewegten Spiegel, - 


Berechnung von y: Am Spiegel c, ist der einfallende Strahl mit DO und der 
reflektierte Strahl mit OB’, zu bezeichnen. Daher hat man in Gleichung (c) zu setzen 


i=y, 
T = ds—(y-ca), 
V = v cog y, 
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welche Gleichung dann liefert 
. sin (y~ łe + 4a) = "OY sin (dn —}a) 


oder 
tun y = (1+v/o) tan (1r —4a) 


= y (1—v?]o*). 


Berechnung von y': .Am Spiegel o’, ist der einfallende Strahl mit D'O und der 
reflektierte Strahl mit OB’, zu bezeichnen. Demnach ist in Gleichung (c) zu setzen 


i= y, 
T= ir—y-o, 


= — v eos y. 
Man hat dann 


sin (y ir 4e) =~ 2399 sin (tn e) 


oder = 
tan y! = (1-v/c) tan (1x +40) 


beat, dt. = /(1~—v7/c%) = tans. 
Nun hat der Spiegel S, für B, die Gleiehung 
171» = ~ Eo 
und der Spiegel 8’, die Gleichung ™ 
s ] 171 = —(€-&). 
Nach den Transformationsformeln (9) gehen sie für B, über in 


y-vt—(y,— vi) = ws (2—2) 


bzw. k 
: ya thy) == (z-z). 


Für B, machen also die bewegten Spiegel o,, c/, nach oben bzw, nach unten einen 
Winkel mit OC, dessen Tangens = k,/m ist Durch Vergleich hat man demnach 


k, ( e) 
oz = 1- — 
m N c? 


' 


womit die Konstante k, 1n Abhängigkeit von m ausgedrückt wird. 


oder 


18. "Wir werden nun die r&umliche und zeitliche Entfernungen des Gegenstandes 
berechnen, wie sie von B, nach dem Urteil von B, in der Tat gemessen werden. Wir 
müssen also die Strahlen OD, OD! über die von ihnen an den Spiegeln o, c, erlittenen 
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Reflexionen hinaus, die Geraden DG', D'G' entlang nach ihrem Sehnittpunkte G’, welcher 
nach der Anschauung von B, eben den Ort des Gegenstundes bildet, zurückverfolgen. 
Bezeichnet 3 den Winkel /ODG' und 9! den Winkel Z OD'G', so ist aus dem Dreieck 


DG'D! zu entnehmen z 
DE Ng. - DD 
sing sin$  sin($+9) 
oder, da l l I 
7 DD’ = 2l sec’« ist, 


i = I+o/o i-v/e 


` . DG' = 2 secta. $T = 








sin ($+39’)’ 
DE = 2) ar, ain $ F 
800 ein (84-8) 
. Demnach wird die räumliche Entfernung des Gegenstandes von O gegeben durch 
DE sin § = 9I cocta Pn S sin S | 
[z] sin 3 = 21 sec*« sins +S) AN 
1 (10) 
l sin 3’ cos $ 
r OD—DG' = — l Br een 
und [y] cos $ TTE. 2l sec em 1$) | 
und die zeitliche Entfernung durch 
OD DŒ l Qsecta sin 1 
AE ea a ET IR 2 
[t] c c c(1--8in a) s c  sm(9+9) 
(11) 
_ OD! DID! _ l 2l sece sind t 
oder gare c(1— sin a) c  sin($--97) 


vorbehaltlich des Nachweises, dass beide Ausdrücke rechts von (11) glei h sind. 
Demnächst müssen wir $, Y ermitteln. = 


Berechnung von sin 3, oos $: Der Spiegel S, hat für B, die Gleichung 
, 97 (n tA) = (£-£) tan p 
Sie geht nach den Transformationsformeln (9), wo k, durch m cos @ zu ersetzen sein wird, 
in die Gleichung 
y —vt— (y, ti, +) = (x—z,) cos «tang 
über. Der für B, bewegte Spiegel c, macht also einen Winkel y mit OC, für welchen 
gilt 


ian: = cos @ tan p. 


Für den Vorgang der Reflexion an c, hat man also in Gleichung (c) zu setzen 


ı=3-), r=, V =v cosy. 
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Damit hat man 


"A ZEE ge ^65 E 
sin (2 y)= -z SE 


E 


$ _ tany | cosetang 
2 l-v[c l-sina 


cos & 
2 (s +sin ;) my . . » olm 


sio 9 = RENEA 
cosa V 
1+ ( - ) tan? 
l+sine x 


: ; 
1- Er -) tan? 9 





tan 


und daher 








l+sin 
cos 3 = 





+ („2% sn a "tan? p 


Berechnung von sin $/, 008%: Der ue S', hat für B, die Zee 


1-6 +A) = (£76) tan g. 
Der Spiógel co’, hat demnach für B, die Gleichung 


y —vt (yo — vt, +1) = —(z—2 cos a tan g. 


co’, macht also den gleichen Winkel y mit OC nach unten wie c, mil OC nach dies: 
Für die Reflexion an c, ist also in Gleichung (c) zu setzen 


i-9/-—y, r=y, V=veosy. 





Man hat dann 
: QS _ ) = 2008 Y a Y 
sin (3 y — 803 
oder t So tan y .. cos « tan g 
an — = = : 
2 1-vfe l—sine 


und daher leicht Augdirücke fur sin 3, cos Y. 
` Das Einsetzen der erhaltenen Ausdrücke von sin 3, -cos 3, sin Y, cos Y in den 


"Gleiehungen (10) und (11) liefert dann ohne weiteres Som ub. hia ee 


[z] = l sec æ tan 2p; 


[y] = —] ban a rec a(l + sec 29), 
4 
[t] =- mag (L+ sec 2g) 


und auch den Nachweis davon, dass die beiden: Ausdrücke von [t] in Gleichung (11) 
gleich sind, 


~ 
CN 


TS 
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16. Es zeigt sich nun, dass [s], [y] und [t] den Transformationsformeln (9) mit 
k, = m cos @ ohne weiteres genügen, denn man dic 


[E] = m cos a. [2] = A fan 2p, 
[n] = mify] -e[t]] = 0 


[+] = mit] + 2 [y] = - Š (1+ seo 29). 


Daraus ziehen wir den Schluss, dass die Transformationsformeln (9) [mit k, = m cos a] 
an die Koordinaten eines beliebig weit entfernten Gegenstandes angewendet werden 
können. Die Voraussetzung der konstanten Geschwindigkeit des Systems (£, 1, ¢ } 7) 
gegen das System (z,3,2;t) braucht dabei aber jedoch nur für eine Zeitspanne 
zuzutreffen, welche fast ausschliesslich von der Halbbreite des Messapparates abhängt 
und auf die Entfernung des Gegenstandes gar keinen Bezug hat, Sie lässt sich mit 


l 
c(1—v/c) Y 


angeben, wo die Zeit misst, die der Apparat benötigt um von der Lage D'N’ in 


l 
c(1—v[c) 
die Lage A’O überzugehen und ¢ einen möglichen jedenfalls sehr kleinen Zeitbedarf 
der Reflexionen an den Spiegeln zu decken hal, "Aus dem im Abschnitt 11 geltend 
gemachten Grunde ist dann auch ersichtlich, dass jener Geschwindigkeit die Bedeutung 
einer nahezu momentanen Geschwindigkeit des bewegten Systems gegen das ruhende 
"zukommen kann. 


47. Wir setzen nun 
k, = m coga 


$ 


weil wir es zum Ausdruck bringen wollen, dass der bewegte Raum nach dem Urteil von 
B, um die Bewegungsrichtung (y, 7) rotationssymmetrisch sei. Die Transformations- 
formeln lauten dann 

E=meosez, y= m(y—vt), C= moosa.z, | 


(12) 
r= m(t—vy/c?), m=Ajl 


. Um nun das Verhältnis m festzustellen wenden wir das gleiche Verfahren an, 
welches im vorigen Fall (I) zur Verwendung kam. Wir denken uns, nämlich, den 
Beobachter B, noch mit einem Messapparat, der dem von B, parallel gestellt sei und die 
Halbbreite | habe, versehen und dass dieser Apparat von einem dritten Beobochter B,, 
der die parallelen Achsen (z/, y’, g’) benutze, als mit der Geschwindigkeit v in der 
negativen (y’, y) — Richtung bewegt erklärt wird. Dann hat man ebenso wie oben 


z=mweosar, y= my +t), z =m! cos az, 


Ee mre P) mee E, A 
: 


Dr 
= 
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wo U die. von B, erkannte: Halbbreite.des. Apparates von B; ist. - Die Hypothese, die 
. Lünge eines bewegten starren Btabes sei vorn Sinne der Bewegungsrichtung- unabhängig, 
ergibt 
_ m =m, 
- Daher hat man 


(2, y', as U) = (CET YS cos a)? (6 mi; T7) 


Wir fordern nun die Identität der Systeme (z', y!, 2! ; t) und (£, 4, 6; 7) und können 
also selzen 
M = geo a. 


Sonach nehmen die Transformationsformeln (12) die genaue Lorentz'sche Gestalt an, 


(II) FALL DER BEWEGUNG IN DER fz, C) -Rrogmruuo 


I8. Die für B, dürch die Bewegung geänderten Verhältnisse der Reflexionen an 
den Spiegeln seien in der nachstehenden Figur angezeigt. 





2 G^ 


Fie. 4 


Die Lago des Apparates im Augenblick, in dem die Reflexionen an den zu O festen 
Spiegeln stattfinden, ist mit A/OA angedeutet. Zum früheren Moment der gleichzeitigen 
Reflexioren an den Spiegeln zu D, D' istb die Lage als D'ND zu erkennen. Wir setzen 
DN = D'N = l (die von- B, erkannte Halbbreite des Apparates) und haben 


DO DO NO, -DN 


ds: DIO = - DO = l gec K, NO = liene. Die Koordinaten yon o seien für -Ba wie 
irüher/mit (zo; Yo 8; ite) angégében. ' Se E 
7-- 1688P— 2 
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19. Die Beziehungen (d), (e), (f), (g), welche auch hier ihre ein haben, lassen 
sich nun an Hand von Fig. 4 dala wie 




















E(oYo# oto) = es, o tl, 2,—ltan a, t122) ì 
(d) 
= £s. You! Boal tan a, ty - ees) 
n@oYoRoto) + A = a( 20 Yot l, am tan a, ist = 2) 
7 te (eM) 
NEY oot) A = alee yo l, PAR tan a, i 2) 
C(a@oYototy) = Qo Yotl, tan, = *) | 
(fi 
= { Lo, 1 Yo—l, £9—1 tan «, x aaen 
Etot) -È > [au Yarlı Z,~ltan a, t, seed) | 
(g!) 


= (ss y, —l, go~l tan a, ee) 


Daraus erhalten wir nach dem im Abschnitt 6 angewendeten Verfahren, also mit Berück- 
sichtigung der Stetigkeitsbedingungen und der Einfachheitsregel, welche am Ende des Ab- 
schnitts 18 ausdrückliche Erwähnung finden, die Transformationsformeln 


4 


£= kg, 


y= my, 

" (18) 
C= ds vt), | 
r = k,(e—vt) +m oos a.t, 


wo m = A/L ist und k,, kp k, drei noch näher zu bestimmenden Konstanten sind. 


20. Wir müssen nun die Reflexionen, welche an den zu O festen Spiegeln 
stattfinden, auseinandersetzen; wegen einer leicht ersichtlichen Symmetrie genügt es 
aber nur einen Spiegel etwa S, bzw. c, zu.betrachten, Wir merken nun folgendes: da 
B; nach der Anschauung von B, in der (s, ()—Riehtung bewegt ist, gelangt zu B, der an 
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jenem ‘Spiegel - reflektierte -Strahl nicht lings OB, sondern längs OB,', wobei: OB, in der 
(z, 2)—Ebene liegt und mit OB, den Winkel « = are.sin(v/c) macht: : 





| Fig, 5: Binheitskugel um O zur Taaie der Wonklverhilinia. 


Weil nun der an c, reflektierte Strahl OB,’ ist und der einfallende Strahl DO, so liegt die 
Normale Ov (Fig. 5) zur Spiegelfläche in der Ebene DOB,’. Der Spiegel 8, hat für B, 
die Gleichung : 

nn = 67 6o 
Nach den erhaltenen Transformationsformeln (18) muss also c, für B, die Gleichung haben 


m(Y—Yo) = kem). 


Folglich muss die Normale Ov zur Spiegelfläcbe auch in der Ebene £OB, liegen. An 
Fig. 5 sieht man nun, dass die sphärischen Dreiecke AvD, B,vB,! genau gleich sind. Die 
Normale Ov macht also den gleichen Winkel 2/4 mit OA und OB,. Es ergibt sich sodann 


k =m, 


womit die Konstante k, auch ‘festgelegt wird. Übrigens stimmt dieser Wert der 
Konstante k, mit der a. a. O von uns verwendeten vereinfachenden Annahme überein, dass 
der bewegte Raum um die Bewegungsrichtung rotationssymmetrisch isb, . 


21. Wir müssen sodann die zeitliche und räumliche Abstände des Gegenstandes 
berechnen, wie sie von B, nach dem Urteil von B, in der Tat gemessen werden. Nach 
D, liegt der Gegenstand offenbar am Schnittpunkte G der Strahlen DG', D'G!, welche die 
auf die zu D, D! angeordneten Spiegeln c, c,' einfallenden Strahlen darstellen ents- 
prechend den reflektierten Strahlen DO, D'O. Wegen einer leicht ersichtlichen Symmetrie 
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kann man aber den Punkt G’ als Schnittpunkt der Gerade DG’ mit der Ebene (z, 2) 
betrachten. Nun lautet für B, die Gleichung des Spiegels S, wie à 

q—(j tA) = (£—6) tan p 
Nach den Formeln (18), wo jetzt k, dureh m zu ersetzen sein wird, mussalso für B, die 
Gleichung des Spiegels c, lauten wie 

= (yo +1) = («-2,) tan ¢ 

Die zur Spiegelfidche nach aussen gerichtete Normale DP (Fig. 4) liegt also ın einer der 
(æ, y)—Ebene parallelen Ebene und macht den Winkel p mit DN. Es liegen ferner DG", 


DP, DO in der gleichen Ebene (Einfallsebene) und daher die Punkte G', P, O auf der 
gleichen Gerade. Weiterhin hat man für die Reflexion an c, in Gleichung (c) zu setzen 


t= Z GDP, 
r= Z PDO, 
V=0. 


' Gleichung (c) ergibt dann: Z G'DP = Z PDO. Wir setzen also Z G'DO = 2r und 
bezeichnen ferner 4 DQG! mit Bund Z NPO mit3. Aus dem Dreieck G'DO, erhalten 
wir dann 

u ur RTS ape SS S Dg ^ OG: Ko ob eu ce s oe m 2t 
PAE E i sing - sm2r sin(ß+2r)- . ss MU 


ü 








oder, da OD = I sec « ist. 
D _ Isec a sin & ı — sec a sin 2r 
. em (B -- 27) ' sn(fgr2r 
Demnach wird die rüumliche Entfernung des Gegenstandes von O gegeben durch 
Peres l see a sin 2r cos 9 
= OG! $e eee 
: . le] Bu sin(f + 2r) : . 
p E : VE f ' (14) 
' _bseo @ sin 2r sin & - 
=-0G! = : 
; Bl. 0G'sin$ = ' . sin(8+2r) 
und die zeitliche PaE durch i 
[t] = -22-2 = leer of sin ß } 
= "6 0 c ain (84- 27) 








(25) 


Wir müssen nun also r, 3; 8 berechnen. 


Berechnung ‘von ‘sin gj, cos 2r. Durch Betrachtung des rüumlichen Winkels 
(D; 0, N, PJ:hat man ` 


xu Qu SEIT ee" eie mS E LRL 
pucri ML eraser ee i . MEE : ‘ 
. „COS ar = z2 cos? a cos? eh TM nodu 


-r u a > z xw o 


sen, quede nec SR Abo qm 
: 
f 


por duret imd i ‘2 G08 ix 808” ox i a+ian? S ME NE 
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Berechnung yon sin 9, cos $.- Man hat leicht 


: ON =ltane, NP =Itang, 
und i 


l : ON tana 
9 Ze Ess 
SP OR tan? a+ tan? g 


NP _ “tan g z = 
Suc Se . : er 

= OP (ten? attan? p) 4 PR 

Berohnung von sin B, cos 8. Die nip des räumlichen Winkels (O ; P, N, D) 


liefert e 


sin æ taù æ - 
cos = sin 9 sin a = S02 tan > 
NES P d | N (tan? æ+ tan* g) 


, 


"m ai tan 9 - . " E 
x (tan? a-r tan! 9) 


Das Einsetzen dieser Ausdrücke in Gleichungen (14) und (15) ergib ohne weiteres . . 
[x] = I tan 29, l 
[4] =.—l tan e (1 sec 29), ; 


Com 


EA. 3e den eR LIP D 


. 22. Man bestätugt nun leicht, dass fx]. [e] und: [t]. die Transformationsfoimeln 
(18) [mit k, = m] befriedigen, denn man hat e ' 


- [£] = m[s] = A tan 2p, 


[$] = kile] -v[t]] 9 0, m 
[7] = - kd[2] -vlt]}+m cos a, [t], l 
= —(A/c)(L+sec29),- © =: oe Gene 


\Dies lässt also schliessen, dass die Transformationsformeln. ` 


g= me, y= my, {= (ib, = 


: E 07 0.7 (6j 
oom kule- ot) +m cos a.t, meill f 

an die Koordinaten eines beliebig weit entfernten Gegenstandes angewendet werden. 

können, dass aber jedoch die Geschwindigkeit des Systems (£, n, t; 7) gegen das ren 

ery yu .t) nur für eine Zeitspanne konstant anzuhalten braucht, welche mit 


Te" 

anzugeben ist. Dabei misst STETS] die Zeit, die der Apparat benötigt um von 
der Lage D'ND in die Lage A'OA überzugehen und & deckt etwaigen Zeitbedarf der ` 
Reflexionen. Aus dem im Abschnitt 11 angeführten Grunde ist dann aber klar, dass der 
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iu den Formeln (16) enthaltenen Geschwindigkeit die Bedeutung einer fast: momentanen 
Geschwindigkeit des bewegten Systems gegen das ruhende beigemessen werden kann. 

28. Die Konstanten k,, k, und m stellen wir nun in folgender Weise fest, Wie in 
früheren Fällen denken wir uns den Beobachter B, mit einem Messapparat, der dem von 
B, parallel gestelit sei und etwa die Halbbreite l habe, versehen und dass dieser Apparat 
von einem dritten Beobachter B,, der die parallelen Achsen (2! y’ 2’) verwende, als in der 
negativen (4, »)—Richtung- mit. der Geschwindigkeit v bewegt erklärt wird. Dann hat 
man ebenso wie oben 

: gz = mis, y= my, g=: k(g'a ot), 
E t = Re! vU) +m eos o t^, m — TV, 
wo U die von B, erkannte Halbbreite des Apparates von B, ist. Die Hypothese, die 
Länge eines bewegten starren Stabes sei vom Sinne der Bewegungsriehtung unabhängig, 
ergibt 
m = m EO 8 i 
Daher hat man ^ 


E= my, y= my, 
C = k,{(k',—vk!,) (a! + vt!) —am cos a.vt!j, 
v = kh f. — vk! (e! +vt!)—m cos evt} m oos a.jK (e! +t!) +m cos a.t!]. 


Wir verlangen nun, dass die Systeme (£, y, 6; r), (2, y/, #'; t) identisch seien, .dass es 
nämlıch gelte _ i ree et 
| ma, g= y, Caw, rat 
und erhalten ohne weiteres 20 AS 


m=], k= 860 a, k, = — (vj c?)sec a. 


Die Transtormationsformeln (16) nehmen somit die genaue Lorentzgestalt an. 


2%. Abschliessend wollen wir ein Paar Betrachtungen anstellen über den Begriff 
der Gegenständlichkeit, insoweit dieser Begriff in der Lorentztransformation sich geltend 
macht. Nach dem von Einstein vertretenen Gesichtspunkte kann Gegenstand der 
messenden Beobachtung prinzipiell der sein, der den einfallenden Lichtstrahl zurück: 
spiegeln kann. Dagegen gehört es zum Wesen der Parallaxenmethode wie der hier von 
uns zugrundegelegten, dass Gegenstand der messenden Beobachtung grundsätzlich der 


sein soll, der gleichzeitig nach mindestens zwei Richtungen Licht entsendet, gleiehviel ob 


das Licht eigens ausgestrahltes oder gestreuter sei. Ob der eine Begriff oder der andere 
apriori vorzuziehen ist, kann nicht gesagt werden. Wohl scheint uns aber die Parallaxen- 
methode der Abstandsmessung überhaupt die natürlichere. 
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1. The method of solving the torsion-flexure problem, developed ın two previous 
papers (Ghosh, 1947b, 1948) 1s here extended Lo the case of a beam whose cross-section 
R is a quadrant of an area R, which is symmetrical about two perpendicular axes 
and which can be mapped conformally on the unit circle by a function of simple form. 
The solution of the torsion-flexure problem depends; as is well-known, on the determina- 
tion of a function of & complex variable which 1s analytic in E, and whose imaginary 
part takes up prescribed values on its boundary. This function, when continued 
analytically to the other three quadrants of R, by Schwarz’s principle of reflection, is 
found to be multiple-valued in the domain R, with a branch point at the point of inter- 
section of the axes of symmetry. The part of the function which is multiple-valued is 
then easily obtained from the value of the imaginary part of the function on the boundary 
of R,. The remaining part of the function 1s then determined by representing R, 
conformally on the unit circle and using Schwarz’s formula for an analytic function 
within the circle, whose imaginary part takes up given values on the circumference. 

3. Let the cross-section R of the beam be the quadrant AOB of the area ABCD, 
Let OA, OB be taken as the axes of € and y respectively, and let € = a, y= b be the 





coordinates of the centroid R. The coordmates of any,point œ, y, referred to parallel axes 
through the centroid are # = z—a, y’ =y-b. In the torsion-flexure problem, we are 
to determine three functions %,, Yı» Ya which are harmonic in E, and which satisfy the 
boundary conditions (Ghosh, 1947a, p- 4) s 


Yo = Ka? + y”) + const., *o ED 


LA = [Lee -ey]ay const, 2 (2.2) 
b: e . 
p= [tno jit const., uev EL, CP a) 
- -a 0 - set * y .- . . - 2 


respectively. s2 x Ta 


Par T e 
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8, In terms of z, y, the boundary condition for, Yo is - 


Yo = Ha? + y") - ac — by + const- 


Putting ] 3 
V, = po tact by—3(x*—y’), (8.1) 
we see that iU, is harmonic in E, and satisfies the boundary condition . 
Y, = y, (8,2) 


the additive constant being omitted. 

Let F,(s) be the analytic function of z in R, whose imaginary ruins ig W,. ‘Then the 
imaginary part of the function P,(z) +12? is x’ on the boundary of E, and therefore zero 
on OB. We can, therefore, continue F,(g)--i2? analytically to the domam BOC by 
Sehwarz's principle of reflection, the imaginary part of the function taking the value —z* 
on the boundary of BOC. Hence, in the analytic continuation of the function F,(2) to 
the domain BOG, its imaginary part T, takes up the value —(2x?-y?) on the boundary of 
the domain. 

The imaginary part of the function F,(z} has the value y? on the boundary of R, and 
is therefore zero on OA: When this function is continued analytically, as before, to the 
domain AOD, its imaginary part V, takes up the value —y? on the boundary of AOD. 

Taking now the function F,(z)~—-iz?, we see that its imaginary part has the value 
~2? on the boundary of AOD, so that it is zero on OD. This function can therefore be 
continued analytically to the domain-COD, its imaginary part taking up the value a? on. 
the boundary of this domain. Hence, in the analytic continuation of F,(2) to the domain 
COD, ©, takes up the value 2z? —y* on the boundary of COD. 

Thus we see that when F,(z) is continued analytically to the whole domain ABCD, 
it is not single-valued. As we start from a point on the lower side of OC, and desoribe 
a closed curve round O once in the positive sense, its imaginary part increases by -—4z*. 
Now, we know that the function (2/n)z? log # has a branch point at O, and as we start 
from a ‘point on the lower side of OC and describe a closed curve round O once in 
the positive sense, its imaginary part increases by 4z?. Therefore - the function 
F,(s)+(2/z)2* logs 18 single-valued and analytic in the whole domain ABCD, and 
its imaginary part takes up the value : 


(1/ni)(2? log 2 —2* log 2) + W,, 5 (8.8) 


on the boundary, where W, has the values y? , —2z'4y*,92'—y' and —y? on AB, BO, 
CD and DA respectively. If 


z= o(t) (3.4) 
gives the conformal representation of the domain ABCD, on the unit circle abcd and if 
F,[o(Q] = G,(U, then : 

GO (s) [o ]* log e(t) (8.5) 


is analytic within the unit circle, and its imaginary part takes up the value given by the 
expression obtained from (8.8) by putting 2 = w(t) m it, on the circumference I, Fong 
Schwarz’s formula in its modified form (Ghosh, 1047a, p. 2), we get 
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GG) + (2/2) [wo]? log e(t) = J,/2*i—J;[4n—J,/2n, . . (8.0) 
where TE ‚el log w(t) — [w(4/t)]? log o(1/t) d 8.7) 
T t-il : 
_ f lo)-o(1/t)}? i 
RL (8.8) 


^ 


&, B, y, 8 being the parts of Ti in the im gecond, third and fourth quadrants respectively. 
In obtaining the integrals J,, Ja, Ja we have replaced t by 1/t, since these integrals are 
taken over ares of the unit circle. 
4. To determine the flexure functions y, and Y, we write the boundary conditions 
(2. r and (2.8) as i 
= [(1 +e) —ob*]y — (1 en +oby? - jo (82*y — 9) +27y 
-Qsoar f zdz —3(1 4 o)I f e (4.1) 
0 0: 
Ya = —[(+o)b?-—ca*]a+(1+o)bay — caz* + 3o (2? —82y*) - cy? 


-(L+0)bI Í zàis -4(1+0)R f (a*—3)da, (4.2) 
0 


0 
where R and I denote the real and the imaginary paris respectively of the integrals before 
which they are placed. 3 - 

We see at once that 


P 
o1 f sàn ex fenis, bI f sis ean f (a? —#*)ds 
0 0 0 0 
vanish on OA, are respectively equal to 
P p P P _ 
at f ss +41 f (2? —2*)dz, eif ide iR f (23 — 5?)ds 
A A 4 4 


on AB, and vanish again on BO. 
Therefore, if we put 


V, =y,-[(L+o)a?-—ob/]yt (L+o)acy — o (82*y — y^), (4.8) 

V, = pa + [(Lo)b2—ca?]z— (14 )bzy + oale —y*)—3e(z Bey), - (4.4) 

We é g(s) = f a h(s) = f (2? — 22)da, (4.5) 
where Pi is a pomt 4 on AB, we = that V, and T, vanish on O4, have the values 

3, = cby? Jary- (1+ e)a[g(z) - —G(@)] /2i- (--e)[h() - h(«)]/4i, (4.6) 

V, = —cay! - ey! — (1 e)b[g(s) —9(e)]/2i— (1+ e) [h(9) + h@)] /4, (4.7) 


respectively on AB, and the values oby”, —cay* respectively on BO. 


` 


x 
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Let F,(z) and F ‚(#) be analytic functions of 2 in the domain OAB, whose imaginary 
parts are V, and 'V, respectively. Then F(z) +iocbs? and F,(a) — icaz? are analytic in 
OAB and their imaginary parts vanish on OB. Moreover, the values of these imaginary 
parts on AB are the same as those obtained by adding ob(x?—y*) and —cea(z? — y?) 
respectively to the right-hand side of (4.6) and (4.7). These functions can therefore be 
continued analytically, by Schwarz’s principle of reflection, to the domam BOC, the 
values of each function at two points which are reflections of each other m OB, being 
complex conjugates. lf s is a point in the domain BOC, or on its boundary, ihe corres- 
ponding point in OAB is zexp (im) Hence when F,(z) and F,(z) are contmued 
analytically to the domain BOC, their imaginary paris V, and Y, have the values —2cbz? 
and 2ceaz* respectively on OC, and the values l 


V, = bay) -a*) + (1+ o)afg[E oxp(in)]-G[s exp(—in)]}/2i 
+(1+o){h[z exp(iz)] -h[z exp(-im)]}/dı, (4.8) 


: 


V, vases ay? +(1+o)b{g[# exp(in)] ^ g[« exp(- m) ]}2i 


` t (L+o){h[z exp(iz) ] + h[z exp (im 1% (4 9) 
respectivly on,BC. 
Since V, = Y, = 0 on OA, F (a) and F,(s) are, at once, continued suslsdisily to 


the domain AOD. As z is the point of AOB which is the reflection in OA of the point a 
of AOD, we see that V,, V, have the values —cby*, cay? respectively on OD, and the 
values 


V, = -oby +ay + (1+e)a[g(@)—g(a)]/2i + (1 +0) [n(2) —h(e)] /4, (4 10) 
T. = cay? + ay? +(1 Lcx —g(a) y1/2i- (1--o)T(9) — h(a)]/4, (4.11) 
respectively on ÁD. ' 


Again the analytic functions F,(z)—ieba* and F,(2)-ticaa? have their imaginary 
parts zero on OD, so that they can be continued, as before, to the domáin COD. Ife be ` 


a point on CD, the corresponding point on AD is 2 exp(—in). We find that Y, W, have 
the values 


V, = obQa* —y?) - e*y —(1 + a)a{g[s exp(iz)] g[2 exp(- im)]}/2ı 
—(L+o){h[e explin)] -h[z exp(—in)]}/4i, (4.12) 
V, = —ca(2a?— y?) + zy* — (1 e)b(g [s exp(m)]-glz exp(-im)]}2i 
~(1+0)fh[e explm)] +h[s exp(—in) Va (4.13) 
respectively on OD. Moreover, they are equal to 2ebz* and —2caz? respectively on OC. 


Thus we see that the analytic functions F(s), F,(z), continued to the whole domain 
ABCD, are multiple-valued, their imaginary parts increasing by —4ebz* and doaz? 


respeelively, as we start from a point on the lower side of OC, and describe a closed curve 
round O once in the positive sense. 
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Therefore D : 

F(2)-(2cb/z)s? logs, ^ P.(s)— (2ea|m)a? log a (4.14) 
are single-valued and analytic in ABCD, and their ımaginary parts take up values 

(cb /mi)(2? log a—s? log z)--W,, —(ca/ni)(2? log s—2? log a) + V, (4.15) - 


respectively, on the boundary, where W, is given by (4.0), (4. 8), (4. 12), (4.10) and P, by 
(4.7), (4.9), (4.18), (4.11) on AB, BC, CD, DA respectively. Proceeding as in the case of 
torsion and putting 
` RO= G(U, Fl] 640 
we p 
G) + (206[z) rol]? log e(t) = ebJ,/z*i-cbJ,]4m —o0bJ,[2r —— 
t Jí/8si— (Lo )aJ [ni -(1+ o)J,/4ai, (4,16) 


G,(Q) — (Roa jn) [olk]? log ul) = —«ad, |n + rad, 4x + oad ,/ 2m, 2 
Jj js — (b m)UJs ni — (1--0)4 dm, (4.17) 
where J, Ja J, are given by (3.7), (8.8), and (8.9) and 


A d dt- J z / A f ö (4.18) 
JY = nn eI as I: f l e 


r= J de01- s [o0/0) PE [ue ex 691-30 exp(—in)] a, 


i [2:9 exp(iz)] zu exp(—in)] a, _ jest Jena, (4.20) 





(id hot] -h[po(2/0] a  f h[w(1/t) exp(ix)] +h[w(t) exp (-im)] 
J, T dt jm = exp dt 





ES exp(ir)] + h[oQu 10) exp(—in)] gy. J” sto] Koh, (4.21) 
t ! 


and J, is ataked from J, by replacing the function g by ine funetion Hj 
B. ‘The torsional and flexural moments are given by (Ghosh, 10474, p. 8) 


es Bgy cgi Po _ el ] 5 

N, [fle +y e à Sy! dad, (5.1) 
V 

. : N, = J J [1 + sv ey eh ana. (5.2) 


i N, = | | [5^ - meo away. : 63 
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Substituting for Ya, Yı, Ya [rom (8.1), (4. 3, (4.4), and ende gl, y by z-a, z—b, 
respectively, and simplifying, we get 


Ng = Noa t Na N, = NaceNQTNS, Ns = Nar tNaatNas, (5.4) 


where PR F . l : : i 
Na = af f isis, (5.5) 

- P Ld R Py ‘a . i .. 

Ny = ff [(L-20)aty — bx? + 2oby? + 20bzy Zub’ |dady, | .(8.6) 

R 7 1 
Na -Jf ae eer VERUM) (5.7) 
J v 
We file Oe ey OE E SFr Jazdy, TE) (5.8) 
Nos ING 2 piis ze aad, (n = 1, 2) -> (5.9) 


Proceeding exactly as in a previous paper (Ghosh, 1948, p. 77) 
na = -AR [FRAR (n= 0,1, 2) 


Nm = ER (a^ ib) [res (n — 1,2) 
the line integrals being taken along the boundary of the given quadrant. Hence : 


Nea = -4R [OOOO] (m = 0, 1,2) 


Nas = 4R (a +ib) [GOAD], (m = 1, 2), 


the line integrals being taken along the boundary of the quadrant of the ünit circle in the 
Z-plane, which is the image of the given quadrant. 


Now, on the unit circle & = 1/t, and on the real and the imaginary axes, € ={ and 
i — respectively, so that 


„= -Rf f GOEN] + [ Ga(OdL ola -9] 


ef EU) @ = 6.19 (610 


ms jRG «ib J Gp ore [ Geld [ol -0].- 
bi +f UEM m=1, 9. (5.11) 


The second integrals on the right-hand sides of the equations (5.10) and (5.11) are taken 
along the imaginary axis and the third along the real axis. 
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6. If the cross-section be the circular quadrant bounded by the are of the circle 


+y=1 «20, y0, and the radii y = 0, 0 zzz zz 1 and z = 0, Ozyzl, we 
have o(t) = t, a = b = 4/82, and 


go) = f zas = far = logs, ni 
A 


1 


P - pt 
Oe J Garde f (e*—1/a8)de = #°/3 41/0—4/3, 
A t- 


dos nil 1-2(2+2)+2(08 + 4) log ara], 


= der dee in e 


J, =3- («D (2+ Diog Hay 


Further, 


e 
» 
| 








i+’ 
- 
= 1 Gent -1) „ Gti) 
J, ka: a+ sii +4)+ lo og (1- (1— ig)?" 
ub o. (s = Dist -1), (+a)? 
rm 8 a(z Eog zy # log 8ü- =a)" 


J, = 2ri log (1+ 8°), 


_ _ 401 , dif s i) (3-1), (1+is)* 
I, = a+ ole += )+ 3a? log Gia)" 














—— 


40 4 IN, (28-1) (14-2? 8,. (151) 
Im SY Hf 92 tact DIRT LN 
dmg X id )* Bs Ep. 8 E a 


Substituting in (4.16) and (4.17), where we replace { by s, and omitting additive 
constants, we get 





G,(#) = ij- 287 log a + log H +2? xn + i) log (1 -29].- (6.1) 


G(s) = | - — 20? log s log] 75; «Xn + a) e G- —st) ] 





de et] 





fe + ieu log (1+#°)+ D log Ux (6.2) 
7 
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Ge) = - 4] - E TS ite «X + Z) tog a-a] 
E Bn? >) 


as " (£1) (2-1) iij 
*al ( ty = 22° PET as 





ET MENOS NET 6, 
Lee -(#+2 5) +4 log (1 28) 2, log 1— |: (6.8) 


The expression for the coinplex torsion functions Pe +i, obtained from (8.1) and 
(6.1) agrees with that given by Love (1927, p. 319) and cited by him as due to Greenhill, 
provided we make a necessary change of axes and omit a part giving a rıgid body 
displacement. The complex flexure functions are obtained from (4.3), (4.4), (6.2), (6.8) ' 
and have a closed form. . 


We now proceed: to calculate the moment integrals. From considerations of 
symmetry, we see at once that Na = —N,. We-find easily that 


€ 


Nosr Nyy = —(1-2c)/00-- [85 820/218. — (6.4) 


On the unit circle, «z = 1, so that 


0 1 . 
Nur [| anai- + f Ga(a)de*], 0-012 (6.5) 


0 1 k 
» -Enüsi['f a«majos f adt f ei]. 0-12. 6.6) 
a (d 0 : : 

The evaluation of these integrals presents no difficulties and can be carried out in the 
same manner as in two previous papers (Ghosh, 1947b, 1948). We find 

Noa = — (2/7) log 24 7/24, 

Ny, = —(1/162)[ —44 28 log 2—85-F o (8-- 4 log 2-- 40 log 2/n—297/6)], 
10 Nyy = (1/3) [-1+80/4+0(-2+0/2+82/9n)], 
Then 
i N, = NoitNos = (m? —12 log 2)/6r, 
N, = NatNat Nis = —(1/15r)[1 +28 log 2—18r/2+0(18+4log2 +40 log 2/r—477/6)]. 


Ihe expression for N, agrees with that given by Stevenson (1988, p. 198). Since 
N, = —N,; the coordinates of the centre of flexure are given by (Ghosh, 1947a, p. 7) 


= yf = -N /BRA+0)-)] = -8N,/[(1 *o)(n-2)], 
ILa = Ia = n/16—4/97, I,, = 1/8-4/9r. 


for 


Therefore 


. MER : TEN —4+28 log 2- din 167/8) 
ne Se Nm 
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H 
This is equivalent to Stevenson’s result as given by equations (11.14), (15.21), (15,84), of 
his paper (1938). - 
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RIGID ROTATION IN HYPERSPACE 


Bv 
N. N. Gngosnu 


(Received June 14, 1948) 


'The object of this paper is to study by a matrix method the finite rotation of a rigid 
body about a point in an Euclidean n-space. Starting with the simplest rotation 
occurring in a plane where a skew-symmetric matrix of rank 2 is involved it is seen that a 
2r-dimensional rotation is associated with a skew-symmetric matrix of rank 2r. The 


matrix method adopted depends ón some new types of matrices already introduced in 
some of my earlier papers (Ghosh, 1940). 


REPRESENTATION OF A GENERAL ROTATION 


Let the vector X to a point in the rigid body, when at rest in n-space, be N 
by the skew-symmetric matrix of (n+1)th order 


X=| 0-2 =a... Sip 
z, 0 0 0 
z, 0 0 0 


Za 0 One: 20 





where 2,,2,..., Zp are the coordinates of the point referred io a rectangular system of 
axes fixed in space, If A denote the general matrix of a type, complementary to (1), 


A=|0 0 0... 0 


(2) 


ea) Anı Ang ++ Ann 


then after rotation of the vector X about the fixed origin, the new vector is represented 
by the matrix X’ defined by the linear transformation 


X = AX+XA,, - (8) 


RIGID ROTATION IN HYPERSPACE x. AT 


where A stands for the orthogonal matrix of type A and A, denotes the transpoged of A; 
so that AA, = A,A = U,, U, being a unit matrix of type A. 


Let ( represent the general skew-symmetric matrix of type A, then the matrix A 
defined by the infinite series 


- Q? o or 
Ac eUS tL V b RUE E (4) 


which we denote. simply by f(Q) FC the condition of orthogonality and (8) may be 
written in the form 


X = KO)X+X(-0) = X+ QX- XO) + F(X & XO?) + «> (5) 


NOTATIONS AND FORMULAE 
In what follows the scalar product of a pair of vectors X and Y ıs represented in 
the notation D. which is in conformity with the more extended type of notation 


—— | XZPR. uh 


YWQS. (0) 


involving two sats of vectors arranged in two rows enclosed within crooked rackets 
This represents ithe determinant having for its (i, j)th element the scalar product of the 
ith vector in the first row and the jth vector in the second row. The properties of these 


determinants designated by the symbol (6) has been studied in one of my papers 
(Ghosh, 1986). 


The following is a list of typical formule often used in this paper: 
E,,X = XU, X=U,X+XU,, U,E,,=0, 


XU,Y = Pla. XOX =0, 
XY = U,XYU, [pn 
XYZ = -apv.x- ($ av. e 


(dr 


XYZW = -1z} U,XWU, + x len 


The notation E,, in the above represents a ar of (n+ 1)th order vun a single non-zero 
element 1 in the first row and the first column. . : 
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REPRESENTATION OF A PLANE ROTATION ES 


Let A and B denote a pair of matrices of type X then «= AB-BA, is a skew- 
symmetric matrix of type A, satisfying the characteristic equation 


o? + b,?« = 0, . (8) 
where 


~ A B d . 
MES vllt . Q9 
jue (9) 
Replacing Q by « in (5) we have the representation of a plane rotation of X in n-space, 
the plane of rotation being formed by the vectors A and B. 
Utilizing the relation (8), the matrix f(«) reduces to 
fo) = U,+ sin b,, + 1-cos b, y2 (10) 
b, b, 
and (5) ıs expressed in the form 
Vax +20 Digg Ku) 17908 Diaa + Xa), (11) 
1 i 


, Now 


aX- Xa = E E ET = {o\a—{e la by (7). 


- Therefore, it represents a, vector in the-plane of A, B. Further, smce «Xa=0 
"aX + Xa? = a(xX— Xa) — («X — Xa)a 
Hence X!— X 1s a vector in the plane of A, B, which characterizes a plane rotation. 


Matrices of type « satisfying (8) will be called simple skew-symmetric matrices. 
It may be noted thal when © is of rank 2 it is always reducible to the form of a 
simple skew-symmetric matrix. 


Let Q be represénted in the form a 


nl t 
Q = Zeta bu), t>s 2 (12) 
where e's are matrix units and let A’ represent the matrix of type X 
- nl - + j f ; 
A = 2 03, 1—1 (691 — 815); (18) 
then since wy,s-1,1-1 = 0, i6., 
UO; t] — 0i, 4-19, te 7 WS, t~1 OF, 81 
it follows that í 7 - 
Q= LAMP — ArAt 


(14) 
; wy ; 
which is in the desired form, 


-—7 
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HIGHER DIMENSIONAL ROTATION IN n-SPAOE 


' When © is of rank 9r, the orthogonal transformation (5) represents a 27-dimensional 
rotation in n-space. It has been shown elsewhere (Ghosh, 1048) that Q is then 
expressible as a sum of r simple skew-symmetric matrices of type « and hence computing 
QX—X( by means of (7) it follows that it is a vector in a 2r-dimensional space. Thus 
from (5) it is readily seen that X!— X is a vector in a 2r- dimensional space which charac- 
terizes a 2r-dimensional rotation. 

Let us, in particular, consider a 4-dimensional rotation, where (2 is reducible to the 
form 
Q = AB-BA+CD-DC (15) 


A, B, C, D being all linearly independent matrices of type X. By (7) we get 


OX-XO = PL -[214 «(So- 21e. 


a vedior in the 4-dimensional space formed by 4, B, C, D. From (5) it then follows 


that X'— X is a 4-dimensionai vector. - 
The characteristic equation satisfied by Q may be proved to be 
Q* 4- p'O? + qt = O, (16) 
where 
va 262 2 
P Bj Vo DJ^ ^o of 
fA Be a 
q . 
ABCD 


Utilizmg the above relation the matrıx f(Q) reduces-to 


: f(Q) = U, +f (p, J+ flp, dA + fs(p, O° + flp, g)O* 
where B ey 


—P'g'-9*  p'g* —2p*q" _ 
I 91 “Til 





1 gy 
fip, q) t= Bit 








E sd og R Mg pica. 


1 p',p'-a* p'—?p'q*,p'—8p*q* +g 
hg = abit n 7 ^ — 1l 


Xp" ptg p*—2put p'-Bpu v0. 
ü 61^ Bl 101 121 








fn, q) = 


The nature of these functions has not been further studied here. 


120 N. N. GHOSH 


A MATRIX IDENTITY | 
Let a= AB— BA and B = CB— BC, be a pair öf simple skew-symmetric matrices. 
- C B 
Denoting the determinants { 


C B 
that 1n (9), it is easy to obtain the following relations 


] apa = bus PaB = -buß, 
OB + Bo? = —b,°8—-b,.0 : (17) 
Bractaf* = —bta—b,sB, 
Bo? B+ Bra? = —b,?B?—b,,Ba, 


Ba? + xB’ = —b,*o? —b,,Ba. 


N 


AB g 
\ and n 2} by b,* and b,, respectively, analogous to 


Consider now the skew-symmetrie matrix 
£ = ka +18 +m(ßa * o), (18) 


where k,l, m are arbitrary scalars. 


fa — af = Plu- { t-f phac- CA), 


the above 18 expressible in the form of a simple skew-symmetric matrix 


(pA - gB+r0)(p'A+q'B+1C)—(p'A+q'B+1'0)(pA +qB +710), 


Since 


where p, q, 7, p!, q’, t! are to satisfy only the three equations. 


k+ mf? \, l 


rg! — qr! = 1-m{ 4}, : l : (19) 


pri—rp! = -mfp t 


Thus £ represents a simple skew-symmetric matrix. 


i 


pq! — qy! 


Squaring (18) we have 
E = k’a?+kl(ßx+ aß) +178? + km(Bo? — 078) 
+Im(Ba— a?) + m’(Baßa + Ba) — m*(Ba*B + aß’), 
which, in virtue of the relations (17), becomes 
C = (ktmb) + (17 + mb B + (kl+ mb, Be T (kl — m?b, Jap 
+2kmp + 2mp*a + 2m8 a? + m(kb,? t 1b,.8 + m(lb.? + kb ;,)o.- 


u” 
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Replacing «fi in the above by (kat l8-- ma — £)/ m from (18), we get 


E+ Ll- mbia) = wa? + B28 + Dhlßa+ hat ImfPa 2m fe? e Latas LiB, (20) 


where the symbols a* and b? denote respectively 
ktmb? and [2 +m7b,?. ES 


It is now obvious that the relation (20) yields the identity 


U,+ 2 mb, £428 = (v, «Pg ovsgr)(v, $ 2 ta 200°) (21) 
provided k, l, m be connected by the equation 
(k? + m*b,?) (P + m?b,?) = m’. (22) 


The above equation yields, in general. four values of m corresponding to a given set of 
values for k, 1. Let the roots be denoted by m’, m", —m/, — m", then to determine the 
pair m’, m", for instance we have the quadratic equation 


Ad bibam? — m(L— (kb, — 1b, + kl = 0 (28) 
wnen 
MELITESSE TER PE " 8 
9b,b, , "s 
i ^» H 
li = f1— (kb, - Ib y —{L— (kb, +1b,)"} 5 
= Ohi HEN (n 


It may be noted that taking all possible signs of k, l, m into consideration there are eight 
distinct values of £ admitting fatorization in the form (21). For reality of the roots of m, 
when k, l are real some obvious conditions are to be satisfied. - 


COMPOSITION OF PLANE ROTATIONS WHEN THE RESULTANT ROTATION IS ALSO PLANE 


Let k and l be expressed in terms of a pair of angular magnitudes 6 and p, so that 


i 





hom cos P+ cos? = cost eos? 7, * (26) 
. _ 0 8 . 0— : ** dà 
Ib, = en = sm tain SF. (28) 


Then from (24) and (25) we have 








bibam! = (sin 6+sin g)/2 = mt? cos “=f, (28) 
; N " 6+9 . 0—9 2 
b bim" = (sin 6—sin- 9) /2 = 08 sin =y. . Q9) 


The values of a° and b? corresponding to m = m’ are respectively cos? $(0—9)/b,? and 
gin? $(6+¢)/b,?, whence those corresponding to m = m” are to be obtained by changing 
9 into —9, i 
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Substituting now the values k, l, m! obtained from (26), (27). (28) in (21) and 
simplifying we get 


U. 1+2(cost? sin En gin er mu zn P cos "m +27 





" > 9 : = 21/9 
iR (v, Ctog, eine g)(v, «s E. Mar2 ce Paa), (80) 


where £ = ka+lß+m'(Ba-aß) and cos = b,,/b,b,, Y being the angle between the 
planes of « and f. : 


Putting vg cobi o, ood Hes sin 40+ $)g B 
b 


1 1 N 


(30) takes the form 
U,  2[cos $(-- 9) sin $(6— 9) — sin 40 +p) cos 4(0— p) cos YE +26 
= {U,+2 cos #0 + 9)B -- 2B*HU , +2 sin 4(0 — g)a-- 202], 
£ = cos 40+ Pa+sin 3(6  9)B + (Ba — ap), 
Reducing further by putting 0+¢ = b, and 6—9 = s —b, we get 
U, +2(cos $b, cos 35, -- sin $b, sin $b, cos WE+2¢? i: 
= (U,+2 cos 30,8--2982(U,--2 cos 4b,a +20), (81) 


where 


where " 
; «= mn dhg, B- sm. Ps 26, 
- 1 





and = in ac u 
É = cos $b,&+ cos 4b, B+ (Ba — a). 


Referrmg now to (10) which is equivalent to 


U, +2 cos 4b, a+ 2a?, EAE 
where 





: ~_ sin}d, 
f x = b. a 
it follows that (31) leads to the composition formula of two plane rotations occurring in 
a three dimensional space immersed in an Euclidean n-space, In a recent paper 
(Schwerdtfeger, 1945) has treated the problem of paramatrization of the three- dimensional 
rotation group by an application of Matrix Calculus (Schwerdtfeger, 1945), 


References 


Ghosh, N. N., (1940), Bull. Cal. Math, Soc , 88, 110, 
(1986), Bull. Cal. Math. Soc., 28, 1. 
—— (1913), Bull. Cal. Math, Soc , 88,118. 
Schwerdtfeger, H,, (1945), Journal of Applied Physics, 18, 574, foe tes 





a ^ CANONICAL CO-ORDINATES IN GENERAL RELATIVITY 
" - By, 
V. V. NARLIEAR-AND AYODHYA PRASAD 


7 Meranda June 21, 1948) 


Summary. The gravitational metric is derived in canonical coordinates involving‘ directly the values 
of the twenty Riemann-Christoffel components at the origin. The derivation implies solving a set of bundred 
linear equations. The field equations and several tensor conditions are expressed in the neighbourhood of the 
origin in terms of the constant components. The nature of the geodesics and the velocity of light in the 
neighbourhood of the space-time origin are > disoussed, UN 


1. CaNoNIOAL COORDINATES 


At any point of the space-time field of gravitation 16 is possible (Einstein, Lorentz 
and others, 1928) to express the metric, i . 
ds? = Imdardar, 3 (1) 
ın the form, : : ZEN 
ds’ = — da? — dy? — ds? adi; - (2) 
7 . Either (2) is not valid mn a finite neighbourhood of the point or the soon T, Y, 8,7 
are quasi-coordinates. For a rigorous investigation of the neighbourhood we have to 
confine óurselves only to Gaussian transformations and transform (1) into a form which 
reduces at the given point, taken as a space-time origin, to (2). The scalar invanants 
defined at a point are not altered by the Gaussian transformations nor does a tensor 
like Raye, which is non-zero al a pomt in a gravitational field, vanish-by virtue of such a 
transformation. There are fourteen scalar invariants of the Riemann- Christoffel tensor 
Ray which remain: unaltered at any space-time point where (1) is transformed into (2). 
It is not therefore correct to say -thal gravitation can thus be ‘transformed away aba 
point. Only a Riemannian: coordinate system would- help us’ to -investigate the 
significance of the transformation. The canonical coordinate system seems to bo best 
suited for the purpose because the twenty essential components of Ryy are explicitly 
involved in it. We have nob seen anywhere the gravitational metric expressed in 
canonical. coordinates and hénce proóééed to obtain it a For a Riemannian coordinate 
system (Hisenhart, 19268), at the'origin, 
E ge je M. TOM uu (8) 
that 1s, all the first order partial oo vanish.- "The hundred second order 
partial derivatives of g,, satisfy the hundred relations (Eddington, 1924) i 


1 9 2 : 8 € 

M Te T Bm REC 
mie FOr Lo = 
Ta i 
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when the Riemannian system is canonical 
respectively we have the formula, 


= ger (DA) "oa — 1 i$ re t IL +205 J g'hz'vg'e, 


. If 2 denotes z, y, 4, r for u = 1, 2, 8, 4 


(5) 


in the usual notation, it being understood that the formulae (3) and (4) are indentities 


in the 2!-system. 


The new metric tensor g,, for which the dashes may safely be omitted 1s given 


near the origin at (z, y, 2, 7) by the equations, 





I = (Jado + aln) z? + (8) y +2 (Sr) ay + n |] 


Without any loss of generality, one can take 


(Ga) = 0, B dv 
(Giro = (920 (953) = (ud = —1. 
Having solved the equations (4) we get 
911 = -1- Hay? + ba? + cr? — 99ys —9hyr — 2ia7), 
Jaa = —1— (ax? + dz? + er? — 2jee — Akzr — 2ler), 
Jas = —l—$4(bz? + dy? + fr? —2mzy —9nzr —20yr), 
ga, = l—4(ez? + oy? + fs? —9pzy —Aqaz — 2rys), 
1a = Hme’ + pr? + ary — ges — har — jys — kyr — (2t + 8)a7), 
13 Ay? + qr? + bas — gay — iar — mys — mar  (£—8)yr), 
Gia = Hky’ + na? + car — hay —iz2 — pyr —qer + (t+ 28)ya), 
= $(ga? + rr? + dys — jay — mas —lyr — oar + (t+ 28)ar), 
da. = S(ha? + 08? + eyr — key — par — lys — rar + (£— 8)e2), 
Jaa = bliz? + ly? + far -nes — qer — oys —ryr — (2t + s)ay). 
In the above, the twerity essential components of Rays where 


Rup = (gr 48 if, O'g _ Se), 


PAG =") Anor Atlas 
appear through 
Bun 0, Ras=b, Ruy =o, 
Rasy = d, Rai = 6, Bush 
Rais = 9, Ray =h, Haud 


Fass = h Rises =k, Ryu =l, 
Ris = m, Eun, Eg = 0, 
Ris = P, Rag, Rous = 7, 
R 


1234 = 8, Eia =t. 


(6) 


(7) 


(8) 


(9) 


(10) 


—— 7 
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As we are interested only m a neighbourhood of the origin, powers above the second 
of z, y, #, r may be negiected throughout. The structure of the terms in the expansions 
of g,, deserves notice. It is clear that 





894 i 991. 0922 _ _9 Yas : 
a 2 e n Oy" elc. (11) 


if only the terms explicitly staled in the expansions are considered. 


2. THE FIELD EQUATIONS 


At the origin, the field equations, 


go" Rigs = Ry = Agos — (12) 
run as foliows: 


a+b—c=— i, 


ard-e=-A, 
b+d-f =A, l i 09) 
ctet+f= M 


-mtp=0, -j+q=0, ~—gt+r=0, 


-k-n=0, -h-o=0, —-i-1=0. (14) 
We have from (18) : . 
a+f=b+e=c0+d=0 2 (15) 
and 
R = g4Ry = %Mo+e+f-a-b-d)= Ad, (16) 


It is interesting to note that, as a result of the field equations, 
[gwl = 71e 2 (at yt etn). a7) 


The conformal curvature tensor Caye (Eisenhart, 1926b) has only ten essential 
components, They are given by N 
l Cains = Caus = 49 +7) 

Cisa = Ciu = ptm), 

Cis = Cis = G9) . 
Oiss = — Cisse = M n), (18) 
Carre = Ca = H(A — 0), 

Cau = Cyan = &(i-l), 

Ciasa = 8) Crazy 65 

Cina = 7 Coase = Ha—-f) cle e—b — d), 

Cisis = Cg, = $(b—6e)t lc f—-a-d), 

Cia = 7033; = K(c- d) + Á(a- b — e— f). 
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It may be verified that. 


. ECHO. 
At the origin, the ten equations, see 
Crge = 0, 
supplemented by the ten, viz., 
Riz = 0, 


make all the twenty constants zero. 
For a space-time of constant curvature k,, we have 

Figs = Keo Gag Gus — 92296), 

which implies ; 
@=b=d=-c=-e=-f=k,, 


the remaining fourteen constants being sero. 
For a material distribution given by the perfect fluid tensor, 


Ta = (p p')vv—p'gg, gowy = 1, 


where p is the density, p’ the pressure and v; the flow vector, the field equations 


Ry—thgytaAgy=—-8rTy, = - 
give 
a+b- ihr -À=  — Sr [(p+ pv, RI 
a+d-e+4R-A =~8x[(p+p’) )v,? 4 p!], 
b+d-/+4R- -A =—8n[(p+ po, +p’), 
eds 4R+X e pe -»]. 


-m+p = -&n(p + 030, 

BR =j +q =- 8arlp+ p)óy,, 
—k-— n = —8r(p + p)v,v,, 
— g +r = Balo + p)v,v,, 
- -h -0 = 2 Br(p + p’) ov. l 
-i- eS —8r(p + pvr. 

It is clear that d 
ies] a=b- -j = Sip: Op) 4. 
(p-m) (i+) = = (a- fb +0) = ook en. 


One can also establish several equations like 


and that 


ea. s etae ston i] zi «| 
Dee g=] 





NE m 


k w % - à 





} 


(80) 


Cum. 


- 
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We have also ~ 


sp) = PEEN aca - Bee (2n 


2“ ile m E 


= 4N/la+b+c+d+e+f),.- CT EC (82) 


where yl 
- N = A[(p-m)2.+ (q—j?£(r—9Y (ee my (hoy (0*] 
— 4(ce + ef + fc) - A(ab -- bd -- da) - A(ac- àe c bo bf -Fde-- df). _...:. (83L 
Separate expressions for p, p’, v,* etc. can be obtained easily from the above results. 
` Thus, even if the metric form (2) at the origin is the same as that of special 
relativity we see how the local latent curvatures affect the metric in the Bee 
and-the distribulion-of matter at the origm.-- - ^^^ Zn A mes 


B. THe GEODESICS 
The equations of the geodesics are 


d’zr 


a dx daR 
ds ^7? 


8 ds 





=0, (84). 


If we use r as the independent variable there are three equations of the form, 


d'z , daz» dz -r dada ġo 7 





di Oar -dr 8dr dr i (85) 
For atest particle which ıs at (0, 0, 0) at 7 = 0 and has ' l ! l 
dz [dr dia - xd =0, 75 Co ^ (80) 


ab r = 0, we get 


dz 
JA ? gloz- py —qs) =0, 
d* 


Ja Hey pers) = 0, (37) 


3 
Pr -30e-02- ry) = 0. 


ln free space, if R,,= 0 or R,, = Ag,, with A > 0, we have from (18) that 
c+e+f>0. (28) 

But the equations (87) cannot describe a small oscillatory motion (Datia Majumdar, 
1946) unless : . 
c«—0, e«0, f<0, (89) 
which contradicts (38). In a region of space oceupied by matter, however, the conditione 
of small oseillatory motion may be fulfilled (Narlıkar, 1936). 

The velocity of light in the coordinates of (2) is unity ab the origin in all spatial 
directions. But in the neighbourhood of the space-time origin, we have 
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gudr? + 9g, dzdr +g dr? = 0, ` (40) 


for a pulse of hght. Here, if the velocity of. hght as affected by the gravitational field i 
is not to exceed unity, we must have 


(ay? + ba? + cr? — 2gys —2hyr—2isr)+ (cz? + ey* + fa? — 2pzy — 2qza —2rya) 
> 2| ky? +ns*— hay — ize + cor + (t+ 28)y4 — pyr — qa |, (41) 


which requires along with other conditions 
l a+0>0, b+f>0. (42) 


. But (42) and (15) cannot be harmonised. Hence (he coordinate velocity of light, ın the 
neighbourhood of the origin, will necessarily exceed unity 1n some direction. This can 
probably be avoided by modıfying (7). 
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NOTE ON SOME THEOREMS ON THE HÖLDER AND 
CESARO MEANS 


Br 
B. K. Basu 5 


(Received June 14, 1948) 


1. The present note is mainly concerned with a problem on the Hölder and 
Ceshro means, similar to one considered by Kuttner (1039) for the Riesz and Cesàro 
sums. In the last section a problem of the same nature has also been considered for 
two means corresponding lo two equivalent Hausdorff methods. The results mostly 
came out as offshoots of a paper by the author (Basu (1)) in which the problem of total 
relative strength of the Hélder and Cesàro methods has been considered. It will be 
observed that the positiveness or otherwise of the transformations involved plays a 
similar role in this problem and the problems with which we are now concerned 
(cf. Basu (2), Introduction). 


, 2 We require some properties of. Hausdorff transformations (Hausdorff, 1921). 


The Hausdorff mean c, of a real sequence {s,} or of a series $ u, written m short as 
vol) $ 


Sun, for which 84 = P is defined by the transformation 


H: Ni aun (620,12, 5.) ^ (n 


kap 


- where fun} is a given factor sequence and l " 


A? uy = Bb Ar, = EN Se ip se ( (n = 1). 


v0 
In case o,->1*, Duy is said to be summable to l by the Hausdorff method H ~ Pn 
(See Rogosinski, 1942, p. 166). We shall suppose, in what follows, that 


Bn FO (n = 0,1, 2,...), 
so that (he inverse transformation for (1) is 


i m= 2 (an (4 Lo inox h2...) (2) 


Let Cand H; respectively denote the Cesäro and Hölder means of order «> —1 for the 
series “Sv, and C* and H* the corresponding methods. Then as special cases of (1), 
we have 


* Unless otherwise stated, | denotes & finite number, 
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1l. 1 1 
C^ ~ = [= $ He zu. = ———— 
| uo uc Q0 
RE Co s n n j B UE TOES 


the two methods being identical for æ = 0,1. Also 


- 2() ar (tHE Q 
- >) Ant (20. u u 


Cs es He, . (9) 


and 


It is well known that for a 2 — 1, 


i.e., the two methods of summability are equivalent, m the sense that C; — l implies 
Hj >l and conversely, The transformation (1) is said to be regular if s, — [l implies 
cn -> l... We note that, in virtue of (2) and (6), the transformations (4) and (5) are both 
regular. 5 

A necessary condition of regularity of (1) is that (See Hausdorff p. 81 or Dioses, 
p. 985) 


AOI | Anu |< Q* for A Ko 


kæp 
We first prove the following theorem. 
Theorem 1. Forr>0, e> -1, 
Ca = O(n") 


implies 
, Hs = O(n’), 


and conversely. 
Proof. Suppose that for r > 0, a —1, 
Ca = O(n"), 
[Cr] « Qn" for all n > 0. 


rss A (Er) S) | A. a 
Tm «ise «o > (Dua? n) MEM 


then | 


` Hence from (5), 


<Qn* by (7) ; | nim 


* As here, Q will be used throughout to denote an unspecified positive constant, i 6.8 number independent 
of the pargmeter of the argument and need not be the samo in each ocoureneg. 
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and the first part of the theorem follows. The converse can be similarly proved. 

8. Next, our problem is to examine, whether Théorem 1 continues to hold when O 
is replaced by Or. We shall also consider the allied problem, whether for a given 
a> —l, Ch >0 for alln imphes Hj > 0 for all n and conversely. 


The following theorems will be proved, 


Theorem 2. Fora given a> —1, let X(a) denote the proposition “If Cs > 0 for all 
n, then H5 >0 for all n,” and let Y(a) denote the converse proposition. Let X!(a) 
denote the proposition ‘‘For a gwen r>0, Cn = Or(n*) implies Hz = Ory’, and let . 
Y'(a) denote the converse proposition. . Then 
(i) X(a) and X'(a) are equivalent, in the sense that they are both true for the 
same values of a; i " ' ! 
(ii) Y(e) and Y'(o) are equivalent. 
Theorem 8, (i ForO<e<1, Y'(a) is trie but Xi(a)is false; ^ ~ 
(ii) fora>1, X'(a) is true but not Y'(a) ; 
(it) for -l<a <0, Xa) is true but Y'(a) is not. 
Theorem &, (i ForO<a<1, Y(a) is true but X(a) is false ; 
(i) fora>1, X(a) is true but Y(a) is not; 
(i) for -1<a<o, Xle) is true but not Y(a). 
he proofs of the different parts of Theorem 3 are similar and so also is the case 


for Theorem 4. Accordingly, we take up only the proofs of Theorems 3(i) and 4(i) 
Theorem 2 follows from Theorems 3 and 4. i 


We require the folowing lemma (See Basu (1)). The present lemma follows from 
Lemma 1 and Theorems 1, 2 and 8 of this paper). u 


Lemma (i) For 0<a<1, the sequence Íus[us] as defined in (8) is totally 
monotone, that is, 


r ar (He JET (n, 20,1,2,...)) 


but the reciprocal sequence is not totally monotone ; 
(ii) fora 1, the sequence fu! [us] is totally monotone but not {un/pn't; 


(Hj for -l<a<0, the sequence San’ [p] is totally monotone but the reciprocal 
sequence is not, 


Proof of Theorem 3(i). Suppose that for r2 0. 0 «ac, 


Hy = O(n"). 
Then "E 
Hy > — Qn’ for all n 7-0, 
4—1888P—3 . 
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‘Hence from (4), 


0: = Av(1s) His (7) Ark be). HE 
: ro i 2 k m 


af Po Y Hen f n S ; ] 
> an (£) Ho-Qn > (i) A? (a5) by Lemma (i) 


> —Qn' in virtue of (7). 
This proves the first part of Theorem 3(i), 


> 


To prove the second part we observe that in vırlue of Lemma (t), for 0 <a « 1, 
all the coefficients of Cy in (5) are not > 0. In fact, the coefficient of C5. <0 (n 2 1); 


for 


Binmi\ _ 4° 1i nto 1 
A (#2=2) EI h (n+1)e)' 


and since A52; > 0, and forO «ec 1, 
[ees (1 +i ) 
"n n 
is follows that 
A (Eos) <0 Gedo 820) (8) 
Pr—1 


. On using the transformation (5), given any positive function f(n) of n> 0, however 
large, in virtue of (8), we can define a series us inductively wilh the md of (2), such 
that for it . 2 


G>0 (020,1,2,...), 
buf : 
Hi < fln)  (n21,2,8,....). 


In particular, we can take f(n) such that 
Hy Or(n') fora given r7 O. 
The proof of the second part of Theorem 3(i) 18 now complete. 
Proof of Theorem 4(). For O<@<1, all the coefficients of Hi in (4) are > 0, 
Hence when H; > 0 for all n, it follows that Ci > O for all n. 
Again, in (5), fus'/ Bn} is now not totally monotone. Hence 


Ar (Ex <0 for some p and m. 
m 


We define Dun inductively such that 
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e (aE) 


This completes the proof of Theorem 4(i). 


Then from (5), 


4. It may be observed that in the proof of Theorem 1 no special properties of 
C; and H, have been used. Accordingly, the result of this theorem may be generalized 
for any two equivalent Hausdorff methods with non-vanishing moment sequences, Thus 


suppose A ~ ay, D ~ bp are two Hausdorff methods, such that 
#0, ba #0 nm=0,1,2,...); 
Ars B. 


and 


Then we have the theorem: 


Theorem I. If A, and B, be the Hausdorff means corresponding to A and B 
respectively, then 
= O(n") (r0 


implies 
Ba = O(n‘), 
and conversely, 
Further, if A totally includes B, i.e. if for a series Sun, B, —l(— ols co) 
` implies An —> l, ‘then we can easily prove the following theorem, similar to Theorem 2. 
Theorem If. The propositions 
*P': if BuO foralln, then A, >0 for all n, and 
Q': if B,& Or(n’) for a given r>0, then A, = Or(n?), 
are equivalent; so are also the corresponding converse propositions. 
` Again, the propositions P' and Q' are true but not their converses. 
In the proofs of Theorems I and IL we shall have now to use the regular 


transformations 
_ \ UY An-k = ).B; 
n »() A (ie ii 
k=0 


and u b 
a n ik k .A* 
Bj - MN (=) Ay. 
k=0 


Also we need the following two important properties of totally regular Hausdorff methods 
(See Basu (1), Lemmas 1, 2). 
(i) A regular Hausdorff method A is totally regular (i 6. 831 (— oo lx + oo) 
~ implies A, — D) if and only if the corresponding factor sequence {dy} is totally monotone. 
(ii) Ot two Hausdorff methods with non-vanishing moment sequences each cannot 
totally melude the other. 


AsUTOSH CoLLEGE, 
CALCUTTA 
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NOTE ON THE COMMON TANGENTS OF A CUBIC AND 
ONE OF ITS SEXTACTIC CONICS 


Br 
Harmas BAGonI 


(Received, August b, 1946) 


Intropuorion. ‘lhe main theme of this short paper is a general discussion on the 
common tangents of a bicursal cubic and one of 105 twentyseven sexlactic conics. The 
fist article treats of a general method (based on the use of homogencous or projective 
coordinates) for finding the common tangents of a bicursal cubic T and an arbitrarily 
assigned conic (which may or may not be related to T`). Then the second article concerns 
itself specifically with the common tangents of a (bicursal) cubic and a sextactic conic. 

The results arrived at are believed to-be mostly new, 

1. Adopting homogeneous (or projective) coordinates, we may represent a bicuisal 


(i.e., non-singular) cubic F in the canonical form: 


z +y? +8? = Ómaya. ^ (I) 
Plainly then the polar Ime of an arbitrary point P(z!, y', 2) w.r.t, I may be writtén as 
ale? + 2mya!) + y(y' 4 2ma'a!) + 2 (2/3 --2maz^y!) = 0. 
“If this line be restricted to touch a given conic (say, II), whose tangential equation 18 
aà? + bu? + cv? + Qfuv+QgvA+QhaAp = 0, qn. 
the appropriate condition to be fulfilled has to be deduced from (II) by replacing À, p, v 
respectively by . 
m" -POmy'a', y"--2ma!z', 2? -Oma'yl, 
Consequently the locus of a variable point P, whose polar line touches II is the quartic (), 
given by the point-equation : 
í a(x? +2my8)}? + b(y* + max)’ + els?  2may)* + Bly? + 2inaa)(2*.-- 2mey) 
, +2g(2° + 2mag)(z? + 2mys) + 2h(z* -2myz)(y* --2maz) = 0. (LT) 
It is erystal-clear that this quarlic Q will cul the original cubic T at 12 points (real or 
ımaginaıy), lhe. tangent at each of which touches the given conic II, As a matter of 


fact, the tangents of T at its twelve points of mtersection with Q exhaust all the 
twelve iangenis, that T has in common with II. We thus arrive at the following 


theorem. 
Theorem A. The twelve points of contact (real or imaginary) of u given bicursa 
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cubic (D) with the twelve tanyents, which it has in common with a given conic, can be 
designated as the (twelve) intersections of (T) with a certain quartic (Q)*. 


If we now appeal io the familiar lemma thal, whenever six oub of the twelve points 
of intersection of a cubic and a quartic he on a conic, the remaining six will also lie on a 
conic, we can immediately derive several corollaries (from Theorem A), vis., 


Corollary I.t} If a conic II touches a bicursal cubic T at three pomts A, B, C, the 


sic ordinary points on I (excluding A, B, C), the tangents at which touch IL, will lie on 
another conic, 


Corollary II. If a conic IL has four-pointic and two-pointic contacts wilh a 
bicursal cubic T at two points A and B respectively, the six ordinary points on I‘ 
(cacluding A, B), the tangents at which touch IL, will lie on another conic. 


Corollary III. If a conic II has three-pointic contacta with a bicursal cubic D 
at two points A, B, the six ordinary points on I’ (excluding A, B), the tangents at which 
touch IL, will lie on another conic. 


Corollary IV. The siz ordinary points on a bioursal cubic, the tangents al which 
touch one of its sextactic conios, will lie on a certain conic. 


The next article will be devoted io a rather detailed discussion of Corollary IV, 
necessitating the adoption of the Cartesian mode of analysis from the very beginning. 

3. We know that, if S = 0 be the osculating conie and £ = 0 be the tangent io a 
given (bicursal) cubic I’ at one of its sextactic points (say, P), the equation to I’ must be 
amenable to the form: 


Sn =, . (1) 
where y = 0 18 a certain determinate line. As a matter of fact, this line (7 = 0) is easily 


seen to be the tangent to I‘ at that particular point of inflexion (say, O), which is the 
tangential of P. 





* A few words of explanation are needed to appreciate the full implication of Theorem A. Under 
ordinary circumstances, a proper (i e., non-degenerate) quartic is defined uniquely, when it is conditioned to 
pase through fourteen arbitrarily assigned points, so that through twelve assigned points, there can, in general, 
be described a family of oc! quartics. But in the exceptional cass, when the twelve points in question happen | 
to lie on one and the same cubic, no proper quartic will, in general, pass through them; in point of fact, 
the cubic itself, coupled with @ perfectly arbitrary line in the plane, will ordinarily behave like a degenerate 
quartic, satisfying all the requirements 


But then there are rare cases (as seen in Art. 1) when through twelve points on a cubic (say, U = 0), 

a proper (or non-degenerate) quartic can be drawn. It is remarkable that the existence of one such quartic 

(say, V = 0) implies the co-existence of an infintude of other quartics of this description. For, if L = 0, 

denotes an arbitrary line (unrelated to U — O or V = ©, any quartic of the type (V = UL) will conform 

., to all the requirements, i.e., will pass through the tweive common points of (U — O and V = 0). Hence we 

“ean assert that the number of (non-degenerate) quartics thet can be drawn through twelve points situated 
on cubic, is either zero or infinity. An illustration of this latter contingency is provided for in Theorem A. 


t Mr. R. A. Roberts (1882) has proved Cor. I as an independent proposition in his book. 
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0 x 


If, as shewn in the annexed figure, the saıd point of inflexion O be taken as the 
origin of Cartesian axes, and the lines (£=0; 4 = 0) be taken respectively as the axes 
(æ = 0, y = 0), —so that the axes are, in general, oblique—the equation (I) becomes 


8y- = 0, - ID) 
it being rmplied that the conic given by. l 
S = az? +2hæy + by* 4 9gz -9fy c =0, (A = be-f? = 0), 
is the osculating {i e., six-pointic) conic of I' at the (sextactic) pomt P. If we now set 
` u = agz+hy+g, \- 
v = hr +by+f, | 
w = yz + fy+c, 


(1) 


we have Lhe reciprocal relations: 
Az = Au+Hv+Gu, 
Ay = Hu Bv + Fw, | (2) 
A = Gu + Fv + Cw, 
provided that A stands for the nón-vanishing determinant 
a, h, g 
h, b, f 
she 
and (A, B,-C, F, G, H) are its co-factors. 
Manifestly, then the polar line of a point (x, y), w. r. t. the cubic I', given by (II) 
has for its Cartesian equation : 


X(2uy — 82") + Y(2vy + S) -2wy = 0, 


where X, Y are the current-(i.c., running) coordinates, 
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Henoe, bearing in mind that the tangential equation of the sextactic conie S 1s 

Ad? + Bu? + Cy! + 2Fpv +2Gvà +2HAp = 0, (LV) 
(wherein the first term with a zero-coefficient viz., A has been retained for the sake of 
symmetry), we rendily realise that the twelve points on I’, the tangents at which touch 
S as well, are the intersections of T with the quartic Q, whose Cartesian equation is to be 
deduced from (IV) by substituting 


2uy —8z*, Qvyt+S, 2wy 


for A, u, v respectively. 
When these substitutions are actually effected, the L. S of (IV becomes equal to 
A(Quy — 323) + B(2vy + SJ + Odwy? + 4Fwy(Qvy +8) l 
+4Gwy(2uy — 32°) + 2H (2uy — 32° )(2vy +8) 
= 4y (Au? + Bv? + Cw? + 2Fvw +2Gwu + QHuv) +9Axt 
—12g°y(Au + Hv + Gw) +4yS(Hu + Bo + Fw)+ BS* -6Ha*8. 
Now : 
Au? + Bv? + Cw! -2Fvw + 2Gwu+ 2Huv 
= u(Au+ Hv + Gw)+o(Hu+ Bv + Fw)+w(Gu + Fv + Cw) 
= Alzu+yv+w), by (2) 
= AS, by (1). 


Hence, attending to the relation A = 0, we can meet the Cartesian equation of 
the afore-mentioned quartic € in the form: 


4y*. AS — 12z*y. Az +4y8 Ay + BS* —6Hz^8 = 0, 
i.e. BS? + (8Ay* - 6Ha*)8 -12Ar’y = 0. (V) 


Regard being now had to the fact that the line æ = 0 touches the conie S8 = 0 at the 
sextactic point P, it follows at once from the algebraic structure of the equation (V) 
that the quartic Q must also have P for a sextactic pomt and S — 0 for ihe 'osculating - 
conic thereat. ‘This result readily.admits of verification by geometrical reasoning, For, 

8 being the osculating conie at the seztaotic point P on I’, it follows that six adjacent. 
po nts of I (and therefore also of S), lying ın the immediate vieinity of P, possess the 

distinctive prcperty that the tangents, drawn thereat to I’, touch S as well. Consequently, 

the siz adjacent points, just mentioned, must lie on the quartic Q. This explains 

geometrically why P is a sextactic pomt and S is the corresponding six-pointie conie 

for the curve Q. 


Reverting to the equation (V) and combining it algebraically with the equalion (LI), 
we deduce: 
S(BS -6Ha* —4Ay?) = 0. 


The obvious geometrical significance is that the twelve points of mtersection of Q with 
T lie, six by aix, on the two conics 
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and ` sls : 
- BS—6Hz' -AAMy* = 0. (VI) 


This is obviously an analytical confirmation of Corollary IV of Art. 1. Combination. 

of (IT) and (VI) leads to i l 
Ca ! Ba? —6He*y —4Ay* = 0 (VII) 

The palpable geometrical interpretation is that the six points of intersection of the 
conie (VI) with the cubic (II) lie, two by two, on the three right lines, defined by (VII). 

The results may then be finalised as follows: ] 

If S be the osculating conic of a bicursal cubic I at a sextactic point P, the six 
points on T'—ezcluding P — the tangents at which touch S as well, lie on another conic, ' 
and are, besides, situated, two by two, on three right lines, that pass through that 
particular point of inflexion, which is the tangential of P. 
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ON THE SOLUTION OF A PROBLEM ON INDETERMINATE 
EQUATIONS OCCURRING IN THE SULVA-SUTRAS 


"Br 
5 5 .^  "K. N. ÉKAMALAMMA 


(Communicated by Prof. C N Srinivasienger— Recewed July I5, 1948) 


- In connection with the construction of sacrificial altars of specified sizes and shapes, 
a number of interesting indeterminate equations in several variables arise. Thus, in one 
particular form known as the square Gärhapatya Vedi, a side of the square is i vyayama 
or purusha (= 96 inches). The Vedi is io.be constructed with 5 layers of bricks, each 
layer consisting of 21 bricks. The bricks may be rectangular or square, and of any size. 
The rifts of bricks in two consecutive layers must not coincide. Assuming the bricks to 
be square, a solution of the problem consists in using three kinds of square bricks, 
with 4, i and $ of a vyayama as a side. ‘The first layer should be constructed with 
9 bricks of ihe first kind and 12 bricks of the second kind, the second layer should 
contain 5 bricks of the third kind and 16 of the first. The third and fifth layers are 
replica of the first, while the fourth is a replica of the second. The solution depends 
on that of the simultaneous equations 


u 


= EE ety = 21 2 (2) 


There are only two solutions (in positive integers) 


2-9, yz12, m=6, n=4 
e= 5, y216, m=8, n=4, 


A much more difficult problem arises in connection with the construction of the 
falcon-shaped fire altar (Garudachayana shiti). Its area 1s given to be 74 square purushas, 
the aitar must be constructed in 5 layers, and the number of bricks in any layer must be 
200. As before, the rifts of bricks in any two successive layers must not comcide. 
Bödhäyana uses 4 kinds of square bricks, whose number and dimensions depend upon ' 
the solution of the equations 


Z+ı3 rt," et+yte tu = 200 (2) 
m n p q 3 


where m, n, p, q are squares of integers. E 


Apastamba uses 5 kinds of square bricks, thus making the problem depend upon 
- the equations 
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Saeco ppt que = 74 


m n p gq .r | (8) 
l z+y+2+urV = 200 l 


where m, n, P, 9, 7 are squares of integers. 


The bot brief account is taken bam Prof. Bibhuti Bhusan Datta’s book (1982), 
“ The Science of the Sulba.” "Ihe ancient Sulva-Sutras which form what may be called 
annexures io the religious scriptures known as the Srauta Sutras do not contain any 
mathematical exposition of the solutions of the mathematical problems involved in them, 
but give brief statements only about the solutions. Apastamba’ 8 statement with regard 
to (8) interpreted differently by different commentators léads to the following solutions : 


(i) {x= 67, y = 58,2 = 48, u = 18, v = 9, m = 16, n = 25, p = 36, q = 64, r= 100 
(u) sn a 
" : (Karavinda Swami) 
(iii) æ= 10, y = 150,2=9,u= B, v = 14, m = 16, n = 25, p = 86, q = 64, r = 100 | 
; (Kapardi Swami) 
(iv) &, y, 8, U, v = TO, 45, 9, 50, 20 
m, ^, p, 9, T= 16, 25, 86, 64, 100 
T, y, #, u,v = 74, 45, 52, 20, 9 
77,42, 40, 82, 9 E 


m,n,p,q,T 10, 25, 64, 100, 144 (Sundararaja) 


It-is an interesting problem to discuss the method underlying the above particular 
solutions of (8). The method, at least in an empirical or incomplete form, must certainly 


have been known to- the ancient Indians, and must necessarıly be simple enough ` 


Prof. Datta makes no attempt to discuss the process underlying these solutions, though. 
he explains fully the solutions of thé very much simpler equations (1). It is the object 


of this note to discuss fully the solutions.of the equations (8). Similar methods can be' 


employed with respect to equations (2), and other problems. of. this type that are e to be 
found in the Sulva-Sutras, - 


Multiplying the first of the equations i in (D by rand subtracting from the second, 
it follows that if r is the smallest of the squares m, n, p,q,7 _ z 


- %r—-200<0 (4) 
i.e, r must be one of the numbers 25, 16, 9, 4, 1. Similarly the largest of the squares 
m, n, p, q, T must be > 200/74 i.e. = 86 
Henee no solution i is possible taking mh, n, p, q. T= 25, 10, „9, 4 1, 
"E "Tab us Bonnie; "n, p, q, T = 1, 25, 4, 9, 86- 
Put sjm = ky y[m =k, we geb - `o - 


t 
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9a + 4u -- v = 270 —86(k, +k,) 


a+utv = 200- k, —25k, 


Hence 
8a +8u = 70—85k, — 11k, 


k,+25k, and 86 (k,+k,) are necessarily integers. k; is itself an integer since m = 1. 
It easily follows that k, is also an integer ' 
Taking k, = 1, we can have k, = 1, 20r 8, but k, = 2 or 8 lead to 8s +8u = 18 or 
88+8u = 2 which have no solutions, Hence k, = k, = 1 and we get the solution 
z, Y, 8, u,v = 1, 25, 0, 8, 166 
m, n, p, q, T = 1, 25, 4, 9, 86 (5) 


using a similar method, we obtain the following solutions 


T, Y, Z, u,v; M, n, P, g, T= 1, 25, 9, 0, 171; 1,25, 4, 10, 86 


1, 50,1, 4,144; js (6) 
1, 25, 8, 19,150; 1,25, 9, 16, 86 

K 1, 25, 8, 0,166; i (7) 
1, 50, 1, 8, 140; 2 
1, 1,0, 9,189; 1, 4, 16, 9, 86 
l, 0,4, 10, 185; is | (8) 


A slight variation of the method has to be adopted when we take 


M, n, p, q, T = 25, 4, 16, 9, 36. 
Let 
2/25 = k, = an integer 
u/9+v/86 = ky 
so that . 
: dy +g = 120—16(k, +k,). 

Giving different values to k,, ka such that 16(k, + k,) 1s an integer < 120, we easily 

solve for y, # and u, v. We write down a few particular cases: . 


hk, =2, h,=4 
z,y,8; u,v = 50, A, 4-4, 6-1, 12044. (A= 0, 1,..., 6); (9) 
k,—4, k,—8 
z, y, 5, u, v = 100, A, 4—4À, 7—A, 89-44, (A = 0, 1). l (10) 
k =l, ky = 61 
T, Y, 3, U, V = 25, A, 4— 4A, 18—A, 158 +4A, (A = 0, 1). (11) 


A list of further solutions obtained by simular processes is tabled below. 
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mn p q T z` y z u v 
1, 85,64, 16, 4| 1, 36, (100+4a), (8-9, A (A=0,1,..., 12) 
1, 81, 64, 16, 4 1, 81, 40+4A, (78-5), A. (A=0,1,...,15) 
1, 144, 64, 16, 4 1, 144 4, (4-5), (11A) (à =0,1,..., 8) 
25, 86,04, 16, 4 25, 86, (608—439, (71-53, A (A=0,1,..., 14) 
— 1, 0410, 86, 9 l, 4A, (16-3) (178-4), (66A) (A =0,1,..., L5) 
4, 64,16, 86, 9 4, (65-43, A, — (110-42), (22-A)-(A = 0, 1,..,, 16) 
49, 81,64, 16, 4| 49, 8L 4, (4-50), (446 (A 0,1... 12) 
26, 64,16, 86, 9| 25, 4,_ (16-23), (146-4), (10323) (A =0,1,..., 15) 
49, 64,16, 36, 9| ^ 49, 4X (16—A), (L14—4a), QUA) (A =O; 1, . . ., 16) 
100, 64,16, 86, 9| 100, 4A,  (16—A), (46—4A) (884A) (A — 0, 1,... 11) 
121, 64,16, 86, 9| 121, 4A, (16-A) (18—4A), (45-3) (A=0,1,...,.4) 


16, 25, 64, 100, 144 | (k+5A+8), (62—1), (448—4k —923), (2+4k), (37A 815). 





k=0,1,...,16 
A = 12, 18, 14 for every k |. 
It is now evident that a very large number of solutions can be written down and 
that the solutions given by the ancient Rishis and their commentators are included in ` 
these and are probably suitably chosen with due regard to the practical problem of 


- constructing the altars. From the mathematical point of view, one has to complete 
the above discussion by showing that the total number of possible solutions is finite. 


Considering the equations 


Lipari . Cis ils RM =p. 
M, m, My 


WES. +++ +e =N, 
where the m's are squares of integers. None of the z's can be greater than N, hence the 


number of solutions for z's is finite, 


Let m, be the smallest of the m’s.‘ Multiplying the first equation by m, and 
subtracting the second 


mp-N<O ie. m, <N/p. 


Let t + = p, where p, « p and m,m,p, = an integer, we have 
1 
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— MT 


M, = 
pym,-— 2, 


so that p, is such that p,m, —2, 15 an integer which divide m,2,; hence the number of 
possible solutions for m, is finite. We now have 


Ty En 
Zr... Sea» 
> Crue 


To +, = N- (m, +r) 


The argument is repeated. Thus, the number of possible solutions for the m’s must 
be finite. 

I conclude by thanking Dr. C. N. Srinivasiengar for his guidance in preparıng 
this paper. f 


ManasBAxY's COLLEGE, 
BANGALORB 
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ON THE ZEROS OF A NON-DIFFERENTIABLE FUNCTION: 
Br 
D. P, BANERIEE . . x 


(Communicated by the Secretary— Received July 12, 1948) 


'The funetion (Hobson, 1907) represented by Sa^ sin b*z, (a< 1) where b is an 
x l 
integer of the form 4p+1, is continuous but nowhere has a finite differential coefficient 
if ab z« 1 and one of the two conditions ab > 1432/2, or ab? > 1+3n°, 


The properties of the zeros of this function has not been considered before, Here I 
shali find the zeros of this function and find some i peportios of the zeros, 


1. Theorem 1. The zeros of wie) = Sae sin b"z between —r and m are 
1 : 
x (2/55 4/2) where k is any positive integer, ab > 1+8r]2 and b 2» 1. 
Proof, .. . i 
zs w(r/b*) = a sin (x/b*71) +a? sin (m/bE)y + >0O 


as each term of the above series is either >0 or =Q. 


w(Bs 2b = ie sin(8x/2b"-*) 
= asin(8n/2b') + a? sm(8n/2b**) +++ ++ a-t sin(Bx/2b) — (ah + aèt! + +++ to infinity) 


k .. 
= ~ = — a*-! gin(8r/2b)— a*7? sın(8r/2b?)—. - -—a sin(Br/ aby], 


+ 


Now 


ak? gin (3r/2b) + a*? sin (8/20?) + - - +a sin (82/2b*-*) 
< (at? + ak-2/b +. 1/bk7) (89/2) 
< (Bm /2b)a¥-*(1 + 1/(ab)+1/(abj?+ - - ) 
- < (8z/2b)a*7 | (1 — 1/ (ab) < (87/2)a*/ (ab — 1) < aè < a*(1— a) 
since ab—1 > 82/2. 

Banca w(8x/2b*) <0. Hence there must be a Sulis of x between /b* and 8m/2b* 
for which w(z) = 0. Hence the zeros of "w(z) between —x and r willbe (z/55(1--A4/2) 
where k is any integer and O «A, <1. It is evident that + will also be zeros of w(z). 

2. If€be a number such that D*w(f) = D^w(£) = co; Di;w(£)- D.w(f)- — 

then £ will be a knot point of w(x). 
i If n be a number such that D*w(y) = TS +00,D N D_w(n) = Foo then 
5 will be called a cusp. " 
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Theorem 2. If £ ia a gero of w(x) and if £ is a knot point, £ is necessarily a limiting 
point of zeros of w(x). 

Proof. T£ not let £ be an isolated zero of w(x). Then we can find a positive number 
k such that ın the interval ($—h, +h), where 0< h <k, w(x) has no zero other than £. 

() I£w(£+h) and w(€—A) are of the same sign,, say positive, w(£ -- h)j h is positive 
and w(£—h)|(—h) is negative and D,w(f)>0, so that £ is not a knot point, which 
contradicts the hypothesis. 

(it) It may be w(E+h) and w(£—h) are of opposite sign, say w(£+h)>0 and 
wlE—-h) <0. Then w(€+h)/h and w(£—h)/(—h) are both positive. Hence the relations 
D,w(£) = D_w(£) = —co are impossible, so that € is not a knot point, which contradicts 
the hypothesis, Hence we have the theorem. 

Theorem 3. The zeros of w(x), other than those that may happen to be cusps, are 

‘ limiting points of geros. 
Proof, (i) If w(£-- h) and w(£— h) have the same sign ‚im w(£+h)/h can not have 


the upper limit +eco and lower hmit —co, Similarly, hm we h)|(—h) can not have 
+ co and — co as upper and lower limits. 
(i) Itw(£+h) and w(£—h) are of opposite signs for all h, O< k «<k then neither 


w(E+h)jh nor w(£—h)/(—h) can have +œ and -co as upper and lower limits as 
h — +0. Hence we have the theorem. 


Similar properties have been proved by Srinivasienger (1988) ın case of Weierstrass' 
non-differentiable function. 


DEPARTMENT OP -MATHEMATIOS, 
DacoA UNIVaRSITY, 
Bast PAKISTAN. 
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VERSCHIEDENE ZAHLENTHEORETISCHE UNTERSUCHUNGEN 
UND DIOPHANTISCHE PROBLEME 


Br 
ALFRED MOESSNER 


(Communicated by the Secretary Received August 14, 1948) ` 
I. (1) Besteht die Relation arb+c+d=0, dann ist 
a+b°+c0’+d? = 8(bed + cda dab - abo); 
ist a rb*zo.d — 0, dann ist 
x a? 4- b? -- c? 4 d* = 8[(bedy + (cda)? + (dab)? + (abe)?]. 
Ezempel: a= 3, b = 4, c = 5, d = 6 argıbt 895 -- 4? c5? —6* = 0, also 
QUNM MS = 8[(—120)* + (— 90)? + (— 72)* + 60°]. 
(2) (æ) Besteht atb+c=d+e+f nur aus Primzahlen, dann gibt 
V (Ba-& D), w (86-1), V (8o--1) S y (8d--1), V (86-1), v(8f+1). 
Exempel: a=1, b = 18, 0 = 21, d — 8, 6 ='6, f = 28(a, b, c, d, e, f smd Drei- 
eckszahlen) ergibt 
V (8.1-- 1), v(8.15+1), v (8.3141) È V (8.1), V (8.6--1), y (8.28 +1), 


also 3, 11, 13 È 5, 7, 15. ; TES : 
(B) Ist A, As,..., A, By, Ba.. Bs. wo sämthche A, und B; sind 
Dreieckszahlen, dann ıst auch : à 
/ (84,1), V (84,1), ..., V (84,1) 5 V (8B, 2), ¥(8B,+1)..., V (8B, +). 


Exempel: A,=1, A, = 15. 4, = 45, A,=158, A4,— 171; B,—3, B,=6, 
B, = 66, B, — 120, B, = 190, ergibt 


3, 11, 19, 35, 37 = 5, 7, 98, 31, 39. ` - 


II. Wir lösen auf verschiedene Arten die Identität 
A+B+B=C+D+D = X? | 


A.B.B=C.D.D=Y! 
(14; Wir wählen für A und C je eine beliebige rationaie Quadraizahl, jedoch 
A#C, Setzt man nun $(/ 4 4 C) = g, dann ist B —g./C, D=g. 4A, 
-Ezempel (a): 4-49, C=81, g—4(4490*481—8; B=8.y8l = 72, 
D =8./49 = 56. Wir bekommen also die Lösung 
49+72+72 = 814+ 56456 = (y 19837 l 


49 . 72 . 72 = B1, 56 -56 = 6049 | 
6—16837—8 i f B 
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Panni tB): Ass C= US geil ergibt dis Losung 
8*--425-- 428 = 5*-- 158-158 = (4/931)? - 
3 „425.595 = St. 158 . 158 = 8825° 
Man erkennt sofort, dass A und C beliebige gerade Potenzen sein könen. 
(2) Soll nun X eine rationale Zahl sein, dann müssen YA und yC der Kondi- 
tion genügen YA,YOC,(YA+YC)=E,E,(n=2,4), wobei YA, VC und E ganze 


rationale Zahlen sind. Diese Kondition ist erfüllt, wenn man setzt yA = u-t, 
VC = 2uv cvi, E = wu? cuv t v*, wobei v <u und v und u rational sind. 


Ezempel: u=2, v = 1 ergibt VÁ = 3, VC = 6, also A = 9, C = 25, g = 48+ 5) 
=4, D = 4,3 = 12, B = 4,5 = 20, also die Lösung 
l 9+20+20 = 254.1914 = 7° 


9.20. 20 = 25.12. 12 =.00? 


e 


(8) Setzt man B = 2uv c v^, D — u*—v?, wobei «>v und v und v ganze 
rationale Zahlen sind, dann gilt 


A+B+B=C+D+D= xt] 


A.B.B=C.D.D=Y¥'\' 
wenn A= 2D?/(B+D) und € = 9B?/(B+D)- 
Exempel: u=1. ergibt B=5, D=8, A= 18/8 = 9/4, C — 25/4. Diese 


numerische Lisung ist identisch mit dem Exempel unter (2). ‘ 
(4) Es gilt allgemein 
(BF?) + (FG + G3) - (FG 4- G?) = (9G) + (FG + F°) + (FG + F°?) = 2H? 


(2F*) . (PG.-- G3) . (PG -- G?) = (282) . (PQ +F”) . (FG +F’) = 9(F*G + Fay:| 


1n rationalen Zahlen, wenn män setzt F = wo, G = 2uv+v?, wo u>v und u und v 
rationale Zahlen sind. 


(6) Ist F=ewW-v und G = Quv+v?, wo wl v und u und v rational, 
d = &(G—F), dann gilt die Relation 


F?+d.G4+4d.G = G* —d.G -d.@ | 
F'.d.G.d.G = G*. —d,G. —d,G = (F.dG)? 


Exempel:- wu — 4, v — 8 ergibt F=7, G =83, d —4(88—7) - 183. und wr 
bekommen das Resultat 


49 +429 +429 = 1080 —91 —91 = 907 
49.499.429 = 1089. —91,—91 = (7.429)? | 
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(6) Besteht die Relation 

M,+M,+M,=P,+P,+P, 
M,.M,.M,=P,.P,.P,) 

und ist s = M,+M,+M,, dann gilt auch die Identität 

s—2M,, 8-2M,, 8—2M, = 83-2P ,s-2P,,s-2P, (d= 

Wenden wir dieses Theorem auf die Relation 
A+B+B=(0+D+D=X | 
A.B.B=C.D.D=Y? 

[ef. (8)1! oder auf die Relation 

F?+d.0+d.G = @ -d.G —d.G | 


F*.d.G.d.G = G*.—d.G.—d.G 


[cf. (5)!] an, dann bekommen wir ganzzahlige rationale Lösungen zu der Identität, 
K+R!+R?=T +W®:+W? | 
K* - R*-R* = T+ W+ Ww 


Ezempel: Aus 9, 20, 20 = 25, 12, 12*, wo S = 7, LI = 60%, folgt, da s = 94-20 
„+20 = 49, die Identität (49—18), (49—40), (49—40) = (49-50), (49—24), (49-24) für 
n= 1,8, also 
81 +5°+3° = (—1) +5°+5° . 
B15 +3°+38 = (- 1) 4 5te5* | 

Die gleiche Identität folgt aus 9, 5, 5 = 25, (—8), (—8). 

(7) Zur Identität f 

K+R’+R?=T +W?+W? 
Ko+R8+ Ro = T’+W°+W° 

gelangen wir auch durch folgende Methode. 

«Wir setzen 
8 = (W+uv +v’), R =w, K=s-2R?, W = Quvt+e? T —a—2W!, 

wobei u >v. : 

Exempel: u=2, v= 1 ergibt s = 49, E —3, E — 88, W — 5, T — 1, also die 
Lósung unler (6). 

(8 Im Hunbliek auf vorstehende Darlegungen sei ea: dass generell gilt 
L+b+l+ re Lpf tL EDS + L,)/(L,.L,.L,.+++. L,-)} 
=L,.L,.L,.+-+.L,. (Lat Lat Lat ++: +L,)/(L, . La. Ly. E, 


* Das Symbol = bedeutet Summen-und Produktengleichheit. 
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z = 3 1 t 
II. (1) Ist M, M,- My4- -- 4 M, = NEN Ne co N, aber X Mi SN? 
im] 1m] 


und $, M? + X N? und ist 
j=] i=] 


Loa m x Gaio ox and 
= ı-2Mi 3. i— Ji: 
(&v-$w)/[S(3 mi- Eu 
dann gilt K- M,, K-M,, K-M,, ..., K-M, = K-N,, K-N,, K-N,,..., K-N, für 
^? 1,8. Hiebei kann M, = M, = M, —..- = M, sem. es ist also ailgemein 


; r.L*=Pi+Pj+ ... +P! 
(n = 1, 8) lösbar. 


(2) Ist r= 8, so bekommen wir en zur Identität L, L, L = P,, P,, P, 
für n = 1, B, wenn wir setzen 


_ jos (E *-5)/ [C Xx _3.M y. 


Esempel: M, M, M, —8, N, 1, N,=2, N, - 6 erg K= 25-81) _ 
sempe 2, N, = 6 ergibt K daran) 


24 
7 
also die Identität 3, 8, 8 = 17, 10, (-18) für n = 1, 8. 

(8) Ist a, 0,, a, = b,, by, b, für n = 1,8 und setzt man k = @,+4,+4,, dann gilt 


4(5—2,), a(k- a), blk- a) = 3(k-b,), à(&— b), &(— bs). 
Wenden wir dieses Theorem auf die Relation L, D, L = P,, P, P, für n= 1,8 an, so ` 
bekommen wir Lösungen zu D, D, D = By, E, Ey, wo die E; Kubikzahlen sind. 
Ezempel: Aus 3,8, 3 = 17, 10, (—18) für n = 1, 8 folgt k = 9, also 
419-3), 49-38), 4(0—3) = 3(8—17), à(9 — 10), à(9 — (—18)), 
also, auf ganze Zahlen gebracht, 
6+6+6 = (-8)+(-1)+27 | 
6.6.6=(-8).(-1).97 | 
(4) (x) Besteht die Relation M,, M4, M, = P,, Pa P, [of. IL (6) !] und ist 
8 = M,+M,+M,, dann gilt aus die Identität 
M,, My My, 5— P, 87 P,, 8—P, = P,, Pa, P, 83- M, s-M,, 8-M,. 
Dies Theorem verwenden wır. zur Lösung der Identität 
A, B, B, E, Ey E, By E, 5D, D, 0, Py Pa Fu Fy Fu 
A+B+B =D+D+0 x? 
A.B,B =D.D,C = Y? 
E, +E,+ E, +E, +E, = F,Ä+F,+E,+P,+F, 
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2 oe 


Wır gehen aus von der Relation A+B+B=D+D+C, wo A+B+B= X? und 
4.B.B = Y?, Auf sie wenden wir das m diesem Absatze angegebene Theorem an und 
setzen 8 =A+B+B, dann gilt die Identität 

A, B, B, s—D, s—D,s—C £ D. D, C, s—A, s—B, s—B, 
Ist i 
Mi, Ma Ma., mcs pu Pa Po <- o Prs 


dann gilt für beliebiges k die Identität 


Mi, Mg, Mar. a My Pith, path, .. o ph 
x : 
= Diy Dar Pss.. oy Py, MH th, math, meth, ..., meth, 


Wir wenden dies Theorem an auf die Identität 


e 


A, B, B, s- D, s-D, s—C £ D, D, C, s—A, s- B, s-B 
und setzen d = 8—-D— B und bekommen 


A, B, B, s-D,s-D,s-0O, D+s-D-B, D+s-D-B, C+s-D-B, 
s-A+s-D-B,s-B+s-D-B,s-B+s-D- B 


x p, D,0,8—4,8—B, 8- BL, A+t8-D-B, B+s—D-—B, B+s-D-B 
s—D+s—D—B,s—D+s—D-B, s—C+s—D-B, 
also: 
A, A, B, s-D, 8—D, 8-0, s—B, s- B, CX s-D—-B,2s-A—D-—B, 
2s — D —2B, 2- D - 2B 


2: D, D, 0,8—4A, s-B, 8—B, Ats-D-B,s-D, s-D, 23-2D-B, 
28-2D-B,28-C-D-B, 


Da die unkereigiehänen Glieder wegfallen, bekommen wir die Identität 
A, B, B, s-C, C+5-D-B,2s-A-D-B, 22-D-2B, 8-D-2B 
5 D, D, 0,8—4, A--s—D — B, 25 -2D— B, 28 -2D — B, 95-0—D — B, 
Ezempel: A= 9, B = 90, D = 12, C = 25 [of. Exempel unter II, (6)1] ergibt das 
Resultat 


9, 20, 20, 24, 42, 57, 46, 46 — 12, 19, 95, 40, 26, 54, 54, 41, 


wo n 
9, 20, 20 & 12, 12, 25 


und . 
244-49 57-- 46-- 46 = 40--26-- 54-- 54 41, 
(B) Gilt die Relation 
Usos Gs S Hu Hass Hy 


NO G,«G,— 0, G, m... «GG, und H<H,<H,<...<H, 
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ferner 
G,+G@, = G,+G, = Git G, = G,-G,— Hu, EH, = H,+H, = H,+H, = H, +y 
dann gilt auch 
G,—G,, G,-G,, G,—G,, G,-G, = H,—H,, H,-H,, H.-H, H,-H, 
für n = 2, 4. 


Wir wenden dieses Theorem auf das Exempel unter (a) an, nachdem wir dessen Zahlen 
nach der Grösse ordneten: Aus 


9, 20, 20, 24, 42, 46, 46, 57 = 12, 12, 25, 26,40, 41, 54, 54 

folgt also 

57-9, 04 —20, 46 — 20, 42 — 24 L 54—12, 54-12, 41-25, 40-26 (n = 24), 
es 48, 26, 26, 18 = 42, 42, 16, 14 (n = 2, 4) 
ds 24, 18,19, 9 — 21,21, 8, 7 (n 9,4). 
Da sich nus der letzlon Identitat unter (a) immer eme Relation der Form 
Go c S G, 2 H,, H,,..,,H, mit obigen Konditionen und mit der Kondition 
G, = G, und G, = G,, ferner H, = H, und H, = H, bilden lässt, so können wir auch 
immer aus ihr eine Lösung zu Q, R, R, 8 = U, U, V, W fair n — 2. 4 bekommen wo für . 
ich vorhin bereits ein Exempel gab. 

(y) Gilt G,G,,..., Gs ES H,, H,,..., H, mit den Konditionen unter (B), 
dann gilt auch ; 
GG, G,G,- G,G,-G,G, = H,H,+H,H,+H,H,+H,H,, 
Ezempel: Aus dem Exempel unter (8) folgt 


9.57 + 20,46 + 20.46 + 24.42 = 19.54 + 19,54 -- 29.41 + 20.40 = 8861. 


GUNZENHAUSEN (GERMANY—BAYERN) 


ON THE TOTAL RELATIVE STRENGTH OF THE RIESZ AND 
HOLDER METHODS 


By 
8. K. Basu 


1. InrRopuction. Itis well known that, for x © O, the (C, x), (H, x) and (R, n, x) 
methods of summability are equivalent in the sense that if a series is summable to !* 
by any one of the three methods, then ıt is also summable to 2 by the other two 
(See Hausdorff, 1921, p. 90; Hobson, 1096, p. 90). The question then naturally arises 
as to how far this result remains true when l is infinite. ‘The present paper is concerned 
with this problem of total relative strength! of the Riesz and Hölder methods, the 
corresponding problems for the Hölder and Cesàro, and Riesz and Cesäro methods having 
been disposed of by the author in two recent papers (Basu (1), (2)) A part of the 
present problem, however, remains: incomplete and is a subject for future investigation. 

In ihe iasi section of the present paper is given a table containing the regulis of 
this paper and of the two above quoted papers by the author. 


2. The Hólder mean Hi of order «> —1 for a series $ a, of real terms (written 
y-0 a 


m short as Dan) for which 8n = E a,, is defined by (See Hausdorff, p. 83) 
v=0 


Mi= > (Raat (= 0,1, 2.0. ), (1) 
ml 2 
where 1 


(n 4 1)*" 


= >( 2) Anm (>) Hy, (2) 


Let ot(w) and R*(w) denote respectively the Riesz sum and Riesz mean of order x n0 
. for the series San; so that 


En = 


whence 


[o 


o*(w) = (o — ra, (w > 0), 
r=0 
and 


Rey) =F) . @) 


The following theorems will be proved. 





^ Unless otherwise stated, I denotes a finite number 

+ A method of summability A is seid to be stronger than another B, if every series nahe B tolis 
also summable Z^ to I (Bee Widder, 1946, p. 121). If the B summabihty of a series tol (— œ Sls +) 
implies its A summability-to /, then we say that A is totally stronger than B 

T See the last footnote in § 8 below. 


[ 
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Theorem 1. For 0<« <1, Hi > + co does not imply Re) > + co.* 
Theorem 2. Ifx> 1, then I} — + eo does nol iniply R*(w) > + o ^ 

Theorem 3.1 Forx>1, Ro) + co does not imply Hi > + co.[ 

8. Proof of Theorem 1. To prove Theorem 1, instead of the continuous Riesz 
mean, we preferably consider the discontinuous mean e; defined by the transformation 
(See Riesz, 1909, p. 19 or Agnew, 1983, p. 582) i 

‘ "n—] : 
a, = G - Ye CX JU e E (4) 
7=0 , 


‚In case d; — l|, we say that the series a, ıs summable (A, x) tol. We note from (8) 


that 
Rn) = »G — Fo = e, 


t= i z 


^ 


so that as R*(w) — + co, ap — + co. i E 2 
It is known (Riesz, 1924, p. 418 or Agnew, 1038, p. 588) that, for 0 «C x <1, 


(C, Kk) 3 (4, K), 
i.e., the two methods of summability are equivalent; and since, for x > — 1; 
(H, x) = (C, x), 


it follows that, for O< xn « 1, 
(H, x) as (A, x). j (8) 


From (4) by Abel's formula on partial summation, 
eG} 
= n n aiio 
«e JENE 
v0 
ms Cie) 


so that by (2), 


nml = 


ai = > a, H*, (6) 


y= 


or 


* In the trivial cases x = 0,1, HH + œ imphes Rr(o! — + oo and conversely. For, when « = 0 
or l, the Ces&ro mean of order x, Ch —> + co implies H*(e) —> +. cc (Basu (2), Theor 1) Also, Hs and 
Oh are indentical in these cases, so that Hn—> + oo implies Rx(w)—> 4 oo, Again, for xk — 0,1, 
Re(w)-—> + oo implies Cs —> +œ (Basu (2), Theor. 8) and therefore Hr —> + œ. 

- + Theorem 4 (Basu (2)) is moluded in this theorem. For, if Hs(s) —> -F oo implies Ca — + œ, then 
it will follow with the aid of Theorem 8 (Basu (1)) that, forx > 1, E*(w)—- + oo implies Hx —> + m. 

t The question whether or not Rx‘w)—>-+ oo implies Hn—> +.00, for0 < x « 1, is yet to be 

cosidered, z 


. 
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uo -S (0-2) = (1-2) enn m 


"Then, since in virtue of (2), {H5} can be any sequence, it follows from (5) that the 


transformation (6) is regular.* Hence H; — + co will imply & — + co only if (6) :s 
totally regular.* To show that (6) is not totally regular 16 would be sufficient to consider 
the sign of Ann, for large values of n. 


We have by (7), 


v Eee SY 
= 0- Gone seo) 2] ann 


€ d [K-00-090-0(9-1-94] 


= = [(2*— D(n*— mr714 +. )-«(n- Dni e] 
= E [(2* — x — 1)n*-r terms containing lower powers of n]. 


Hence, for sufficiently large n, 
Ana L 0, 


i »*<x+l. ; 
Therefore, by a well known theorem (Hurwitz, p. 232, Theor, 1), the transformation (6) 
is not totally regular, so that H3 — + oo does not imply a -> + oo. 


since, for 0 «x «1, 


Now suppose, if possible, that Hy — + oo imples E*(o) > + co, Then since 
E(w) > + co implies a, — + oo, it follows that A, —> + oo implies &-> + oo, which 
contradicls our previous result. This proves the theorem. 

4. For the proof of Theorem 2 we require three lemmas. To establish these 
lemmas some properties of integral transformations will be needed. We begin with some 
definitions. 


Given a series Dap, suppose that the power series $ a,x” converges for O «zz «1. 
n-0 


* | ba, i (0 «y » € n) being a given matrix, the sequence-tc-sequence transformation - 


5 
(B) gut Zoe (0 = 0,1,2,., Di 
v= 


is said to be regular, if s, —- 1 always implies c, —- l. In case e, —-l(—oo € 1 € + œ) whenever 
- 8, ~> l, the transformation (B) is said to be en regular (Hurwitz, 1927, p. 282). 


1—1088pP—9 
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We write 
AQ) = Š, oat” = = == z) Š 8,0", TM 


, 


and call A(z) the Abel mean. In case hm A(z) = is oe 7 < +o), the series Dan 

is said to be summable (A) tol, i.e. nim de by the Abel method to l. "When for a 

series San the power series Dans” converges for 0 «2 z «21, we say that the (4) method 
applies to the series Dan. 

Let S denote the class of all functions sft)‘ which are bounded and ——€— (€ 

in every finite interval (0,7). Let K(x, f) be a function defined in O < t <r for every 

€ 2 0, such that the integral E : 


f 


A = X r «: ; 
Pee [ K(a, atat = fm J K(c, t)s(t)dt - s D 


exists for every {œ> 0. Then (8) is 8 linear integral transformation defined -by the kernel 
K(z;t) When Jim c (x) exists and is equal to l, the kernel K(z, t) defines a method of 
+0 


sumunability which we call K method or simply K. K or the transformation (8) is said 
to be regular (Agnew, 1989, p. 700) over the class S, if, for every s(z)€ S, hm s(x) = 1 


implies that o(x) exists for every æ> 0 and lim e(z) =1, We shall say “that K is 
zo 
totally regular,* in case it is regular and lim e(z) = + oo (or — oo) whenever 
z 
lim s(z) = + oo (or — co). i 
zo 
When 


Elz, f) 20 for z,170, 
(8) is said to be a positive kernal tranformation. 

The Cesàro mean C*(x) of order K2 O for the function s(x) is defined by ihe dpud 
Khe, ) = 5 æ- (Zi<e)- 


=0 t>z; . 
C(e) = [| (z—tj-1s(t)dt. i (9) 
sf m 


80 that 


'The.Abel mean a(z) for s(x) is given by the transformation 
1 ad : 
alx) = =f e-tisa(t)dt, :- (10) 
A i 


the integral being supposed io exist} for every z 7-0. When the integral (10) exists 
for every z>0, we say that the Abel integral method or [A] ‘method applies to the _ 
function s(z). 


* In what follows by a function s(x) we sball always mean one in the class 8, and by regularity or total 
regularity we shall mean it over the class 8 

1 Here we assume, for our purpose, that (10) exists as an absolutely convergent L-integral and not 
merely in the sense of (8) x 


a 
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Lemma 1. A sufficient condition that the. regular* transformation. (8) be totally 
regular is that =e 
K(x, +) > 0 t 
almost everywhere for t => T and z > X,.** 

The proof of this lemma is similar to that of fhe sufüciunej: part-of a known theorem 


(Basu (3), Theor. 1) and is therefore left out. 
Lemma 2. With the notations of (9) and (10), for x > 0, C*(z) — + oo jolies. 


a(z) — + œœ, provided that the [A] method applies. F 
Proof. We have 


a(z) = i f ertizs(t)dt ` . l 
0 . E. 


= med c xls f s-1lg-ulzd 
ren] * a(t)dt A ur=le u 


1 -ulx j k= 
"uim ig e-wedu (u—t)-Jalt)dt, 


the inversion bemg justified by-absolute convergence; or 


? 


az) = | K(z, t)c«t0dt by (9). l ya 
J = o c yen 
where f i z. 
ur Ss pts 
En 9 ey 2 (3) Se uero 


The transformation (11) as defined by the kernel K(z, t) is regular (See Knopp, 1941,- 
p. 261); and since the kernel is positive, (11) is totally regular by Lemma n Lemma 2 


now follows. 
Lemma 8.] For Kk> 0, if a series is summable (R, n, D to +00, then it is algo 


CR io +00, provided that the (4) method applies. 


* As we have not used the conditions of regularity of K, they have not been stated here.- For these 


. conditions see Agnew, 1989, p. 700. 
** This lemma is somewhat more general than what we actually require. It is an analogue of a 
well known theorem due to Hurwitz (Hurwitz, p. 247, Theor. VIII). j i 

+ It may be noted here that it has already been shown by Knopp that whereas, for 0 <x <1, 
C*(z) — | implies that alw) exists for s > 0 and a(æ)—> I (Knopp, 1944, p. 165, Theor (1), when x > 1, 
there isa function s(z) for which Cx(z) — I, but the-integral (10) does not “exist for any œ > 0 (Knopp, 
1944, p. 156, Theor. 2); so that the hypothesis regarding the existence of the-integral (10)- heas- been necessary- 
even for the validity of the orrresponding theorem for x > 1, in the case of finite limits (See Knopp; 1944, 
p. 159). 

t It may be noted here that a similar theorem: holds for the (C, x) snnimébifity- j-it-is known that the 
corresponding theorem for the (H,x) summability is false for e > 2 (See Bosanquet, 1946, p 18) and the 
question whether or not, for 1 <x < 9, ‘the (H, x) “euinmability “of “a series to- + o6 Lampes its (4) 
summabihty to + « still remains open. EIER quo EEE nn eme d ku ee au er 
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Proof. Given a series Ia,, suppose that the (A) method applies to it, i.e., 
f(a) = >> an8” 


~ 00 
converges for 0 <3 < 1, or that PL Nd converges for z 2» 0, and defines the Abel 


mean ’ co 
: A(z) = © agen", 
awl 


Since s = el, as 4 21-0, z — co. 


Let 
a(x) = PEE 2:08 ! - (12) 


then 1 
A(x) = L ferma, 
0 


the integral converging absolutely for s 7 0 (See e.g., Doetsch, 1948, p. 20, where the 

corresponding result is given for a Dirichlet series). Also, in this case, by (8) and (9), 
C*(r) = Rea). 

Thus when s(z) is restricted to a step function defined by (12), the Cesdro and Abel 

integral means for a(x) reduce respectively to the Riesz and Abel matrix means for fsp}. 

Lemma 8, therefore, follows immediately from Lemma 2. 

Proof of "Theorem 2. First suppose 1<«<2. Suppose, if possible, that 
Hg > + cœ implies E*(o) > + oo. Then since, for «>1, C5 — + co implies Ha > + co 
(Basu (1), Theor. 8), 16 follows that, for 1 <x «2, C& — +00 implies Rr(w) > + ce 
which contradicts a known result (Basu (2), Theor. 2). Hence, for 1 < x <2, H5 — + co 
does not imply R*(w) > + co. a 
. Next suppose «>2. Suppose, if possible, that Ha > + co implies R*(w) > + eo. 

Now, by Lemma 8, E*(v) — + co implies A(x) — + eo provided that the (4) method is 
applicable. Consequently, for x > 2, Hz — + co implies A(z) -> + oo whenever the (A) 
method applies; but as we know this is false. The proof of Theorem 2 is now complete. 

5. Proof of Theorem 3. ‘In order to prove the last theorem 15 would be sufficient 
to show that, for x > 1, there is a series for which 

B*(v) - too, 
while ` 
, lim Hj x 0. i 
n+ 
Here our method of proof ıs the same as that for the corresponding theorem for 
tlie (C, x) method (Bee Basu (2), Theor. 4), but the details are now more complicated 
than before. - 


ob 
Consider the series Y a, for which 
n*0 


a,=1, a =- a, a,— B and a, = 0 otherwise, 


where «, ß are positive numbers to be suitably chosen. 
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Since x > 1, we can take « so that M 
Kktl«a«2. . (13) 
We require one more lemma. i 
Lemma 4. « having been fixed subject io the condition (18), 8 can be chosen 
such that for the series Yap, 
o*(w) >0 for 0<w <3, 


and 
o*(w) >i for. aD>3. 


For the proof of this lemma see Basu (2). 


& 
Next we define a series > d, by taking 
n=0 £d 


Ayn = Andy, dansı = And; and Asnea = Ants (n =0,1,2..-), (14) 


where the A's are positive numbers which we shall choose conveniently. Let D*(w) be 

the Riesz sum of order « for the series 5d, and dR*(w) end dH; its Riesz and Holder 

means, f F ' 
Then on putting e/3 =n+0 (0<9<1), 


Iv L E 
Dw) = 3 (o — r)d, = > A«o*(o—8v) > À«4., in virtue of Lemma 4. 
veo 








rw 
Hence D*(w) An 
dR* jm w mal i 
7 : Ne) wt di (Sn + 88) 
or 
" An-ı _, 15 
AR) > DE ZA ) 
Again, by (1), n rar, : 
dH ina. > es 2 Antia, (18) 
i rw-90 b ids 
where To 4 = 
e 8,” = dm 
. mus 
Using (14), we have [7/8] 
8, = A,8r—8)+ 
- ` v0 1 
Hence from (16), [7/8] 
] dH 4i = > ce 2 Am Thy Ihr 
re vet 
n _ 8n-+1 
= >> ') AmS r-3r—8» 
. vef) rad 
or n 
dH inti = Z MP . (49) 
where : 


334-1 
z P,, = D *) Arm! Fr 
ro 
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Thus 854-1 i 
Pan = 20 J Arer Pr essi 
TcÜRC + 
or, since 8, =-1, 8, = 1-24, 
Pan = Bn+ 1)(Ugsn — Mansi) +(1 —@)itsnsy 
= (Unc Dan~ (In + aisne 
2 8n+1 _Bn+ea = "e(n) 
Onti (n*2* Batente "m 
Then EM 


p(n) = (8n + 1)(8n + 2) — (8n + ul +1). 
= (8n + D((81)* + 2x(8ny71- ...]- "(Sm + e)f(Bn)* + K(Bn)«-1 des +} 
= (ki a)(8n)" + terms cfi lower powers of'n. 


Hence, for sufficiently large n, 


- E = ein) < ô, 
by (13). Accordingly, for suftciently large n, 1 . 
Pan <0. uc 3] D |) 
Let us now choose the A's such that : E 
Ana > (n £1) (n. =1, 2. 8,... P > il (19) 


and Ay, Ay, Ages sy Ane, having been, fixed subjeet to (19), we can always take A, 
sufficiently large such that from'(17), in virtue of (18), 


dH in+1 < 0, 
for n © N, where N is large but fixed. Therefore, it follows that 
lim dH aso. 
n de 


On the other hand, by (15) and (19), 
dR«(o) Pt n = = 


Hence, as o = 3n +30 > co, dE*(9) > + oo. ^. 
This proves Theorem 8. dits 


6. We append below a table embodying the results obtained in the present paper 
and in the two previous papers mentioned before, on the total. relative strength of the 
Riesz, Ceshro and Hélder methods. “From the table we can see at a glance how the 
three most commonly used methods’ of summability which. re equivalent for finite limits 
(i. e., if a series is summable tot by any of the three methods, then it is also summable 
to l by the other two) differ so widely from one another in the evaluation of divergent 
series, when the limits are infinite (i.e., when a series is summable to + oo by any of Í 
these methods). 


For simpheity we shall use some special symbols for this table. We denote the’ 
continuous matrix of the (R, t, x) method for x > 0 by‘B*, the matrices of the (C, «) and 
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(H, x) "methods being denoted by C* and H* respectively for x> —1. We shall use 
the symbol ] 
Hr -> (ie 


to mean that for a series, Ha -> + oo implies C; — + co and when this is not the cage, 
we write 


H* not — C*. 
TABLE 
I. ForO-cxk-«I1* IL. For«>1 
(1) C*to H* or R* (4) C*to H* or Re 
G) C*not — H* | (vi) Cr— H« i c 
i. C — Re (k = 2,8,4...) . 
(i). Cx not-> R* (viii) 
AMET C*not— R* (otherwise) 
- (9 H*toCror R ` (5) H" to Cr or Re l 
(ü) Hr Cx (ix) H*not — C« 
(iv) H*not— R* (x) H*not— R= 
(8) Re to C* or H* (6) Re to O* or H* 
(v) Rxe—> 0 (xi) R«not— Cs 
(vi) Re—> H«(?) (xii) Re nob > H« 
HI (7) 0<a<ß<l (8 1<a<ß 
C* not — H8 H not — C8 
(9) —-1«exB8«0 
0 (i) C+ — H» 


(ii) H= not —> C8, 
Note. (a) (iv) includes (ii) in virtue of (ini). 
(b) (viii), second part includes (x) for non-integral x, in virtue of (vii). 
(c) (xii) includes (x1) in virtue of (vii). 
` (d) (x) includes (ix) for x = 2, 8, 4,:.., in virtue of (viii), first part. 


* We have omitted the trivial cases « = 0,1, when all the three matrices are totally equivalent i.e. 
if a series is summable to l|i— oo < I < + oo) by any one of the three methods, then it is also summable to | 
by the other two. 


ASUTOSH ÜoLLEGB, 
CALOUTTA, 
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ZUR ANALYSE DER LORENTZGRUPPE IN ALGEBRAISCHER 
i DARSTELLUNG - 


x 


Von 
8. C. Kar 


(Communicated by the Secretary— Received September 1, 1948) 


Inhaltsübersicht: Fürs erste wird hier eine neue Ableitung des Hinstein'schen Satzes über die 
Zerlegung der Lorentzgruppe mitgeteit. Die Ableitung geht in algebraischer Darstellung vor und wird 
darum übersichtlicher. Ausserdem wird noch eine algebraische Darstellung der Lorentsgruppe dargebracht, 
welche sich als bedeutend einfach zeigt, weil sie auf dem alleinigen Gebrauch von Pauli-Matrizen beruht. 


1. EINLEITUNG. 


Im Jahre 1932 liess Einstein und Mayer (1982) eine Arbeit veröffentlichen, welche 
für das Verständnis der Lorentztransformafionen von grundlegender Bedeutung ist. 
Das für uns äusserst wichtige Ergebnis dieser Arbeit ist folgendes: Die Gruppe der 
reellen Lorentziransformationen lässt sich zerlegen in zwei gegeneinander vertauschbare 
Gruppen, die zueinander konjugiert komplex sind- Einige Jahre später vermochte 
Prof. S. N. Bose* (damals zu Dacca) den fertigen Satz von Einstein in algebraische, 
Gestalt einzukleiden mittels sechs vierreihigen reellen Matrizen von besonderem Bau, 
deren drei sıch gegen die übrigen vertauschen. 


Noch später habe ich eine neue Ableitung des Einstein'schen Satzes gefunden, 
die sich etwa in drei Schritten vollzieht. Erstens zeige ich, dass eine infinitesimale 
Lorentztransformation in algebraische Gestalt gebracht werden kann mittels drei 
vierreihigen komplexen Matrizen und ihrer konjugierten. Zweitens spaite ich den 
algebraischen Ausdruck in zwei zueinander konjugiert komplexe Faktoren, welche sich 
gegeneinander veriauschen. Letztens wird gezeigt,. dass sich eine beliebige endliche 


Lorentztransformatıon dadurch aufbauen Jässt, dass man unendlich viele aufeinander- AC 


folgende infinitesimale Lorentztransformationen zusammensetzt. 


In der hier vorgelegten Miiteilung ist es meine Absicht zunächst diese Ableitung DA. 


des Satzes von Einstein darzulegen und darnach noch eine algebraische Darstellung ` 
der reellen Lorenizgruppe darzubringen, bei der wir uns der wohlbekannten einfacheren 
zweireihigen Pauli-Matrizen bedienen und damit auch auskommen, Der Einfachheit 
halber kommt dieser letzteren eine ganz besondere Bedeutung zu. 





* Prof. Bose teilte mir derzeit den Befund brieflich mit. Sofern ich es weiss, ist der Befund seither 
nicht im Druck erschienen. ou hug B 
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2. DIE MATRIX DER INFINITESIMALEN LORENTZTRANSFORMATION IN ALGEBRAISCHER 
KLEIDUNG UND IHRE SPALTUNG IN ZWEI ZUEINANDER KONJUGIERT 
‚KOMPLEXE FAKTOREN. i 


A 


Es seien A”, Am die kontravarianten bzw-kovarıanten Komponenten desselben 
Vierervektors. Zur mfinitesimalen Transformation setzen wir 
Am Am = dAm = eO As 
bzw. e ; 
A'm- A" = dA, = erain 
wo e eine kleine Grösse und I7, I'5 die Koeffizienten der Transformation seien. Da es 
sich bei der Transformation in der Tat um eine Drehung handelt, gilt - 
v= d(A™An,), í 
= eA! A, + AMD nA, 
EA'An (TIT), 
Daher folgt zunächst - eun pu occ 
0s MI”, 


dann aber mit Hilfe des Masstensors : 


& Ju = l, gui =—1 = Gen = Gs, Imi = 0 (ms 8), 
erhält man > : 
2 0= Tut Um. 


Daraus schliesst man, dass I'm, antisymmetrisch mbezug auf m, ist. Die Matmx der 
infinitesimalen Lorentziransformation setzen wir sodann wie 


d = 8p +e1 = Stegen, 


order ausgebreitet, hıngeschrieben wie 


((d^)) = "d. dh, d*, dh = 1 , el^, , e , el, 
dy, dh, dh, dh Day ’ l , A el, 2) 61's 
els, el’, ’ l ’ —el' a 


d, d*, d$, d's 
d*, i5. di, d's 


Behufs bequemeren Handhabung setzen wir 
a = 4u + Tn), 
B = ba tiL), 
y = &(D, t), 
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und haben demnach 
(= 1 , eta), -«84B, -e(y+Y) 
~ —e(a+ @), D 1 D ie(y — y) , —ie(B — B) 
-«(8-8, -icy-J) - 1 , ie«a—a) 
—e(y +7), ie(8 — B) , —is(a — a), 1 
= 1— ear, — efry — eyrs — Sara — eB, — eyin i ; (1) 


wobei wir die speziellen Matrizen, nämlich, 


„=|0, 1 0 0|, ty=]0, 0, 1 O], n=% 0, 0, 1 
1 0 0 :0| - I$ 9.9, i 0, 0,-i, 0 
, 10-0, 09, ° 1, 0,0, 0 lo i 0, 0 
6). 208 150 0-4 0, 01. -L 0, 0, 0 


und ihre konjugierten einführen. Damit wird die Matrix der infinitesimalen Lorentztrans- 
formation ın aigebraischer Kleidung erhalten mit Hilfe der drei speziellen Matrizen 
Tg, Ty, Ts und ihrer konjugierten Te, Ty, Ts 
Die Spaltung der Matrix in zwei konjugiert komplexe Faktoren geschieht nun sofort 
wie : i: 

(a) = [e (1 — (erat Bry + yr To fl — (ate Byte] @) 
Der Grad der N&herung in (2) ıst, wie man es merkt, der gleiche wie der der.Matrıx (1), 
Mit 0 ist dabei eine reelle Zahl zu verstehen 


3. WICHTIGE EIGENSCHAFTEN DER MATRIZEN (ra, Ty: Ta) UND (ra, Ty, 7). 


Durch einfache Multiplikation bestätigt man leicht dıe nachstehenden Eigenschaften : 
(i) Jede Matrix der Art (ra, Ty, 7s) kommutiert mit jeder Matrix der Art (ra, Tys Ta) 

so, dass gelten i : MESE 
TERMS R (Tæ Ty 72). (Ta, Ty T, = (Fa, Ty, Ta) (Ta Ty, 7s) De: (8) 


um die Sache in kurzer Schreibweise auszudrücken. 


(ii) Es gelten : E 
ZEN 2 - 2 2 x E 
Te = l = Ty F Tr ar 
TyTg = dT = — Tg 
y^z w s’yı 
Po. Da: . k (4) 
= 7 M mi Tye = Ty = — Ts, 
faTy ity = are Joe 


` 
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für die Mabnzen (75, #,. 7). Die entsprechenden konjugierten Gleichungen, nämlich, 


3 -3 ' 3 
„= 1=n,=71 
i Tyrs = — iz = — tity (5) 
usw. 


gelten lür die Matrizen (r, zy, Ts). 


. íi t 


&. ZUSAMMENSETZUNG ZWEIER EVT. ENDLICH VIELER (n) INFINITESIMALER _ 
LORENTZTRÄNSFORMATIONEN, 


Setzt man zwei infinitesimale Lorentziransformationen zusammen, so hat man für 
die Produktmatrix mit Hilfe von (2) 


(a CE) = [Le {1 elaste + Bary + y,723] [6709 {1 — (Gyre 
+ Baty yare)}}: [ofl — (airs Bıry + yir] [67 841 — lan + Byty + vir] 
= [oft {] — e(a sra + Baty + yats)} {1 —e(ayte + Byty t+ yard} 
[07160911 — (agra + Baty + YarsHL —(@yre + Bıryt yi] 
mit Rücksicht auf die Vertauschbarkeit [Gl. (8)] von (ra, ry, Ts) und (Tæ Fy Ta) 
gegeneinander. Setzt man nun zur Abkürzung mit Rücksicht auf die Multiplikations- 
gesetze [Gin. (4) u (5)] von (re, Ty, 73) bzw. (re, Tys Ta) 
gi *6)11 — e(a,ra + Bary + yr) — eat, +Bry tyra} = d, — Ogre — bary — 0,7. 


und 


et] — 6579+ Baty + Yate) {1 — (ava + Bity t yn) = da- da = bary T7 6373 
so findet man obne Mühe 
di- ai= bi-o} = eto) fl — e'(o3-- B3 ya)}-{l—e*(at + Bi + yD} 


‚und - 


abi d = oUt e(a} + Brev] (L e(t + Bb 70] 


Setzt man nun dem erhaltenen Produkte noch eine dritte infinitesimale 
Lorentztransformation hinzu, so hat man für das Produkt : 


(A): (5) (E = [eL -elasta + Barra) 
[671 — (572 + ÊaTy + YsTa)}] - (d — Ogre — dary — 0,75) (4 — Gat — bary — Cats) 
= [e^ü- elasta + Bary + yr] (da — aura — bary — Cats) i 
[67 — e (aar + Bary vera] (da -are bury Oats) 


= (d, — dyta— Dat, — 0373) (d; = dts = bar, uz C375) 
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zur Abkürzung. Man findet dann ebenso wie oben 
d-a-bi-cd = ef] — e*(a3 + 82 - y3)}(d3 — a3 — ba — c1) 
= — e(a$ + 83 + y3)) HL — e” (a3 + B8 + yal — e" (e3 + B1 y 
ud — q. 2 br-or- ——Ó —e(o3 + B1 +73) 
{1 —67(a} + B3 + yiL- er + B Y] 


Verfährt man in dieser Weise weiter, so findet man für den Fall von n aufeinander- 
folgenden infinitesimalen Lorentztransformationen das Produkt wie 


(Cans CEDA), = [oO rofl olante + Bary + Yara 
st {lelara + Baty + yao HL — (rat BTY t YT] 

© [mt HNI — cute + Baty + Ynte 
Lm elasta + Baty yan E — elt, Ta + Bye rH 


= (de Ayra— bar. y^ Cuts (dy = Into "S "ty = Cars), (8) . 
." wobei gelten. 


—aà-—bà-cà = eO... — e? (o3 + 83 + ya} 
{1a} + 63 + y3} {1 — e° (a3 81 y 


HAE (7) 
d; — ag - bà - pectet ran + BR +58) 


cicer + Bre yai ce (at + BF + 7D} 


B. AUFBAU EINER BELIEBIGEN ENDLICHEN LORENTZTRANSFORMATION DUROH 
ZUSAMMENSETZUNG UNENDLICH VIELER INFINITESIMALER 
LORENTZTRANSFORMATIONEN 


Setzt man in den Formeln (6) u (7) 
(@,, By, yi = (a, Bay yi He = (es. Bs, yn = (a, B, y) 


und zur Abkürzung noc 
f Era Br, yr, = T 
so erhält man an deren Stelle ; 


[elle +. &e2(1 — eT)» ] [eet - 62. — eT)^] 
= (d, — Gara — bnTy— Os 3) (ds, - Ante = Baty Ont) 


und di-aà—bi-cà— gil, - +) SL all + B - y!) 


da = a2— bz es cà = gc... 02. {1 -g d Ca tBIRYyUP 
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Geht man nun zum Grenzfall: 
e- 0 | ' 
` mit ne=1 . ; z 
n oo E 
‚über, so erhält man mit der Bezeichnung: 
x (dn, Gn, bns Ca)ato = (d, a, b, c) | 


ý (dn, ln bu On)n+o = (d, a, b, c) 


und-mit dem Ansatz: 3 
(Oit +++ +6,) = mr 4 8, 


wo m eme ganze Zahl ist und | |, 
d—ar, —br,—cr, = ei. Limes (1—«T)^ 


= exp (— Ti) 4 7 (8 
d—ar,— br, — Cr, = exp ( - T-i8) 
und d*—a!—b3—c* = exp (2i8) 
ee (9) 
d?—q?~b* —c? = exp ( — 948) 


Wie man es merkt, lassen die Gleichungen (8) mit Hilfe der Multiplikationsgesetze von 
(ray Ty Ts) bzw. (Fos Ty, 7s) [Gln. (4) bzw. (5)] die Grössen (d, a, b, c) bzw. (d, a, b, c,. 
in Funktion von (a, B, y) bzw. (a, B, y) explizite ausdrücken. Die Ausdrücke findet man 
ja leicht wie 
i d = 6? cosh (a? + B* 4- y?) 
= (a, b, c) = e5 sinh (a? + 8* +y) (a, B, y)/(a? +B? +y) 

usw. Wie es also'zu erwarten ist, sind die Grössen (d, a, b, c) bzw. (d, a, b, o) nur der 
Bedingung (9) unterworfen, sonst aber beliebig. 


Dementsprechend fassen wir das Endergebnis unserer bisherigen Untersuchung 
folgendermassen zusammen: Die Matrix einer beliebigen endlichen Lorentztrans- 
formation lässt sich ausdrücken wie 





^ 


(d —üT,— br, u er,)(d = atg——bry = CTs) 


mit 
t=|0, 1, 0, 0}, „=]0 0, 1, Ol, 7 =]0, 0, 0, 1 
1, 0, 0, 0 0, 0, 0, i O° 0, —i, d 
0, 0, 0, -i "o L00 0 0, d, 0. 0 (10) 
0,0, i 0 0, —i 10, 0 1,09000]^ 
und 
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Wir wollen.nun anmerken, dass die der obenstehenden inverse ‘Transformation 
anzugeben ist wie 


(d ara t bryt er,)(d + aTa + bryt örs), 
weil das Produkt beider 
= (d — arg —bry —erj(d — ar, — br, —67,) (d + arg + bry + er,)(d + az, * bry + 07,) 
= (d—arg—bry—crs)(d + ars + bry + or, (d >ar — bry 7:87, (d dcs + bry 4-673) 
= (d* — a? — b* — od — b30?) 
=1 
ist mit Hilfe von (10). 


6. Dre LORENTZGRUPPE UND IHRE FAKTORGRUPPEN 


Betrachtet man zwei endliche Lorentztransformationen, etwa 
© (dp dre byty eund, rare bryti) - 
und ' 
(dat agrat baty + Carz)(dy + agra t bary t 07,), 
* so ist das Produkt der beiden 
= (d t aaret bary 0475) (dy + a Te + Dyty + 0175) 
(d, + ara + baty + 0aTs)(d, + 0,72 + b ry t Orra) 
= (d' + a'ra + b'zy4- cr) (U a7 bz ETa) 
gesetzt. Dann ıst 
d^ — a b^? — c^ = (did aya + b,b; +0,03)? — (daa +d,a,) + i(b,0, — b.c). . 
= (d}— a? — b? —o3)(d3— a3—b3 — qd) 
und ebenso : 
| d? ar — b? — 5? = (dà —a3 —b2 —c1)(d2 — as — b1 —c). 
Daraus folgt, dass die Produkttransformation wieder eme Lorentz’sche ist, wei mit, 
Hilfe von (10) . 
1 (d^? — a^ +b? — o'?)(d* a? — b? c2) = 1 
ist. Im allgemeinen ist also die Bedingung $ 
(d3 =a? =b o(d a bean —. (11) 
entscheidend für die Lorentzgruppe. . ` 
Beschrankt man sich hingegen auf die Betrachtung der Faktortransformationen, 
etwa, 
dy + Gyre Dany ct 


und i 
dat aTa t Dary tOn 
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so ist das Produkt beider, wie schon oben gezeigt, 


= d’+a'tgt+b’ry +075, 
wobei gilt 


d?—-a?-b?_c? = (dà — a? — b} — c?)(d3 — a3 — b3 —c). 


Mit Hilfe von (10) ist aber dann 


dr —-a? —b2~¢6 = g?i(t-Fh) — gas. 


Entscheidend für die Faktorgruppen ist 1m allgemeinen also die Bedingung 


d* —a3— b? — 93 = 6%, } 


P-e- —0? = gt, 


- 


7. Dig ALGEBRAISCHE DARSTELLUNG DER LORENTZGRUPPE MITTELS 


PAULI-MATRIZEN 


Das Einsetzen der Ausdrücke von (rz, ry, 7s) ergibt 


Hm x d-azsc br, er, =| d, a,b, 


a, d,-ieo, 
b, ic, d, 
c, —ib, ia, i 


Eme beliebige Lorentztransformation schreibt man hin demnach wie 


gü[-|d, a b, e|[d, a, B, 
a 


y a, d,—ic, ib||a, d, io. 
Jyo b, ic, d,-—íia||b,—ic, d, 
yo c,—ib, ia, di|c, ib, —ia, 


\ 


(12) 


Wir denken uns nun die Lorentztransformation mit zwei Schritten ausgeführt, wie etwa 


y9]21d, a, ^b, c||p® 
y u, d,—io, ib | | po) 
yO | |b; ic, d, —ia |p 
: y? c, —ib, ‘ia, d]|]g(9 
für den ersten Sehritt und i 7 PNE 
9]=]d, a, b, ee | |e 
pt) a, d, ic, —ib g (0 
gi?) b, -ic, d. ia || 2® 
g c, ib,-ia, d||a® 


(18) 


(14) 
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für den zweiten. Aus Gleichung (18) folgt 
y +y® = (d+ co) +99) + (a — ib) (p + ip) | 
yO -yd = (d — c(gi& - 9) + (a + ibp — ig) 
yO — iid) = (a — ib)(g — g9) + (d -- c) (9 —ip™) | 
Duces UV dq] 
d.h. z 
| y+ y, yO —iy® d+c, a-ib gp +g, gO — ip! 

















yD + iy), ya —y™ atib, d—c | | gU 4 ig(3, gO -pO 
oder 3 N 
(y'0 +yVog+ yo, tyr) = (d+ aes t boy + copy) +post poy +r) (15) 


mii Hilfe der Pauli-Matrizen 











c=] 0, 1l, = Ls sea d 
l; 0 i; 0 0, -1 
Eine gleiche Behandlung der Gleichung (14) ergibt zunächst 
gl oO, pD [=| 20420, amio dro a-i 
pip, gM — gO) zig, 2-29 |] a+ib, d—c 

















und dann 


(9(9 + Wo, + Poy + glo) = (zt zo, zo, + tg )(d+doz+bay+co;) (10) 
Die Verbindung der Glà. (15) u (16) liefert für die volle Lorentztransformation die Formel ' 


- 






(y - yo, 4 yo, - y 7, = (d+ ac; bo, 4 cos) 






(200 + zo, + zs, + so) (17) 
(d +40, + boy + co) 
Über die Gruppenstruktur entscheiden auch jetzt, wie das zu merken ist? die Bedingungen 


(11) bzw. (12) für die volle Gruppe bzw. die Faktorgruppen. 
Tauscht man die Schritten um, elwa wie 


yO|=jd, a, b, c||g9? 
yol la d, ic, —ib | |g(v 
y9| |b, -i d, ia ||g9 
j y9| le ib, -ta, allge 


oder 
(y(9 + yo, t+ yo, + yOos) = (p) + go, + po, + gc) (d + doz + boy + co) 
2—1688P—4 
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für den ersten Schritt und : ^ ee re. Dn uL aio 


ght |da a, b, oe] a 


g a, d, —ic, ib|z? 
9 b, io,  d,-ia| |a? 
| o9 c, —ib, ia, d|jzO? 


oder ' : 
(9/9 + (Do, t pry + po) = (d+ og t boy + cos)(z( + 200, + 2009, + Pe) 


für den zweiten, so ergibt die Verbindung beider die gleiche Formel (17) für die volle 
- Loreniziransformation. Es hängt dies offenbar damit zusammen, dass die Matrizen 
d t avs t bzy 075, 
d ar, t br, t Crs 
gegeneinander vertauschbar sind, 


à 8. NACHTRAG 


Nachträglich sehe ich ein, dass die Ableitung de: Formel (10) auch anders, dabei 
etwas kürzer, erfolgen dürfte, falls man folgendermassen voigmge. Man nehme, 
nämlich, die Formel (1) für die volle infinitesimale Lorentztransformation in Betracht, 


setze sodann n Wiederholungen derselben zusammen und erhalte somit beim Grenzíall: 
e>0 
= - | mit ne = 1, 
n —> CO 


die Matrix der endlichen Lorentztransformation wie 
Limes {1—¢(7+T)}* = exp (— T — T), 
wó 7, T dieselbe Bedeutungen haben wie früher. Ersi dann spalte man die Matrix auf wie 
exp (— T--iB. exp (— T — i8) 
= (d— ars — br, — 7,) (d ^ ar, — br, —c7,) 
Mit Hilfe der expliziten Ausdrücke von (d, a, b, c) bzw. (d, a, b, c) zeige man dann 
l i d?—a?—b?—c? = eU | 


d? =g? — bt — e? = e7 
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ON THE FLEXURE PROBLEM FOR SOME. BOUNDARIES 
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1. The general problem of flexure for an isotropic elastic cylinder, on the terminal 
cross-section of which is placed a load in any direction in the plane of the cross-section can 
be resolved into two simpler problems: (1) the problem of a pure flexure (when the 
torsıon is nil when the load is supposed to act through a definite point on the terminal 
cross-section called the centre of flexure (Stevenson 1988), parallel to its original direction 
and (2) the problem of a pure torsion by a couple whose moment is equal to the moment 
of the load about the centre of flexure. The problem of pure torsion has been treated 
by Muschelisvilı (1929) and the problem of flexure has been treated by applying the 
function-theoretic method by Ghosh (1947). The method of solution in the above two 
cases, by the authors, requires primarily the determmation of a suitable mapping function 
which makes a conformal representation of the cross-section of the cylinder on the unit 
circle. 

In the present paper the function-theoretic method has been applied to find the 
solutions of the flexure problem for three boundaries: (1) inverse of an ellipse with 
respect to its centre, (2) two orthogonal circular ares of equal radii and (8) a loop of the 
lemniscate of Bernoulli. The solutions for the first two boundaries are believed to be new, 
while that for the third, has been obtained by a different method by Stevenson (1938). 

2. Let a pair of rectangular coordmate axes in the plane of the cross-section of the 


cylinder of length l be taken at its centroid and let the central line of the cylinder be _ 


_taken as ‘the axis of s, and = P, and P, be the components of the load parallel to œ, y 
directions respectively. ItJ,,, Iz., I,,, be the moments and products of inertia of the 
cross-section about the axes of z and y, and 


k, = (P.I, — P,1,)/(11,4, — 143), k, = (P,1,,— P,1,9/ (11,5 la) (2.1) 


and —k,/(2n), the twist per unit length of the cylinder, the complex torsion flexure 
function 18 s (Ghosh, 1947, p. 12) 


f= -iWea e kr ay 

where fo is the complex torsion function for the boundary, and (Ghosh, 1947, p. 10), 
= Qi +2o)a’ dE TEE: Ai (2.8) 
7 = yy + 2o)ie? +f,,+0+o)f,,, Ld 4) 


(s Dus equal to avi: 

Let z = e(t) be the mapping function which gives the conformal eher of 
the ‘cross-section of the cylinder‘on the unit enole (6 < 1) and let y denote the cireum- 
ference of the unit circle. Then f, is Een by (Muschelisvili, 1929), 


LA xe 


Peres ee - 009 


ind 


* 
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and the canonical complex flexure functions fi, fi, fau faa are given by (Ghosh, 
1947 , pp. 10-11), - 


futia = -E f BOLSO ag 2.) 
fu-ifa = kn u (2.7) 
-— - -+ J dt l petas x (2.8) 
ha as = = f dt J enlarge, (2.9) 


It may be noted that fo, In, fa and fin fan fies far ave all analytic functions of # m 
the z-plane for (he cross-section and are therefore analytic functions of € within y. 


The coordinates of the centre of flexure are (Ghosh, 1047, p. 7) 


IN,—1,N, I,N,—I,N, 


la) 77 Arena) (2.10) 
where (Ghosh, 1947, p. 12) 
N, =J * 10—-20)J,,, N, = J4—1(0 7-20), (2.11) 
Fı=tR f (QOVAR | o(t)o(1/0)df ,.(t) (2.19) 
Y y 


Jn = AR f «poaipar ++ Rf senio. ^o a9 


Ia-ia = -1 f LOOP. (2.14) 


3. We consider an isotropic elastic cylinder the cross-section of which is the inverse 
of an ellipse with respect to its centre. The centroid being the origin, and the coordinate 
axes being the principal axes at the centroid, the function which maps the cross-section 
conformally on the unit circle is (Bokolnikoff, 1046, p. 176) 

: k 
Fre 





(a>1,k>0) (8.1) 


The solution of the torsion problem for this boundary is given by Sokolnikoff 
(1946, p. 178) as, 


o 


2 = ia®k? i 
fb = LIEFT (8.2) 





From (2.6) and (8.1), zi ut dz 
A (c? +1/ 


utifa = prr a3)(c* xai) 'e —C 


à 
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‘Lhe singularities of the integrand within the umt circle y are ¢, i/a, —i/a and we 
have by Cauchy’s Theorem of residues, 





DN t? art 
se avem were! (2-9) 


From (2.7) ad (8.1), 


‘ 


fii = c do 

Mo TEES Ag ta?) (ao? - 19 oT 
'The singularities of the miegrand eue y and a cirele of large radius being ai, aud —ai 
and the integral taken over the large circle being zero, we have 


` 


O ua. s eui | 
hi-ifa- 3(a* - D ai (3.4) 


Therefore from (8.8) and (8 E we get, 


er k a? (a? +1)? + LE =; 
fa = los SUCRE M CES 1)?(@? ee cul (8:5) 





ae as a*(a* LE (i 
^ = T eser uet enl = 


We calculate f, + fs, from (2.8), and we have, 


D 


A 
f [o(7)]*w'(1/) 7, E ej o? (a?c? — 1) de 
oo —t) (a? -- o?) (a0? - 1)! o-U 
The singularities of the integrand between the unit circle y, and a circle of large radius 
are ai, —ai and the integral taken over the large circle being zero, we get the integral 


= —h*.2rifsum of the residues of the integrand at o = ai, and e = ~ai] 
2 anits| 4 a” +6at+1 (at +1(C — a?) i} 
; 2(a*—1)° (cU) 2(a* — 1Y (C3 + a?)? à 


‘Therefore from (2.8), using this result, we get 





8 4 l > 
=pl + 6a* +1 3 16 a'+ |. 4. 
l fia tifia gafa tan > e u ES el (3.7) 
We calculate {,,—if/,, trom (2.9), and we have 
- d o(a — o?) de 
fado) ee e 
fiuo sem | (FH HE 
and proceeding as in the last integral, this is 
= —Qmik*[ sum of the residues of {he integrand at o = a, and e = —ai] 
. 2a*(a* +1) a^ (a? — 0) ] 
= - e| ne 4——— a |, r 
e Ea EEF 
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Therefore : 
N = ala! + 1) e c a? < 
ha ifaa 7 — 1] 724 (ai Tq tan ra + er (8.8) 
From (8.7) and (3.8) we get : 
= k [-&=4, “I $ i 4 
ha 4 ala? + 1)° tan A + arrera! (8.9) 
_ „ik a?+1 ape l 
faa e tan a + eae}: (8.10) 


To complete the solution, we require the values of k,, k,. Sınce, the axes are the 
principal axes at the centroid, we have from (2.1), 


k,=P,/I k, pops 


Also we find at once, zk 
T2 8. 090486 4. 142 
z | Say (a* — 2a5 + 4a*— 2a? +1), 
L,- iuc dui (a* + 2a* 4- 4a! 4- 2a? - 1), j 


the centre of flexure is obviously at the origin. 


4. As a second example, we consider the tlexure problem for an isotropic elastic 

, cylinder whose cross-section is bounded by two orthogonal circular arcs of equal radii. 

The mapping function which makes a conformal representation of such a cross-section on 
the unit circle is (Bokolnikoff, 1946, p. 181) 





=z- ee = 
Cae v au = NN. (4.1) 
‘Lhe torsion function is given by Sokoinikoft (p. 181) 
fol) = cac Eg FS (4.2) 
The flexure functions fin fa figs Jag me now calculated. From (2.6), (2.7) and (4.1), 
pw i — n9 2 d 
leti = ci / [2-0 20-09] - Metis (4.8) 
l ir - te M0 uil IL Foes ren 
ung J [1= à -e*4)[2- 1Jo* 21- 1/0] de. (44) 
we have, 2g? i 
, "E ; s(c-D ee eh ta (4.3) 
f ATE 7. do = Anit. poder. S (4.5) 
- eat 


Y 
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To-evaluate .-- - -- ee . -a EI 
Ls acts NUN 


olr —i) 


M: =fa- c^ — or) de, 


we perform contour integrations by a cuts along the real axis from —1 to — co, and 
+1 to +00, and we omit the points +1 and —1 by drawing small semi-circles with these 
points as centres and lying within y and omit from y, the parts mtercepted by these 
semi-circles. Therefore, the integrals taken along the remaming part of y and the two 
semi-circles can be evaluated by Cauchy’s Theorem of residues. It 3s seen at once that 
the integrals taken along the semi-circles tend to zero ag the radii-tend to zero. We find, 


1, = as [a 1] | T 


» = -m[a-o IL (4.8) 


'To evaluate 


ie aaa (1—1/o*)tdo, 


I, u= [a- ot -= 


we draw cuts along the real axis ion —lto +1 and omt the points +1 and -i by 
drawing small semi-circles with these points as centre and lying outside y. The integrals 
taken along the remaining part of y and two semi-circles are respechively equal to integrals 
taken along a circle 3 of very large radius. The integrals taken along the semi-circles 
tend to zero as the radii tend to zero, and makıng the radius of & tend to co we get 





L=- Drit, : . (4.9) 
. I, = Brit. i (4.10) 
To evaluate - (-o*-1 [c 
n e(c — Q 


I, afi g*)1(1—1/o?) com 


we draw a cut along the real axis dosi — co to + and er ihe integr als separately 


for the upper and lower semi-circles noting that the integrand changes sign as we cross 
the real axis. We get, 


- 








I ‚al-2 2c Est logs *8], : (4.11) 
S 1-5 ^ 
ios i (1— i) log i (4.12) 
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Hence from (4.3) using (4.5), (4.7), (4.9) and (4.11) and from (4.4) using (4. 8), (4.8), 
(4.10) and (4.19) we have 


we 





fuctifa = -UuEP I gi LIE log 1 IE 


d d zi 


V 


oa n d[n ;Q.0-720) 1,46, 20-0), LET. 
L--—lü + NEM S i DT 
fiif = -ijae PO a 0 att 
Theréfore i 
un d— 27, Tat 
(1-0) — l40)4 5.(1—t2y? its 
, fu = [- v) E TUS a tU a t?) lett], (4.13) 


-log 1*2], ——— (414) 











fa = Mae 2) a aie aue 
4 S $ x 0 T 


We calculate fia + if; and f; — ifa, from (2.8) and (2.9) and proceeding as before, we get 


fege s [Apt 4) 








[tor (Se = anil ta” Als]. 








Therefore 
: ! = 9 A 2 4 3 $5 7 ` 
hatifaa = - gu C) -2sn I (teg ERES...) 
ER | (1-0) -t 4 e 7 
fa- Un = Fa R +2 sin PET LE. » 
Therefore x [: 2 azer] 
13 9 t t H . (4.15) 
d fepe d ou. g 4 - 
l fs. = (te t +4sin (ors E E z+ To ) (4.16) 
Also, we get at once, k, = P,/I,, and k, = P,/I,,, where 
7 4 i 3 
lig. and Ips, 


The centre of flexure ıs at the centroid. The flexure pioblem for the boundary is 
therefore solved completely. 

5. Asa third example, we solve the flexure problem for a cylinder whose cross- 
section 18 a loop of the leminiscate of Bernoulli. ‘Taking the origm at the centroid, ihe 
corresponding mapping function 18 x 
2 = oQ —adtDi-sad. o0 (5.1) 
The torsion function for this is given by (Sokolnikoff, 1946, p. 179) 





_@itt, itive i 
MO = FF 8I0g S (5.3) 
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From (2.6), (2.7) and (5.1), we get ` 
: 2 d 
f sp = Jerome ze (5.8) 
T ae foren} Hı+l+-3u41/0)8 2: (5.4) 
We have, omitting additive eua: 
- f (1+0 " zm S (5.5) 
Y 
L doe , 
(1i pl = constant. (5.6) 
16/0 r-t 
YT 


To evaluate 


y aar 
em, 


+ "n de 
i I; le I =; 


we draw a cut along the real axis from —1 to — co and omit the point —1 by describing a 
small semi-circle with —1 as centre and lying within y. The integrals along the remain- 
ing part of y and the small semi-circle can be evaluated by Cauchy's Theorem of residues. 
It can be shown that the integrals taken along the small semi-circle tend to zero, as the 
radius tends to zero. "Therefore 





Ij = ri +t, — , (5.7) 
A pz aj[€ oTt 8/2 = iit Qi-i | (5.8) 
To evaluate p= [Gs pC «Ty ar, t 


t 
n= f (is 
^ c/ e-t% 


we draw a cut along the real axis from —1 to 0 and omit the point —1, by deseribing a 
small semi-circle with -—1 as centre and lying outside y. The integrals taken along the 
- remaming part of y and the semi-circle can be taken along a circle 3 of large radius. 
The integrals taken along the small semi-circle tend to zero, as the radius tends to zero, 
and making the radius of X tend to oo, we get omitting the constant, 


ES T, = Mil, : (5.9) 
I, — constant. (5.10) 


To evaluate d 
I -f[a«giasiuo T, 
: yee 
y : 





$ 
B—1683P—4 
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we draw a cut along the real axis from — oo to 0 and evaluate tho integral along y from 
c — 67* to o = ei*, and we get, 





EHER If $ (5.11) 
L =< (1+0 lo — > + constant 
5 Ta t) 81 iyt 


Hence from (5.8) using (5.5), (5.7), (5.9) and (5. 1D, and from (5.4) using (5.6), (5.8), 
(5.10) and (5.11) we get, omitting constants, 














hut ifa -f[ +! we E 3d 
Li, = @ P20 +08 | (224 5 EE E iiit 
fu ifa ~ “Po +3 Tus) pts = | +9) 087 end 
Therefore s 
fa So - D masoi- ME uü | (5.19) 
- EIN 1-24 SUE (5.13) 
fa = -5 [(e- —— pitts frasi 24 E897] 
We calculate "rA and f,4 —if4, from (2.8) and (2.9), and donus as e we get 
lolo) oode s i lriyt 
e" (o — 1) = via; + ye 8 i-iyi i 
= 1.178 dc _ . liq adar th lriyt] 
[een er] ert aio t'avt reared 
Therefore 
fia tifa = seca «o -4 per 
1 
4g Q0 m 14+0,- 4, Itii 
fata = ga OEE L444 ot He ivg og t] 
EE - e [Io masi- ehe LINE log 79] (5:14) 
no F 8 Wt ST ive a i 
ww n? E i(1+9 2 5.15 
fa = Spo +O +E ae gi- leg te og! YT. (5.15) 


It remains to find the coordinates of the centre of flexure 


We find at once, 
k, = Pill, and k, = Palla. 


The coordinates of the centre of flexure are given by 


N 


= MAL =0, 
"= toant U 


^ 
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We calculate J,,—iJ,, and J,, from (2.14) and (2.18) and we get 
s ia’T2 i 
Tuna = Spy n e 


and io evaluate E MD 
fe@sa/oan®, SO. 
Y Y 


we use the following results: 
[e 
fl Leet 16 "ur ds DUE ic + street i 














(0-2) e n 28) c.m tdt = (-3 bx 
[eS (2-8 zoo ont = as "a 


ffi ipsu = = (9r x? 45) 





Y 
[e-#3--2 5-2 arco puero = ~i( t an Oe 
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re 3 


[raf ze +or (14 1/01di = (16267), 


Iw EE: pes 
farois VOR —4r, 





1- + river 
Ta (1+ 1/9 log x i nir- 4), 











[ru oia + 1/04 log Sitat = -8 

„wi vo 
LL Liv ae 

[ene a? er] "WR 0. 


Fróm (2.18) and substituting these values in (5.10) we get 


MEET) 


From above and (2.11) we have, 
[EB] 


An?) - c(18— 5 — $27)]. 


Therefore a N 
3 (37-8) da i 





Rr sarot aia a aoe mero) 
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= Am, 


(5. 17) 
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If we replace o by o//1—c), the new o being the modified Poission's ratio of the 
generalised plane stress, the above result (5.17) is in agreement with Stevenson's result 


worked out by a different method. 
I am indebted to Dr. B. Ghosh for his helpful suggestions all throughout the work. 


BoorrisH CHUROH CoLLEus, 
CALOUTTA. 
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QUASI-GROUPS AND NONASSOCIATIVE: SYSTEMS—I 


Br 
A. C, CHOUDHURY 


(Received Sepiember 22, 1948) 
1. INTRODUCTION 


Sometimes ago, it was shown by the author thal a 8-web can be represented 
algebraically by means of a quasigroups. Since then, in a series of remarkable papers, 
Albert (1943, 1944), Bruck (1944, 1946) and others have made valuable contributions to 
the theory of quasi-groups. As this subject holds a key position in the theory of general 
nonassociative systems, if is now possible io unearth their mysteries to some extent. 
With this object in view, quasigroups and nonassociative systems will be studied in these 
papers in some detail, i 

A system of elements a, b.c etc. is called a quasi-group which 1s such that the 
third element of the relation ab — c is uniquely defined by the other two elements. 
This means that the system is closed with respect to the operation of multiplication 
and the equations az = b and ya — b are uniquely solvable for every a and b. In 
particular, the equalions az = a and ya =a are uniquely solvable for each element a, 
The solution of the equation aw = a is called the right identity of a and will be denoted 
-Dy e;4. Similarly the left identity e, of a is the solution of the equation ya = a. 
Hence m a quasi-group there exist a unique right identity and a unique left identity 
of each element, ‘These identily elements ure in general different for different elements 
and even for any given element, the left identity is different trom the right identity. 
This may be easily be seen from the example: 


^ a bcd £ 
ald a c b 
bed:b a 
E cia b d c 
dib c u d 


Here a(cd) = ac =c and (ac)d — cd =c. Thus a(cd) = (ac)d. But a(bd) = a.a = d, 
(ab)d — ad = b, i.e., a(bd) + (ab)d. So the associative law does not hold in general. 
The right identity of a is b and the left identity of a ise. — 

As (€;,a8)6r,4 = @ = 6,,4(06,,4), an element a is central associative to its identities. 

On the other hand, left identities (as well as right identities) of distinet elements 
are distinct, unless the assotiative-commutative law holds. ‘ne i 

For, let a and b have the same left identity e. Then 


eb = b and ea =a. 
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Take an element c such that ca = b. Then 


eb = e(ca) and b = ca = c(ea); 


80 
e(ca) = c(ea). P ! 
Thus if the left identity e of a is also the left identity of another element, then there 
exist a certain element c associative-commutative to e and a. 
It is easy to construct quasi-groups in which all elements have the same left identity, 


For example, in the quasi-group whose multiplication table 1s 


|a b c 
ala b c 
ble a b = 
cib c a 


a is the common left identity and there is no common right identity; Such a quasi-group 
wil be called a left loop. On the other hand, if the quasi-group has a unique right 
identity for all elements, then it will be called a right loop If a quasi-group is both a 
left and a right loop..then it will be called a loop. This name loop is due to A. A. Albert. 

In a loop the identity element ıs both sided. ` For if €, 1s the left identity and 6, 
is the right identity, then 
6,64 = 6, as &, is the right identity » 


and 
6,6, = 64 88 6, 18 the left identity. 


Thus 
à 6, = es. 


An infinite right loop will now be constructed. ‘I'he method of construction may be 
called ‘the method of distortion." In an infinite additive group G, define a product 
a*b = a—b where a, b are elements of G and the difference a—b is the inverse operation 
of the sum defined in G. For this multiplication 

l ab = a—b, b*a =. b—a 


and 


8o 


(a*b)*c = a- b- o, a*(b*o) = a=b +c. 


a*b = b*a and (a*b)*o 4s a*(b*c) 
and the multiplication is non commutative and non-associative. The equation a*« = b is 
solvable uniquely, the solution bemg © = a*b. Similarly the equation s*a = b 1s also 
solvable uniquely; but the solution here ıs a+b which is the sum defined in the group. 
Thus the set of all elements of G form a quasi-group with respect to this multiplication. 

Ag a—0 = a in G, a*0 = a for all a and hence 0 is the unique right identity for all 
elements of the quasi-group. But 0—a — —az-a in G; hence O*a Æa. 

So 0 is not the left identity ofu. 

Thus the group G become distorted into a rıght loop. 

If a quasi-group 1s associative, then it is a group and hence it has a unique both 
sided identity element. If weaker associative laws or associative-commutative laws are 


: 
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assumed then the quasi-group may or may nob havo a unique ei element. For 
example, consider a quasi-group in which the relation a(bc) = (ac)b holds between any 
three elements, Then, let a, be a fixed element. There exists a unique solution £, 
such that . 

Zolo = Ay. 
Multiplying with y, 


But 


Y (Go) = ya, 
y(2,a,):— (ya,)x, and hence (ya,)a, = yay. 


If a is any other element, then il is possible to choose y such that ya, = a; so that the 
above relation gives that az, = a. Thus the left identity of one element a, 18 the nght 
identity for all elements a including a, itself, i.e., B , 


E150, = Cra- 
Similarly taking any'other element d,, 64,4, = 65,4, 80 that 
Cia, = Opay 


Thus all Jeft identities are identical and are also identical with the right identity. Hence 
there exists a common both-sided identity element e in the quasi-group. 


Now put @=6 m the relation a(bo) = (ac)b. Then it reduces to be = cb and 
further a(bc) = a(cb) = (ab)e. The associatıve-commulative law breaks up into two laws: 
ihe associative law and the commutative law. "he quasi-group 18 therefore an Abelian 
group. 

Again consider a quasi-group in which the Bol-Moufang law (b(ob))a = b(c(ba)} 
holds. Then let a be any given element aud p any other arbitrary element of the quasi- 
group. Then there exists a unique element y such thal ay = p, a unique element # 
such that sa = y and a unique element æ such that az =a. Thus @ is the night identity 
ofa. Therefore a(za) = p and hence (a(za))e = pz. But 


` 


(a(za))z = a(e(ax)) = a(sa) = ay = p 


and hence px = p which proves that z is the right identity of both p and a. As p is an 
arbitrary element, œ is the common right identity of all elements of the quasi-group. 


Thus a quasi-group in which the Bol-Moufang law holds is a right loop, 


An interesting remark can be made here. A quasi-group m which the relation that 
if ab = cd, then ba = de holds, is called a semi-Abelian quasi-group. The relation that if 
ab = od, then ba = do was deduced from a closed figure called Dibbert’s figure m a 
8-web (Choudhury, 1942, p. 98). If a quasi-group is a semi-Abelian loop, then it 1s 
Abelian. For'if e 18 the both sided identity, ab = p.= pe ‘and hence ba = ep. But as 
e 18 the both sided identity ep = p and hence ab = ba. 

The relation may be called the semi-commutativity relation. Thus semi- 
commutativity in a loop (or group) gives nothing new beyond commutativity; but in | 


` 
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arbitrary quasi-groups the law behaves differently, It 1s easy to construc) an example 
of such a quası-group. Tor example, - 


flo 


& o c al 
na & oje 
R € o oo 
c oe a 

a m A AJA 


The relations here are 
(1) ab = ba = ed = dc = b 
(2) ac = bd = cb = da = d 
and ca = db = bo = ad—a 
(8) a=b dlg 
The commutative iaw signifies that the multiplication table of the system is 
. symmetric about the principal diagonal. The sems-commutativity has a similar, though 
more complicated, significance. The principal diagonal divides the table into two triangles: 
the upper triangle and the lower triangle. The semi-commutativity implies that 1f two 
. elements in the upper triangle (or in the lower triangle) are identical, then the two elements 
in the other triangle which are symmetric to these elements relative to the principal - 
diagonal must also be identical. and further that if an element in the upper triangle 18 
identical with an element in the lower triangle, then the elements in the symmetrically 
opposite places should be identical also. . 
One more remark will be made here. Each given element has four identity 
elements and so there exist four inverse elements of the given element, ‘Thus the 
inverse elements of « are the solutions of the equations 


l. 2, = Eng 2, GX, = bisa 
9. Yt = bra 4. ys = Eua. 
lf era = ena, then 2, = z, and y; = Yz 


2. Homotopy 


In the previous article, a right loop has been constructed by the distortion of a 
group, This method of distortion is very useful in the construction of quasi-groups and 
indeed it can be gencralised so as to get the more gener al notions of isotopy and homotopy 
first disscussed by A. A. Albert. > 

' First of all, let us use more general distortions to construct right loops and left T 
from a given quası-group. Let P denote an one to one reversible mapping: a — a, = P(a) 
a given quasi-group Q onto itself, Further, to every fixed element b of Q there exist 
two one to one reversible mappings of Q onto itself, namely a right mapping Ry: s — zb 
and a left mapping Ly:z — bz. Then Bj(zb) == and Ly(bz) =z. Now distort the 
quasi-group @ by the new rule of multiplication 


a*b = P(Pfa)Ly'P(b)) 
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where f is any given element of the quasi group Q. Now 
Ly*P(b) = Lob) = m, i£ b, = fm,. 
Thus \ 
a*b = P-'(P(a)L f P(b)) = P-'(a,m,) = P7 (b) it 4 = am, 
n =L 
Denote by Q* the groupoid obtained from Q by this distortion. It will now be proved 
that Q* is a left loop. Firstly the equation a*z = 1 is.unıquely solvable, For, as a and 
lare given, a, and 1, are known. Theu m, is determined from the relation a,m, = 1,. 
Thus b, = fm, ıs uniquely determined and hence also æ = P-'(b,) — b. Next in the 
equation z*b = 1, b and 1 determine b, and 1,. Then m, ıs given by 6, = fm, and a, 
is the solution of ym, = 1,. Fmally «= P-(a) =a. Lastly if € is an element such 
that P(e) = e, = f, then e will be the common left identity. For, 


e*b = P-!(P(e)Ly”'P(b)) 
s = P7(fm,) = Pi(b,) = b. 
But e is not the right identity. For, 
arte = i. LjP(e) 
a Lrf) 
= ics where f — fk, 
+ P’!(a,) = a, unless a, = a,h,. 
But k, can not be the night identity of every a, unless the quasi-group Q 18 a right loop. 
Thus Q* is a left loop. 
In a similar manner it can be proved that the quasi-group Q can be distorted into a 
ught loop by means of the distortion 
i a*b = P^(Rj7!P(a)P(b)) . 
where g is a given element, and into a Joop by means of the distortion 
a*b = P!(R,"!P(a)Ly'P(b)). 
The last result ıs due to A. A. Albert (1942). Here the eloment e where P(e) = " 18 the 
common both sided identity of the loop. 
The above-distortions are all special cases of the general distortion 
a*b = o,[e,(a)o,(b)] 
where 9,,0,,0, are three given nonsingular mapping of Q on itself. ‘Ihe distortions of 
this type are called isotopy and the quasi-group Q* is called isotopic to Q. — Albert's 
result ig therefore that there exists a suitable isotopy distorting a given quası-group into 
a loop. On the strength of this theorem, Albert restricts his discussions maınly to 
loops; but many interesting properties are obscured py this distortion. One such 
property is the relation of identity elements. - 
A more general notion ıs that of homotopy. Two -quasi-groups Q and Q* are 
connected by a relation of homotopy if there exist two transformations o,, 7, of Q and a 
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transformation o, of Q* such that 
: o,(a*b) = o,(a)o;(b). 
Q* will be called homotopic to Q. He,, e, are nonsingular iransformations, then the 
homotopy will ‘be called a simple homotopy. Homomorphism is a particular case of 
homotopy; for, ito, =o, =o, = c, then 
c(a*b) = o(a)o(b). 
Further, if o,, Ca, 7; ave nonsingular transformations, then 
a*b = o,'(v,(a}e,'b)) 
and hence the homotopy reduces to isotopy. 
In the particular case when c, =1,0,%, 0, = 7.0 j%, T, % being nonsingular, 
then an isotope of Q is homomorphie to an ısolope of Q*. For, 
e ,(a)o,(b) = 7,050,(0)r,7,0,(b) 
= 0,(6,)-o,(b,) l 
where we define a new multiplication x.y by z.y = rí(2)r,(y) and put a, = @,(a), b, = a,(b). - 
Thi new multiplication distort Q into another quasi-group Q,. Again asa = a,7'(a,) 
b = a,7(b,), 
j o,(a*b) = c,(a,(a,)*a,7 (b,)) = ofa, x b) 
where another new multiplication 
a, a,)*te,!(b,) = a, x b, 
18 defined distorting Q* into Q,*. Thus 


Tala, x b,) = es (a,).ms(b;). 
This proves that Q, is homomorphic to Q,*. 


The isotopy a*b = o,(a)o,(b) is called a principal isotopy. Q, is a principal isotope 
of Q and Q,* ıs that of Q*. Homotopy in this case is fume lo a homomorphism 
-except for principal isotopies. , 

Again, a simple homotopy can be resolved ınto two sımpler Aeneas Define a 
new multiplication a x b = o,(a)o,(b) m Q. This new multipheabion will distort Q intoa 
principal isotope Q, of Q. The relation o,(a*b) = o,(a)o.(b) then reduces to e,(a*b) = a xb 
which is also a special case of the general homotopy obtained by putting e, = c, = 1. 
This homotopy may be called a shear (or twist). Thus a simple homotopy can be 

expressed as a product of a princıpal isotopy and a shear. 

A shear homotopy o(a*b) = ab is an isotopy if e 18 a reversible transformation. 
A shear which preverses the identity relation for every elements must be the identical 
shear. For, if the relations ab =a and a*b = a hold at the same time, then g(a) = a 
for every element a. Hence o.is the identical transformation. A non-identical shear 
has therefore the property that there exist at least one element a whose identity element 
is changed, i.e., if a*b =a, then ab = e(a) a. Some more examples of quasi-groups 
obtained by distortion will be considered now. The following example is due to Albert. i 
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Let A, B, C denote matrices and apply on the ring of matrices the isotopic 
distortion A*B = e,(A)e,(B) where o,(A) = A, o,(B) = B*, Bt being the transposed 
matrix of B. Then A*B is a new matrix obtained from A and B by forming scalar 
products of row vectors of A with row vectors of B. The semigroup of the matrix ring 
is distorted mto a quasi-group. As Et = E, the unit matrix E remain the common right 
identity; but 1b 1s no longer the common left identity. For, E*A = EA' = Af A. In 

a similar manner one can get from the distortion of the matrix ring quası-groups in which 
the matrix product is formed by the rule "column by row'' or “column by column.” 

Certain other important types of quasi-group are obtamed from the Galois fields GF, 
by homotopic distortions, Define a new multiplication in the Galois field by the distortion 


arb = akbt 
so that e/a) = aë and o,(b) = b*. One can easily verify that 
` a*(b*c) = ařbřto® 


(a*b)*c = akb¥ct ` 


which shows that the associative law of multiplication is no.longer true. Denote the 
groupoid obtained by this distortion by the symbol GQ,.(k, 8). Though GQ,-(Kk, 8) i8 in 
general a groupoid, still ıb becomes quası-group in special cases. In order that the 
equation a*z = b may be solvable in it, 11 is necessary and sufficient that the equation 
&' = a7*b = c must be solvable in the Galois field. It is well known from the theory of 
Galois fields that every element c is an sth. power if 8 has no common factor with p" - 1. 
In other cases the equation z' — c has a solution only for some c. Hence i s is 
relatively prime to p^ —1, the equation a*z = b is solvable and similarly if. k as relatively 
prime to p*—1, the equation y*a = b is solvable, Thus GQy.(k, 8) is a quasi-group if both 
k and 8 are relatively prime to p^ — 1. ; 

^ Consider now the identity elements in the quasi-group GQ p(k, 8). Let 1 denote 
the identity element of the Galois field. Then f 

1*b = ]*b* = b? as È= 1. 

Thus unless 3 — 1, 1 18 no longer the common identity element. But ifs = 1, then 
1 wiil be the common left identity of the quasi-group. G@Q,-(k, 1) is therefore a left loop. 
In'a similar manner it can be proved that GQ,(1, 8) is a right loop. Combining the two 
results, one gets that GQp(1, 1) ıs a loop; but if k = lands z 1, a*b = ab and hence 
GQ,.(1, 1) becomes identical with the Galois field G Fp». 

. One important remark that will be useful later will be made here. In above, only 
the- multiplication has been distorted. If the addition is kept undistorted, then the 
system GQ,„(k, 8) is a system of double composition which is additively a group and 
multiplicalively a quasigroup. It is important therefore to find whether the distributive 
law remain true. Now it ıs well known that in a Galois field of characteristic p the 
usual binomial theorem holds; but in ihe particular case when the power is p", 
(a+b)P* = a?" + bP", Hence ifs = p™, 


a*(b-- c) = a(b +c)? = ak(b5--c*) = atb? +afc! = a*b + a*c 


LI 
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Thus only m @Q,.(k, p™) the left distributive law holds. Similarly oniy in GQ,-(p™, s) 
the right distmbutive law holds. Hence the both distributive laws hold in the quasi- 
group GQ,(p™, p"). 

If the addition is also distorted, then the system GQp(k, 8). will be quasi-groups 
both additively and multiplicatively. Such a system will be called a QQ-system Take, 
for example. a new addition a+b — a—b. ‘Then 

a*(b+c) = al(b +0) = a*(b —c)*, 
and hence conclusions about the distributive law similar to above can be deduced. Again 


apply another distortion a+b =14+tb, where rand t are two given integers. Then the 
distorted system will be denoted by the “symbol @Qp(k, 8,7, t). In general, it is 
additively a groupoid; but if r hp and t+ gp, p bemg the characteristic, it is a 
guasi-group. In this case it becomes a QQ-system. Here a*0 = O*a = 0. Further, 0 
18 no longer the common additive identity element in general. Indeed, 
0a = r0-ta = taxa i 
EE a+0 — ra-- t0 = ra ssa 
unless r=hp+1, t=gp+1, h and g being arbitrary integers. But in this case 
a+b=a+b. The distributive law holds no longer unless r = 1, t = 1. 

It has been obtained above that GQ,.(k, 8) is not a loop unless it 1s identical with 
the Galois field itself. So, 16 will be of some interest to construct from the Galois field 
GF, quasi-groups which are loops distinct from the Galois field itself. 

For this purpose, apply the distortion (defining the new product): 

a*b = abs ifa r 
= abs ifa =r, 

Denoting the quasıgroup obtained by the distortion as GQp-(k, &,, 8,) it can be easily 
proved in the same way as before that 

(1) GQ(k, 1, 84) are left loops 

(2 G@Q(L, 8,, 8,) are nght loops 

(8)  GQ(l, 1, 3,) axe loops. 
The last mentioned loops are distinct from the Galois field GF,.. ‘These cases were first 
discussed by L. E. Dickson (1905). l 

. 3. Systems or DOUBLE COMPOSITION 


D 


In the previous article certain systems have been obtained in which both addition 
and multiplication are defined. It will therefore be interesting to consider the different 
systems thal may possibly have two compositions, namely the addition and the 
multiplication. It is well known that a system is a group if the following conditions 
are satisfied : 

(1) ab belongs to-the system, 
(2) a(bc) = (ab)c, i.e., the associative law holds. 
(3) az = b. ya = b are uniquely solvable. 


E 
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Tt 1s. of course. enough to take a less restricted form of (3). the équations az = b and 
ya = b have at ieast one solution each. Now, ıt is possible, by taking some or all of 
these conditions, to get four kinds of systems: 


() Syslems in which only (1) holds. 
. These are called groupoids. 


(u) Systems in which (1) and (2) hold. 
‚These are called semigroups. 


(ii) Systems in which.(1) and (8) hold. 
These are ealled quasigroups. 


(iv) Systems in whıch all of the conditions hold. 
These are, as already stated, groups. 
The composition can be taken either as addition or as multiphcation even though it has 
been taken as multiplication in the above definition. Accordingly, the groupoids are 
additive or multiplicative. 

If a system has two compositions, one will be taken to be the addition and the 
other wil be taken to be the mulüpheation. Of course which one is the addition 
and which one is the multiplication is quite arbitrary. There are two options; one is 
called the dual of the other. Thus if the addition is replaced by the multiplication and 
vice versa, then a syslem is changed’ lo its dual system. The correspondence 


GT b ab 


18 the duality transformation. : 
A convention will now be made. A system which is a groupoid additively and a 
semigroup multiplicatively will be denoted by the symbol G48 where Ga signifies a 
groupoid and S signifies a semigroup. Similarly it will be supposed that groups and 
quasigroups will be represented by the letters G and Q respectively. ‘Then the systems 
of double compositions will be represented by a pair of letters like GS, GQ, GG, eto. 
The first letter will state the nature of the system with respect to the addition and the 
second with respect io the multiplication. ` 

: Sixteen types of systems are possible :— 

GaGa Gas GaQ G4G 

SG, SS SQ SG 

Ga QS Q QG 

GG, GS GQ GG 
Tho four systems of the main diagonal [ine of this scheme are self dual. Systems 
which lie symmetrically about this diagonal are dual to each other. 

Thus GS is dual of SG. The two operations in a system, say a GS system, "may or 
may not be connected by a distributive law or by any such law. For example a GS- 
system with both sided distributive law is a ring. A lattice is an SS-system; a field is 
a GG-system. 

Systems in which the associative Jaw is not satisfied are systems like G4Q, SQ, 
QQ, GQ and their duals. Here these. non-associatıve systems will be especially 
considered. They have a great many interesting properties. 


zxf 
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Non-associative systems have been studied very little, though some examples were 
known even at the time of Cayley, who came across non-associative systems in his study 
of biquaternions. Later Dickson proved that this system is a quasigroup multiplicatively. 
Let q.¢,:+4.¢, = Q be a biquaternion where q, and q. are ordinary quaternions and 
€,2=—¢,. Then it can be easily proved thal Q(RS) + (QR)S and that the equations 
QX = Rand YQ = E are solvable. More recently P. Jordan has shown that a real 
GGa-system is of great impcrtance in Quantum Mechanics. Thus the subject has’ 
assumed a greater importance now-a-days. 


4, “INCLUSION RELATION. 


In this article, the identity elements of a commutative quasi-groups will be dealt 
with. As the quasi-group Q 1s commutative, the left identity is identical with the right 
identity of each element of Q. ‘These both sided identity relations are best studied by 
considering them as inclusion relations, ; 


If a is the identity element of b, ı.e., ab = b, then this relation will be denoted as 
a œb (to be read: a includes b). As the quasigroup Q is commutative, the two relations 
ab = b and ba = b implies thata = b. In terms of the inclusion relation this can be 
stated as a law cf symmetry of this inclusion: ifa > b and b œa, then a =b. But 
this inclusion is not transitive. For if it was transitive, then a > b and b > c would imply 
a>c. Thus ab =b, bc - c and ac — c; so that ac = a(bc) and bc = (ab)c. Butas 
€ = ac = be, 

a(be) = (abjc. 


This can be irue for any three elements a, b, c only if the associative law holds in the 
quasigroup. But then Q will reduce to a group and there. will exist a common identity 


"in 16. 


The inclusion relation a > b can also be represented in the following manner :— 


Let a circle represent the element a and another circle represent b. Then join 
contained b. The whole figure thus obtained is the graph of the inclusion relation a >> b. 
Graphs of all inclusion relations defined in a quasigroup taken together will be called 
the graph of the quasigroup. As the inclusion relalion is not transitive, every container 
and contained must be joined by a segment and an indirect connection through a third 
element is not permissible. Further it follows from the symmetry property of the 
inclusion that if a is joined to b and b is jomed to a, then a = b, i.e , this cycle of iwo 
segments should be non-existent. a 18 then an idempotent element. 


This inclusion ‘relation has interesting properties. Given any element a, there 
‘exists only one element e such that ea = a; but there may exist no, one or many elements > 
such that wé-=-é, Thus a is included in only one elemont e, but a may ınelude more than 
one eiemenig. In the graph of these inclusion relations, consider the circle representing 
a as a tank to be filled with water and then this tank has many inlets but only one outlet. 


- 
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The. number of these inlets, i.e., the.number of solutions of the equation za = a Lu -be (E 

called the weight of a and will be denoted. by the symbol w(a).. : 
wd If w(a) = 0, then a has no inlets; but it Mud desc 

a outlet. a can therefore be considered as.a source ele- 

ment. The-elements of this type will be important 

for our purpose. 

If w(a) = 1, then a has only one mlet and only one 
outlet and so no water can be accumulated there. « 
ean be called as a non-storage element. If, however, 
ais idempotent, then no water flows in or out of 
it and hence ais a stagnant element. Thus if every 
element of a quasigroup 18 idempotent, then the graph 
of this quasigroup will consist of circles having ono link between any two of them. For 
example, the graph of the quasigroup whose multiplication table is 





abe 

“ala c b 

‚bie ba 

* . eib a o 


consists of three circles with no link between them. p 

Ifw(a) =r, where r is any integer greater than 1 and may also be infinite, then 
water will be stored into it and the element a is a storage. 

If a quasıgroup 18 a loop, every element have the same element e as the identity 
element. Hence the graph of the loop will be a figure in which e lie in the centre and 
other elements around it. Water from ali other tanks flows into e. 

A given quasigroup determines ils graph uniquely; but is the converse trüe? Des 
a given graph determine a quasıgroup uniquely? The answer 18 evidently in the 
- negative. Two groups of the same order (finite) will have the same graph, yet they will 
bé distinct. The next question that comes on 1s: do the graphs determine classes of 
quasigroups? No attempt will be made to find the answer now. Only one remark will 
be made here. Consider, for example, the quasigroup - 


_|ja b c 
ajb a c 
bla c b 
cic b a 
Here ` ab =a, bc = b, ca = c, i.e, abc. 


The graph is therefore an orientated triangle The graph determines the_quasigroup 
uniquely. For if the inclusion relations are given, the elements in the positions (12), (23), 
(81) of the multiplication table are determined. As the quasigroup should be 
commutative, ihe positions (21), (82), (13) are filled with respective elements. The 
diagonal positions are still vacant. As every row and columt of a quasigroup must 
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contain all the clements, the elements in the diagonal positions are uniquely determined. 
The multiplication table is therefore fully known. 
Let us now extend this notion of inclusion to a QQ-system. If in this system b is 
the additive identity of a, then this relation will be denoted by the meea relation 
a cb. 
In general, this inclusion ıs distinct from the multiplicative inclusion a «c b. But in 
perticular, one may be the converse of the other. 
If the additive inclusion is the converse of the multiplicative inclusion, then a ze b 
implies b 2a and hence ab = b gives a+b =a. Thus 
atab=a, (a4b)b =b. 


The necessary and the sufficient conditions that the additive inclusion in a QQ-system _ 
is the converse of the mulliplicative inclusion is that the equations 


araz=a, QT = TT, 
as weli as the dual pair of them 
OU a(a--z) =a, at+z=2 
must have à common solution for every a of the system. 
For, if a œb and a & b it has been proved above that 
a+ab =a, ab=b 
i.e., the first pair has a solution. Conversely, let the pair of equations has a common 


solution b; then 
a+ab =a, ab=b 


i.e., ab =b anda+b = a which proves that a z b and a € b. Dually, the equations l 
alata) =a, a+tt=g 
have a common solution. 

The conditions require that the additive weight w,(a) and the multiplicative weight 
w,(a) must be greater than one. If w,(a) — 0, then a 15 a source element of the 
multiplicative mclusion and must therefore be a smk element of the additive melusion. 
Otherwise, there would exist an element b additively containing a but not being 


contained multiplicatively ina, This is impossible as every additive inclusion implies 
a multiplicative inclusion. 
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ON A GENERALISATION OF LEGENDRE POLYNOMIALS 


x 5 By 
A. SHARMA 


(Communicated by Dr. S. C Mitra— Received September 18, 1048) 


1. Kharadze (1985) has recently generalised the Legendre polynomials by replacing 
the integral by the functional operator . 


I f(z)\da = F(1)+ Po) +.» t aF lat?) (1.1) 


where P'(e) = f(z) and J, a, 07, .. . , 0*7! are the roots of 2*—1 = 0; k being a positive 
integer, For k = 2, 


Hor "n = p Kada. 


Kharadze (1949) has given the Goiesponding Rodrigue's formula and the differential 
equations corresponding lo the polynomials Qs(), which satisfy the relation 7 


I Qala)ola)de = 0 " ag) 


where (z) is an arbitrary polynomial of degree n-1. 


The object of this paper is to prove the results of Kharadze and to obtain some 
interesting relations between the polynomials Q„(2), in analogy with Legendre 
polynomials. On taking the differential equation as starting point, we obtam the second 
solution, and its relation with Qg&(z). Also ihe associated functions corresponding io 
associated Legendre functions are obtained and their relations with Bessel funelions are 
-deduced. Lastly, we further generalise the polynomials Q„(2) m analogy with ihe ultra- 
spherical polynomials (Sz&go, 1039). 

2. From (1.1) it follows that ' 


I(pamkda = b (em 4 1) and Iade = 0, 


when r is an integer #2nk for any value of m. From this we derive by an elementary 
method the folloying ` - 

For n — km, Q,(2) has only terms of the type 2" and for n = km--1, Q,(z) has 
only terms of the type 2 *' ; for other values on n, Qn(#) vanishes identically. 

The foilowing theorems are easy to establish . 

Theorem I. The following linear relation holds'between Qin(z), Qkmebs,(#) and 
Qem-K2) for & > 2. i 

Arm(2) = Ae 7 Qu a. (2) — C. Qin) 
= Á= 2m ad C= = Oman 11 — mim ict 0. 
Amt" Cim—k Gm —k-H1 : » 

6—1688p—4 


where 





* 
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We denote by akm the coefficient of the term of the highest power in Qia(2) and ae the 


coefficient of the next highest term in Qu (2). Similarly for a14 x41, al ry ete. 
Theorem II. The following linear relation hoids belween Opmzı[2), Qua(z) and 


Inm-r+1(2) T E 
. Qrm+ı(2) = A12 Qu (2) — Cy Qi - ik i(2) 





where ` 
` Bk Ükm Hl Gs —ük aja 
A, = mM and €, M m m em m+i > 0, 
bm Akm O,m—14-1 
If Qza(z) and Qa. ,(2) satisfy the relations (A) and (B) viz., 
IP iQ (z)Pda = 1 (A) 
ned = 1, (B 


we obtain from Theorems I and II, the following: 


Theorem III. If {Qim(2)} and (Qus. ,(2)} satisfy (A) and (B), then for any two points 
£5, #, we have the following relation. 


im. Sho Eee) c (tcl) — -$ Qal) Qr(s;) + ae >) Qu 8) Qr (29) 


(a® and gè being real). 


Lastly we observe that the zeros of Q4(s) are n in number, and are symmetrically 
distributed on the lines joining the origin to the pointe, 1, æ, o3, . . ., ab, 


8. We derive now the analogue of Rodrigues’ formula for the polynomials Q,(s). 
We use the notation: ` 


feas = OM), fo f 0.29 = Q) ana (eis ets = elt. 
1 1 1 1 f 


Smee 


1 
J Qum(#).F(a)de = 0 


^ 0 
where F(z) is an arbitrary polynomial of degree < km —k and contains terms of the type 
str, we have on integrating by parts x 


Qi? (0).P(0) + f Qe). Pr(s)da = 0. 


Since F(z) is arbitrary, we may take Fle) to be a non-zero constant, and this gives 
QÍz"(0) = 0. We then have 


f g^, PAORS F! a = 0, 
0 
Again mtegrating by parts, we have 


[| s i ds] 4 f Ip Fe) f "P f oe 
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where 


did 


D® = 
ma da a=? ds 


and DU) means that the operator DX) has been repeated rumes, Also Do = inw. 


Then on repeating the argument again and again, we have 


QU 0-0 r20,1...4. 
d: (—rh -1) Ber " 
Qim (1) x 0, t= 0, 1, oe m, 


Then since QÍ "7" (z) ıs a polynomial of degree 2km +1, which vanishes together with 


Dane (e =0,1,..., m—1) 
ab:2 = 0 and 1, we have | 


Dens Qi (s) = (1/ Atm) Di) (er — 1 (8.1) 
arly a ; 
Qumngr(s) = (Lf Arm DETTE eh 1ypmnh 02), 


I we choose Arm = k?"(2m)! and Aimi = k'™ (2m +1)! we get several interesting 
relations analogous to those for Legendre Polynomials. 


In order Yo find the differential equation which Qan{#) satisfies, we put 
j u = (at —1)m, 
Differentiate it and multiply the result by (s^ —1)/2*7*; then we have 
(ugt?) —1) = 9mk.us l 
Differentiating 1t again, we have 
(8 — 1). D(E) u + katt, (w [g57?) = UM 4 us) 


Applying the operator Dem to both sıdes, and pulus Dio? uc y, we have 


(s* — 1)D(y + kay! = mk(mk + 1)y. : l t (B.8) 
Similarly the differential equation satisfied by Qi io) is 
(at — 1)" + katy! = (mk + 1) (mk + k)yak-2. ` (8.4) 

4, Recurrence relations for Qys(2) and Quas (8) : 


On using the Rodrigue’s form for Qim(#) and Qim+i(#), we have 
Y 
8 
` Qus (8) — Qim-r(2) = (2mk -k +1) f 897 Qum ie i(2) (4.1) 
0 Z^ 


d " 
= Qui) — Qam-svsla) = Okm+1) | Qmlo)de. UD 
o . i 
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On obtamıng the coefficients of st", gmk in Qy(z) and the coefficients of gt "*! and akm-i+ı 
Im Qimsi(#) by means of Rodrigue's, formula, we have, from theorems I and IT, the 
following relations: 


, kmQy (2) = (2mk Lk 1) ki (2.257 — (mk — kh -- 1)901, (2) . (48) 
(km + 1)Qgu (8) = mk + 1)a.Qua (2) — km Qs. i(2) E (4.4) 
FOR these we easily get the following recurrence relations: 


Qu (9) = gh Qimir) 4 mka*-: *Qui— k+l) 
Qimtilt) = 8Qim(2) + (km + 1) Q2) 
#Qum(2) = Qim—e4(3) = AmQim{2) 


and 





l i (4.47) 
mtl) — Qus (2) = (mk —k + 1)25 Qus aae) i 
(2*—1)Qim(2) = kmg- 1Qin(2) — kak Orm-r+1(8) 
‘and 
(ak— 1-949) = (mk + 227 Qu si - (mk + 1)Qml) 2 x 
Also 
kam SL (km) " 
digi Ade =k f (Qina) de = = ple f "iP yn 
where dm 18 the coetficient of ak ın Qm ). j Ba 
Since ` 1 
" _ Qmk- k+1)(2mk—-2k+1)... (mk 1) 
iid k™ m | 
we have f 
(k) 271 us k 4.5 
I "iQua(s) de ote is . _. 2... (45) 
Similarly 5 
109,6 k EE CÓ: 
s "Oi i( de = Qmk+k+1° l ( ) 


Since Qxn(2) satisties the relation, 


1 
J Qim(#) dg = 0, r=0,1,... m>1 
0 
then from (4.5) we obtain on putting 25 - u, and Qsm(2) = Sw(s*) the following 
properties of S4(u) : . : 


1 
f §,,(u).u.wh-ldu=0, r=0,1,...m-1 
A f 


and 
2m "X 


Changing the interval of besito to (~1, 1), by putting u = }(l+x), and on comparing 
with the Jacobi's polynomial we have 


fs Sm à) ullk-idyu = 
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Quz) = Pa ek -1)— ,Fi(- m, m+1/k, 1; 1529). (4.7) 
Similarly : oi . EU 5 - A , 
Qin (2) = 2. PO VP (ooh. 1) = s, F.(—m, m+1/k+1,1; 1-2). (4.8) 


Since i in (4.7) if we replace m by —m —1/k, the hypergeomélvic form remains , unchanged, 
we have 


Q-tm-1(8) = Qua (*). 
—CQaamea(9) = Qi (8). 
8, On finding the solutions of (8.8) and (3.4) in series form we have 
Rim(2) = As ,F(m+1,m+1j/k; 2m+1+1/k; 0) |. 


Stalilarly 


and 
ns (#)_= Ag7tnt-t, aF (m 1, m+i+1/k; 2am+2+1jk; a). 


where Rym(2) and Rym+ı(3) are the second solutions of (8.8) and (8.4) voupaulively: 
Constants A, and A are to be suitably determined. 





_ If we put NS T - 
1 Qmk +1)... (mk t ka 1) (mk-- 1) 
and aes 4 - j 
ý = kr! 
(o (Amk+kr+lamktl)smir+k+) -o e = =- 
we have ] z i . à 
Y pH i g 
R g t 
Bunte) = f gas Es 
and 1 i ; 
3 & "iz D. dE ath - -— 54 
Fans) = J an Lg -— (63 


To prove (5.1) we observe that 
l Qrm(t) yere di = pen ik inhbeb Dim (- 1) y]. di 


which is a to z 


1 Tm reDDIm en 1/) 
d TOT@m+Tr+1/k+1) ' 





On expandmg 1/ (gh —t*) in an infinite series and on integrating term by term, which is 
jusufied if |2] 2» 1, we get (5.1). Similarly (5.2) is obtained, : 
From (5.1) and (5.2) we see that Rym(2) and Rim+:(8) satisfy all the recurrence 
relations satisfied by Qim(#) and Qna (4). 
From the differential equations we have also 


Rim(®) = imla) J ent 
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A d 1 
: Remei!2) = 9) f Feo" 


6. Since 2*7! / (z* — t") contains terms in powers of t^, we may express ib m a series 
of Qu, (f) under certam conditions, For if 


Dg = $, Ama). Qanll (641) 


where 
Aka (2) = (2k + 1) Rum) 


we have by means of (he recurrence-relations for Rim{s) and Qin(a) : 


_ (km + 1) (km +k) 


amk kF [Exm a (2) Q gu (0) ^ Qao (0) Rem(2)] 


2 (ark +1)( — &)Qa tB v) 


+ gE [RQH Ql Rale)] + ë- PRQ). 


Since 


kQ(t) = (k+ 1)9,(0)t*7 — Q(t) 
kRxe) = (ko 1)R,)sh1 — Ré?) 


^ and 


we find by means of the hypergeometric expression of Role) that 


pal Role) Ox(0) — Qo{t)Ri(e)] + (sh -P)Ry(2)Qo(t) = 257. 


- 





Hence 
53 - $ (ark + 1 Pao Beale) | = TOO ED ute Qua(0) - eR] 
Since 
Qut) = Omi) — - 
and 


1 . 
| Rem) | sS f t™(1 —f)mti-i | (a* — t) mm1] dt 
0 


-mij lm + Dm  1/k) x 
D(Qm+1/k+1) : i 
where p = |2|*—1, we find that the right hand side in (6.2) tends uniformly to zero, 
provided p> ł ien |2 2 4. 
Under this condition the expression (6.1) holds "T Similarly, 


“<p 


Ld 


187 1 ` 
aE > (2 mk + k+ 1) (5) Ran 4 1 (2). 


T. We observe that in the following integral, 


if t"(1— tmt (a* — t)-"-1k di 
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if |2{>1, we may expand (1— tab) mu and integrata term by term.* ‘This gives 
on simplification ” ` 


1 _Tim+1)U(m+1/k) . 
Del B Ou e k, k; R 
kai "Tom+irıjk) aFılm+1,m+1j/k, Z<m+i+1/k; 1/24) = Rmle). 


Similarly, i Rime (2) we have the following integral representation : 


Db ^ * 
Rim+ (2) = if im (1 — tak midt, 7 (7.1) 
0 


provided |2] 1. ; D 


8. From the differential equation (3.8) on applying thé operator, Di n times to 
both sıdes, we have 


(1-2) DEP — (9n + Ike. DES y + [mk(mk 4 1) -n®klk-1)-n{n+1)k]DEPy = 0, 
On putting pg y — v, we have 3 
(1- a) Diy — (2n + 1)kav! + [mk(mk +1) - n*k(k -1)-^(n--1)k]e = 0 (8.1) 


Putting v = (1—2*)7w, we have after some simple calculations the following equation 
in w: : Sei n2] 
(1-8 )D — kaw! + w| mem +1) - 7] =0 (8.2) 


The complete solution of this 1s given by 
w = a(1— 5)" DE Qum(2) + b(1—8*)"Dii}) Rae). 
Tf we differentiate (8.1) and divide the result by 2*-?, we have 
(1—25 DF! y — (2n + 9) ks. DEFY y 


+ [mk(mk 1) — (n+ 1*k(k —1) -n(n + RID EME! y = 0, 
On putting sien 
Di) y = ( 


we have after some simplification 


i= ghy RFD ky 


ü hon 2 7 w wet (mk +k=1)(mk~k+2) eer ok kon =0 (83) 
—4 


A complete solution of this is ^ 
pm a(1 — 2k FDI prin Qua (2) + b(1 — 2) HdR piri D p. (2), 
On considering the series solutions of the above differential equations we have 
^ (—1)-^D(m-n-1[k), ` 
imla = „En = . + gk 
ka (2) mn ram FM] =at” Ean- m, m+n+1/k;1/k; ab) (8.4) 


and EHe = CC DI Pim bn + LI 1) uan. 


Tim-k) 





s(1— ab) EDI 


\x F (n #1-m, m+n+1+1/k; 1/k+1; s") (8,5) 
* Term by term integration is easily justifiable, 


T^ 
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Also* — - : 


dte) em _ EMMEN! nk + L (mk ++) . ktnk—k+1 
fin’) nh oma a Jo. (mk+n ) 


x (1 — at ge) OP (ni -- n 4 1, m+n+L1/k; 2m tr 1/k--1; L/a*) 





kn! - Ekr*"(m +n) | k+l)... (mktnk+1 
Rim’ (0) = (mk+1).... Qmk+1) a Sh N 


x (1 — ak) (nk D'5 g7mk-nk-k, Pan n 1, mtn 12 1/k; 2m+1+1/k; 1/2*) 


Here Qk (a) and RE (a) are the first and second solutions of (8:2). Similariy QD) 
and Ri» (e) correspond to (8.8) ‘The constant factors in (8 4) and (8.5) are obtained on 
comparing the terms independent of 2; this is made easy by means of the following 
expressions analogous to Rodrigue’s formula: 


Qi) = us ucro 
Iz) = RD ne 


By means of the differential equation (8.1) we find that Qzz(z) and Qrr(e) satisfy the 
relation ; 


j 1 
J . Qinia).Qie(e)dz = 0. 
0 
9. An Identity. We now prove the following identity ` 


pba pmi _ yam _ kf (npn)! I(m-n-ci[k) 
rc enun ves (m-n)! T(m-nx1/k) 





xD "us (9,1) 
( 


To prove this we observe that the coefficient of z?” on. the right ıs equal to — * 


(yen Im + 1)T(m nr kkm nD + n+ T (m n + 1/hy T 
I(m-n-r-1I)(r--11Lm-n-1)m-—n-1/k)T(r1/R) | (9.2) 





Collecting the terms contaming, z** on the left, we have the coefficient of z* on the left 





= kimran (ents D(2m +1)D(Qn+ D) (m 4» 4 1/&) T n m+n+1jk, T 
Tim—n+ 0+ n-r+ YNA? 9n—r41, 1/k 


(9.8) 


x y 


By a formula of Saalschütz (1809), we have 





p qu m+n+1/k, Po ^ Inr 2) —1/k -r)T(m n - T(L-1/R 4-5 — m) 
sta 2n—r-tl, 1/k = I'1—1/kF) Dan + Dn —m—-r-1—-1/E) (m 41-741) . 





* For n=0, we take unity for {mk+1j(mk+k+1).. . (mk--nke-E-4-1)]. 
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Using the known relation 





Daf T(t—2) = 


| we find on simplification that (9.8) reduces to /0.2). The identity is then established. 


By means of the identity we have 


1 1 i : 
Í (QE de = peers | CANDE -nd 


sin ns" 


kaim (m+n) D(m+n+lk) piim+kn j _ uim piena uem 
~ (Em) (m=i m-n, t Uca pant Ee gus 





k (mtn)! IUm+n+1/k) 








zm / 
2km +1 (m—n)! I(m—-n+1/k) (9.3) 

We also see that the following recurrence-relation holds good : 
a Qim (2) = (1- arnt ol Dim (2) + matt (17 ah) RD Qt (2). (9.4) 


Lhe relation can be seen to hold true on using the hypergeometric expressions for 
QVu() and Qi (5). - ga 

10. Relation between Bessel functions and Q% (2) and P (e): 4 
It in (8.8) we change the independent variable 2 by means of the substitution 
zb = m’k’(1— 2%) (10.1) 


then the transformed equation becomes on making, m — co, — 


Po 4 die gafy Pu = 


dw ade a 


Again, making the substitution 
2 = yy 


the above equation reduces to 


dw idw 7) E 
ae yay i =o 


; kn ak ONE 9 , 
$ — — = 2 yki € 
u ecd n pas zo) (10.9) 


Similarly ifm (8. 4) we make the substitution (10.1) we have as m — oo, 


dw k-1 ee mic y aR D- ^ 
dz? z d zt F 


Hence, we have 


Put 


Ir PAY: 0 ` 
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Then we have 


dw 1d = nk + kj2) 
Cin [; - eeu) r] =0. 


- 


Then as before we have 


2 k n (412 2 9 
lim eiz"[G m) | = g7 -2/2 Tanes( ze), (10.8) 


*i-koo 


11. We consider now polynorniale given by 
URAN) = g Dij (ien (11.0) 
_ and 


(1-2 QD) = pou Milz a e (11 0.0) 


Apne 1 


By the method of Art. 8, we find that QN satisfies the differential equation : 
(1— 25) DE y — (A + 1)key! + y'mk(mk 4 Ak - Dy = 0 (11.1) 
and for Marla), we have the following: 


(1-2 y" — ka*71(A + 1)y! + y(mk +1)(mk + Ak +k)at- = 0 (11.2) 
Also ` 
1 
f QOX(g)(1 — a5 eds = 0; (r-0,1,..., n-1, n — km or km 1) 
0 
follows from (11.0). This gives the followmg hypergeometric form for Q(z): 


0%) = = + rm m+A+1/k,A+l; 1-24), 
2m i A 
Similarly, 


2m + 2A + 
e£) = ( joan : g F(—m, mA 1[k--1, A+1; 1-24), 


4 
From these, on comparison we have 


1 1 T(Qm --2A 4 1D) -- 1) 


Am Km TOm+1T@m+A+ 1 A +1) 


and 1 _(-D  IQmc21-2)]PQ1) 
Apmis, OKUUUI(m-- 2024-1) (2m-A-2)" 





The following recurrence-relations can be determined from Theorem II and III: 
km(2m — Qin E (2m — 1)(2mk -- Ak -k+ yak QU) re) 


Be — (mk-k+1)(2m +21 — QP (2) (1.8). 


(2m + Dim +Ak+ VOR 44(z) = (2km Ak -- 1) (2m - 9A + + 1)2Q!(s) 
- — (mk +AK)(2m +204 DOP 410). (11.4) 
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Also by means of the hypergeometric forms of ae) and Pl), we have 


T OMe) = Er DO) 
and 
; d k 
— 5, 9 20) = DR). 


Also we have 


TOD ye etde = I(9m-c2A4-1)0( 102. Im+1)D(m+1/k) k 
i em) - at de Team 1I 41) Fre CT GET SERRE 





and 


1? (a) 2(1 zt) gk? d — fL (2m * 24 - 2). 1) 
EEE DRAHT) 





Im +1)I(m+1/k+1) k 
I(m +A+1)I(m+A+1/k+1) 2mk+Ak+k+1 


The second solution of RS (s) of the equation (11.1) is given by 





Re) = da ccysFneA, mtr Hk; Sm tA ee 1; 1j) 
— g*)- 
= 6) a ne di m+1/k; 2m+A+1/k+.1; 1/2®). 


The constants A, und A, being determined from the following: - 


1 D'(m t 1)P(m 4 1/k-2AX) 1 gto} km) (1 —t*)\dt 
k Dam +14+A4+1/k) P gb — tk 


We also see that the following integral representation holds true: 


(1- 25 RO, (e) yes 


REX) = 0-A JA DL — (jme -1 (gk — t) m-Uk qt 





1 ED T E |, quA (1 — foeEMk-1 (gk t-m- -kdt 
k Dmt m+ J, a co 


Similarly, 
RX) = arp Pn AL m+A+1/k+1, 2mM+A+4+1/k+23 1/s*) 
B.(1— 25) | TA 
= Fn t m+l/k+1, 2<m+A+1/k+2; 1/2) 


- _ Fam +1)E@a+1Dm+1+1ik+ı) f! po iicp 
~ Dam +22) Tti J, li (i Pd 





la-a f mt Hm (gb — t) m1 dt, 


j 0 
The values of B, and B, can be easily determined. 
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CIRCLES OF DOUBLE CONTACT OF A BI-CIRCULAR QUARTIC 


By 
Harmas BaccHi 


- Received August 31, 1948) 
INTRODUCTION 


The present paper, as ils name implies, deals with certain novel traits of a 
bicireular quartic with special’ reference to ils aggregate of circles of double contact. 
As is well-known, bicircular quartics are, broadly speaking, classified ‘as bicursal or 
unicursal, according as the deficiency (or genus) is 1 or 0. Unieursal bicircular quartics, 
derivable, as they are, from curves of the second degree by process of inversion, naturally 
admit of a comparatively simple treatment and will be accordingly ignored in the present 
paper. In point of fact, most of the properties of bicursal (bicirenlar quartics, when 
suitably modified, hold also for those of the unicursal type. 

As a matter of convenience the paper has been divided inlo four Sections; besides, 
there 1s an addendum. Section 1 treats of the general bicursal bicircular quartic and 
reckons with the inter-relations between the systems of circles of double contact and the 
tetrads of focal conics and of circles of inversion. Then Section II is devoted to the 
consideration of the special type of bicircular quartic, having one or more points of 
undulation. Section LIT touches very briefly on the ‘polyzomal’ characte: of the curve, 
whereas Section IV deals with the degeneiate variety viz., a bicursal circular cubic. 
Finally the addendum contains a few additional propositions. 

- Although the subject-matter is classical in origin and its antiquity dates back to the 
days of savants like Casey and Cayley, still my honest conviction is that a very decent 
amount of what appears in this paper is original with me. Even in the disposal of known 
results, I believe that either a sort of rapprochement has been effected between them, 
or else a new line of arguinent has been adopted. 

The subject has been maınly discussed from a projective stand- ein and its mode 
of analysis has been made as elementary as possible, having nothing to do with elliptic 
functions. Other papers, which have a bearıng on the subject and are almost nearing 
completion will, I hope; see the light of day in the near future. i 


SECTION I 
: CERTAIN NOVEL PROPERTIES OF THE GENERAL (BIOURSAL) BIOIRCULAR QUARTIO 


`d- As shewn by Dr. Casey, a bicursal bieireular quartic I’ possesses four ‘circles of 
inversion’ (IL, IL, IL, II,) and four ordered ‘focal conics’ (Z, X,, X,; X,). related to one 
another in such a way that, it (IL, E+) be any of the four cirele-conie pairs, the quartic T 
“is derivable as the envelope of the oo! circles, whose centres move on X, and which cut 


en 
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IL, orthogonally. For obvious reasons, ihe four families of circles are alternatively 
designable as the (four) determmate sets of cireles, that can be drawn so as to have 
double contacts with the given bicircular quartic I^; the subsidiary property that the chord 
of contact of any of ihe cıreles with I" should pass through one or other of four fixed 
points viz., D, A, B, C 18 a mere consequence of the fact of double coutact; itis scarcely 
necessary to add that the four points last mentioned are respectively the centres of the 
four circles II, II,, IL,, Il, and are otten called ‘centres of mversion’ of I‘. It is easy 
to see that each of the four systems of circles (ot double contact) embraces 
(a) bwo, and only two special circles of infinite radii, which are none other than 
(two) bitangents of I^; 
(b) four and only four special circles of zero radi, whose centres are (Plücker'g) 
\ . dociof I'; E 
fc) four and only four special circles of fowi-pointic contact with D' their points 
of contact being oyclio points (of I), 
In other words, closely linked with the four circle conic pairs vig., 


T, 3), (Hh, Xj. (IL, Xj) and (IL, X), l (1) 


there exist (i) four sets of circles of double contact, 
(ii) four pairs of bitangents, 
(iii) four tetrads of foci, 
and (iv) tour tetrads of cyclic points and four (associated) tetrads of circles of 
four pointie contact. 
For felicity of expression we shall use the adjunct ‘cognate’ in a special sense. Thus two 
or more circles of doubie contact, which belong to the same tamıly. and therefore answer 
to the same circle-conic pair (IL, 3,), wjll be spoken of as mutually cognate; the chords 
of contact of such cognate circles will, oi course, pass through a centre of inversion, viz., 
the centre of the related circle IL, — Similarly, two bilangenis, related to the same role- 
conie paw (IL, X, will be termed coynaic, and two foci or two cyclic points or two 
eweles of four-pointic contact will be said lo be cognate or non-cognate according as they 
do or do not belong to the i&muly oi circles, mitiated by the same cirele-conic pair., 
The above nomenclature being adopted, we may declare ‘at once that a bicursal 
biciveular quartic I’ possesses, 1n, general, 
u) four distinct sels of oo cognate circles of double contact ; 
(n) four distinet paiis of cognate bitangents ; 
un) four distinct tetrads ot cognate foci; : 
and (iv) four distinct tetrads of cognate cyclic points and also of (associated) 
cognate four-pointic circles. 
For the purpose of investigating the mutual relations subsisting among two or more 
cognate entities (e.g., circles of double contact or briangents or foci or cyclic points or 
Iour-pomntie" cireles),. it suffices to concentrate our attention upon any one of the four 
systems, defined by the four circle-conic pairs marked (I); for the intrinsic geometrical 
properties, bolding for any one of them, -must hold likewise for edch of the remaining 


three. 


s 
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To that end, we shall adopt an indirect lne of argument and shall, in the next few 
articles (2— 5), concern ourselves with only one of the four families of circles of double 
contact. 

2. At the very outset we shall make use of a lemma that, if L and M be the two 
fized points (real or imaginary), where a given circle S is met by a given right line T, 
the most general equation of a bicircular quartic, having double contact with S at L, M, 
may be written as i 

` í SS' = T?, (1) 

where S’ 1s the most general expression of a circle. involving necessarily four* disposable 
or arbitrary parameters. Consequently. if a given bicircular quartic I have S for a 
circle ot double contact and T for the related chord of contact, its symbolic equation 
must be ot the form (1), where S is a perfectly determinate (and determmable) expression 
ofacirele. An important inference can be drawn from this. For ihe very form of (1) 
signifies that S’ is also a (cognate) circle of double contact, whose chord of contact is 
located along the self-same line T. Thus with every circle S, having double contact with 
a given bicircular quartic, there is associated another uniquely determinute circle S! 
(of double contact), having precisely the same line of contact. Pairs of circles (S, S") of 
double contact—related to each other in the afore-said manner—will be said to be 
mutually correlated. 

Before we take to Cartesian analysis, we have to make a special choice ‘of the 
origin. Suppose that (L/, M’) are the two pomts of double contact of 8’, (L, M) being, 
as before the points of contact of S. Mark the centre O of the involution-system 
(determined uniquely on the line of contact T) by the two pairs of points (L, M) and 
(L', M’), so that 

‘OL OM = = OL'.OM'. \ (2) 

- If, as a matter of expediency, we take O as ihe origin of rectangular Cartesian 

coordinates and the (common) ime of double contact, vig., T as the axis (£ = 0), we 
may seb 


T = 2kg, (8) 
8 = r? +y? -29z-2fy +e, (4) 
and S' z a! +y? r2g'z 4 2fj +o, : (5) 


. Where. of course, g, fig’, |, c, k are all constants. Evidently the absolute terms in 
S and S' are identical by virtue of the equality (2). 
The bieireular quartic I’ being, as before, given by the equation (1), it ıs certamly 
the envelope of the series ot circles (of double contact), viz., ? 
` S -2AT 4 A*8' = 0, ^ (6 


where A is a variable parameter, Plainly for any particular value of A, the centre of (6) 
is the pomt 


» Manıfesily the general expression of a circle (e.g , S) A a arbitrary constants, although tho 
general equation contains only three such constants . 


- 


z 
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gtk+ _ f D) (7) 
+ L+A? I-A? 
and its radius 
_ Mig t 24k ME u FAY -e(Lt xp (8) 


Manifestly, when A varies, the centre-locus is the conie 2, given by 
[G —f)e- (g- gy + Ug Pg)! * 416 + Du P) = 0. (9) 

Further the Jacobian.of any three circles (A,, Ag, As) of the system (6), being the same _ 
as that of (8, 8’, T), 1s readily found to be no other than a circle (say, II)*, havmg for its 
equation e+y =e, (10) 

The irtesistible conclusion is, then, that the family (6) of circles of double contact 
(including within its fold the correlated circles S, 8’) have their centres situated on-the 
conic Z and intersect the Jacobian circle II orthogonally. To borrow Dr. Casey’s 
phraseology, 3 must be called the focal conic and II the associated circle of inversion, 
appertaining io the correlated circles of double contact S, 8’. To put it otherwise, (6) 
defines one among four distinct families of circles of double contact, the related eirele- 
conic pair being (II, X). f : 

Equating the radius (8) of the circle (6) to zero, we promplly percerve that the four 
‘cognate’ foci of T', that he on II, have for ther coordinates: 


+ Qpk + pig’ t2 ) 
(-! E = P, -i b. ) (u = Bay Bay Ps: fs)» e 


it being premised that 41, 4, fs, pa are the roots of the biquadratie in ps vig., 
(g + 2uk + p2g!)? + (f + pf — e(1 + p") = 0. (12) 


When, however, we look for the four-pointic circles, included in the system (6) 
we have io impose the condition that the two points of- contact of (6) with the envelope ' 
should coincide. Obviously this requires the two circles 

S+AT=0 and T+AS8’=0 


to touch each other, so that one (and therefore both) of them must touch their radical 
axis vig. 


S-8' (A —1/X)T = 0. 
The condition of contact is finally found to be 
_ (Pa e)fk. 2-1) +AQg—g)P A-Y + Ak)? 
— od*(f — f" — 2f — f')(g + kk? —1) e A(g - 9] = 0+ (18) 
Hence if Ay, Az, As, A, be the four roots of this biquadratie m A, the four ‘cognate’ 


eyclic points of [—that are situated on the circle of inversion IL -have for their Cartesian 
coordinates : 


* It can be directly verified that S, 8’, T being defined by (4), (b), (8), the (bieireular) Suerte, 
denoted by (1), inyerts into itself to, r. t, the auxiliary circle (II), o19,, (10), 
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[4 -PUHA etA -g + kA —1] a] (14) 
a UT Q 


where : 
Q = (f - A*ff(g —g") - k(A—1/A)] — (f — f) (g + 29Ak + A*g!) 
and A = Ay, Ag, Ag, Ay m succession. 
-Furthermore the tangents to I‘ at the four cyclic points—which are alternatively 
..designable as tangents,-drawn to T from the centre of mversion O—are given by 


Ug =g) + kA. —1][X)le-t (f - [y = 0, (15) 
whereas their osculating eweles—having four-Pointic contacts with I'—are given by 
(1 A3)(2? + y? c) - 2(g - 2Ak +A ghett y 0, - (10) 


it being postulated in both (15) and (16), that A is to take on the values A,, Ay, Ag, Au 
in succession. ' 

Thus we have taken account of the tetrads of (1) ‘cognate’ foci, (ii) ‘cognate’ , i 
cyclic points, and (in) ‘cognate’ four-pointic circles, that are intimately related to the 
circle-conic pair (IT, X). . 

It may beiemarked m passing that the bicursal bicircular quartic L' being of class 
eight, it must be possiblé to draw from the centre of inversion (0), 4(:8— 4) tangents 
(to I) other than the four lines (15), (whose points of contact are the” four cyclic points 
lying on II). These four extra tangents (form O) ‚will be reckoned with m the next 
article. 


3. Retainıng the conventions and notations of Arl. 2, we may represent the given 
(bicursal) bieireular quartic in the form. 


Ss’ = T, i (1) 
where ] - - 
S = g e-y*-2gz42[y--c, S' = a? y* -2g'z9f'y--c and T = ke, (2) 
tainly (1) can, by Elementary Algebra, be transformed into 
UV = W’, : (8) 


where U — 0 and V — 0 are the 8eparale equations of the two right lines, whose 
combined equation is 


gg")? + 4k*je*  2(f — f'(g - g)zy + (f ly? = 0 . 4) 
WzErtprlgrg)ert+fyte=0 | ~ 6) 


and 


is a circle 


Clearly the équation (3), mterpreted geometrically, means thal.each of the two 
right lines U = 0, V = 0 is a bitangent (or double tangent) of the curve I, and that ther 
two pairs of points of contact are concyclic, situated, as they are, on the circle W = 0. 

We are now in a position to account for the four ‘extra’ tangents (from O), as 
anticipated at the end of the previous article. For each of the two bitangenis Lakes the 
place of two ordinary tangents, that can be drawn from the centre of inversion O. 

7—1688P—4 : : 


17 


- 
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Accordingly, the aggregate number of tangents from O comes up to 8( = 4 due to 
the tangents at the fom cyclic points +4 due lo: the two bitangents). This disposes 
of the query suggested in the foregoing article. 

It 18 worthy of notice that the centre K of the circle W, viz., 


f- ilg +g), Al} , (8) 
is the mid-point of the line joining the centres (—g, —/) and (—g'. —f') of the cireies 
S, S8'. It ıs rather a tame affair (o verify another interesting property of the pomt K, viz., 
that it is the centre of the focal conic X, whose equation marked (9) in Art. 2, is 


[f—fe—(9—9")y + (fg fig) * + 4 (y Dy +f’) = 0. 
Remembermg ‘that the four focal conies X, X, X, X, of a bieursal bicircular quartic 
possess a common centre vis. K, we are entitled to finalise our conclusions in the form 
of two theorems, viz., 
Theorem I. If S,S’ be two correlated circles of double contact of a bicursal 


bicircular quartic I, the line, joining their centres, has, [or its middle point, the common 
centre K of the four focal conics of T". 


Theorem II. The four points of contact of any two cognate bitangenta of a bicursal 
bicircular quartic lie on a circle, whose centre is precisely the same point K (viz., the 
common centre of the four focal conica). 


&. Adhering io the notations and conventions of Arts. 2 and 8, we shall now suppose 
that the circle S given by 
À i 8 = æ +y? +ga +2fy +e = 0 AP (1) 
18 a four-pointic circle, (i.e., a special circle, having two coincident pomis of contact), 
and that . 
S! = a! +y’ x 2g'z r 2f/y o = 0 (2) 
is the correlated circle of double contact. ` 
As before, the bıeireular quartic I' 1s 
‘ 88! =T, (3) 
where E 
T = 2ke. 
Since the two poinis of double contact of S with IX must coincide at the cyclic point, 
(say, @), it follows that the chord of contact (vis., T = 0, 1.6., £ = 0) must touch the 
circle S = O at a, 
Consequently we must have 
P=e; (4) 
subject to thıs condition. the coordinates of the cyelie pomt « are (0, —/), and its centre 
of curvature (say, «'), which is none else than the centre of S, is (-g, —f). 
As is to be expected from other considerations, the cyclic pomt «(0, —f) musi, ns a 
consequence of (4), lie on the circle of inversion I, viz., 


e y? =o, | (5) 


^ CIRCLES OF-DOUBLE CONTACT OF A BI-C1IRCULAR QUARTIC "213 


Manıfestly, the line ea’, whose equation is i 
ytf-0 ; .(6) 


touches the focal conic 3, whose equation is, by Art. 2, at 
[(f — fne - (g — 9)y + (fa! —f'g)]* 4l (y + f)(y f?) = 0, (7) 


the actual point of contact being the point « (~g, —f). 
The adjoining diagram shows the mutual configurations of the special points a, a’ 
and the circies IT, S and the conic 2. 





Fic. 1 p 


1 1s now crystal-clear that the line ao, which 1s normal to the quartic I" at æ, may also 
be characterised as a common tangent to the circle of inversion II and the focal conic X, 
defined respectively by the Cartesian equations (5) and (7). j : 

From considerations of symmetry, we infer at once that, if B, y, 8 be the three 
cyclic points ‘(of D) cognate with æ, so that e, p, y, 9 make up the tetrad of points of 
intersection of the biemeular quartic’ L' with the circle of inversion IT, and if 9, y, & be 
the centres of curvature answering respectively to ß, y, ô, then not only a’ but Pr, y’, & 
will also lie on the focal conic 3, and at the same Lime the four lines aa’; BB’, yy’, 83! 
will be the, (four) common tangents of the circle-conic par (IZ, 2). The second figure 
shows the relative positions of the afore-said set of points. 





` Fia. 2 = 


lhus whereas the four ‘cognate’ foci of -the bicursal bieircular quartic I’, that 
appertain to the circle of inversion II, are the four points of intersection of II with the 
related focal conic X, the four ‘cognate’ cyclic pointe (a, B, y, 8), that-appertain to IL, 
are the (four) points of contact of IL with the (four) tangents, which it (II) hae in common 


E 
x 
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with X; moreover the other ends (a, B', y, 8 of ihe said common tangents arè 
respectively the centres of curvature of (a, B, y, 8). 

It is palpably piain that similar properties must hold for the other three teirads of 
‘cognate’ cyclic points, attaching respectively to the three enele-conie pairs: (II, Xj), 
Tr 2,) and (Ms, 25). 

The’ above result can, in any particular case, be made use of to ascertain the 
reality or otherwise of the cyclic points of any of the four ‘cognate’ teirads, (say a, 8, y, 8). 
For if « is to be a real cyche point of D, ilg centre of curvature o (situated on X) —and 
along with it the common tangenb aa'—must be real. Consequently the number of real 
cycle points of the ‘cognate’ tetrad (a, B, y, 8) 18 precisely ihe same as that of real 
common tangents of IT and X  Evidenlly this is the analogue of the corresponding 
theorem on foci, viz., that the number of real foci of the ‘cognate’ tetrad, attaching to a 
circle of mversion I, is just equal to the number of real points of intersection of II and 2. 
It 18 superfluous to add that, fora real bicircular quartic, the integers (N and N’), 
representing the numbers of real cyclic pomts and of real foci, belonging lo the same 
cognate tetrad, must be even; the connection between N and N’ can be easily traced in 
any particular-case. ‘Thus, for instance when II and X are wholly external to each 
other, N = 4 and N' = 0, and so on. . 

Returning now to any of the four tetrads of cognate cyclic points (say a, B, y, 8), 
as shown in Fig. 2, and attending to Roberts's theoremt, viz., that the algebraic sum of 
the reciprocals of the common tangents of a circle and an algebraic (plane) curve as nil, 
we immediately derive the relation : f 

Toi i 1 


abb BB T = + BEC 0. 

Inasmuch as the radii of curvature Pi, Par Pas p, Of Tat the points e, B, y, § are 
respectively equal to aa’, BB’, yy’, 89, we at once arrive at the following proposition : 

If pis Pas Pss Pa be the radii of curvature of a bicursal bicircular quartic at the four 


cyclic points of any of the four cognate tetrads, then* 


, 


ee 


hak —=0. 
Qi Pe Ps Ps 
An alternative enunciation runs thus: 
The algebraic sum of the curvatures of a bicursal bicircular quartic at any four 
cognate cyclic points is nil. 
5. We shall now talk a little about the evolute of a bicursal bicircular quartic. 
-In the first place we remark that, if « be a cyclic point on any given curve L'— 
which may or may not be a bıeireular quartic,—and if @ be the centre of curvature of I’ at 
a, then @ must be a cusp on the evolute (N), the associated (euspidal) tangent being none 





+ Cf R. A. Roberts's ‘Examples and Problems ou Conics and Cubics’, (1882), Ex. 887 (P. 181). 
* Needless to say, the algebraic signs (+, —) are to be sélected in a particular or definite manne: ın 
order that the relation quoted above may be valid. 
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other than the normal ee’ of the original curve Tata. When we apply this principle 
io a bieursal biexreular quartic I’, we find, at once, on reference to Fig. 2 of Art 4, that 
the normal to F at the cyclic point e touches both the curves (vis., Sand) at one 
and the same point e', this laller point being a cusp on Q; thus the line aa’, which is an 
ordinary tangent to. X al, is but the cuspidal tangent to Q at the (cuspidal) point œ. 
For obvious reasons, similar relations hold for the other three pairs of points (B, 8), (y, 7) 
and (8, 8), We may therefore summarise our conclusions in various forms: 


Theorem I. The evolute Q of a bicursal bicireular quartic Y' possesses, in general, 
sixteen cusps (real or ımagınary), which le, four by four, on the four focal conics 
X,2X,QXQXÀX- Furthermore Q touches each of these conics at the four cusps, lying on 
its periphery, the (jour) cuspidal tangents (to Q) bemg ordinary tangents to the conic as 
also to the related circle of inversion and normals to the quartic T at the four ‘cognate’ 
cyclic points, attaching thereto, / . 

Theorem IJ. If, for a given bicursal bicircular quartic D, (IT, II, IT, D,) be the 
jour circles of inversion and (3, X,, Za, X.) be the four corresponding focal conics, the 
four tetrads of common tangents (real or imaginary) of the four circle-conic paire (II, 2), 
p Xj), (IL, X), (IIl, 3,) are simply the siateen cuspidal tangents of the evolute, the 
uu cusps being seated, four by four, on the conics 3, 2,,-3,, X,. 


6. Before we proceed further, it is worth while to consider an alternative methodt 
of investigating the common tangents of a circle of inversion II and its related focal 
conic 2, 

It II and X* be taken in the respective Cartesian forms: 


a 
(e-f)? *(y-gP =k" and —— 1, (1) 
the equation of the bicircular quartic 1s easily seen to.be z 
(a? +y? +07)? = 4a (z—-f) xb'y-gy| where c? = k*-f'-g'. (2) 
. An arbitrary point P on II being taken as 
(f+k cost, g+k amt), (8) 


(where the parameter t is undefined), the tangent to II ab P is 
: zcost+ysint=p, where p = f cost+g smith. 
Imposing the condilion that this line may touch the conic 3, we get 


p! = a? eos? tb? sin“ t, } 
" 63 (f cost+g sin t+ k)* = a? cos? t b? sin*-t. 


(4) 





+ Cf. Hilton's Plane Algebraic Curves (1920). Ex. 15 (P. 309) and Ex. 6 (P228), wherein an indirect 
reference to the common tangents 18 piven. 

* For a non-degenerate bicicular quartic, the focal conica must be central (i e , elliptic or hyperbolic). 
The degenerate type of bicurcular quaitic (consisting of the line at infinity and-a circular cubic} and having 
necessarily parabolic focal conics, is here left out of consideration. \ 


’ 
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This biquadratie equalion in tan t/2 indirectly determines the four points of contact of 
the circle IT with the (four) tangents, which ıt has in common with X. . © - 

Observing that (4) is also the condition that the point P, defined by (8), may ‘lie 
on the curve I',-we infer that the four pomts of intersection of the circle II with the 
bieweular quartic I" are precisely the same as {he points of contact (with IL) of the four 
common tangents of II and &. 

Hence bearing in nund that (he four points of intersection of a bicireular quartic F 
with a circle of inversion are but cyclic points of I’, we are once again led to the theorem— 
proved in Art, &— viz., that ihe 16 cyclic points of a bicursal bieircular quartic are simply 
the points of contact of the four encles of inversion IL, TL, IL,, IT,, with the tetrads 
of tangents, which they have in common with (heir associated focal conics $, 34, Sz, Bs. 


2 SECTION II 
BIOIRCULAR QUARTICS WITH ONE OR MORE POINTS OF UNDULATION 


7. It 18 common knowledge that a plane curve, given by its point-equation, does 
not normally possess any point of undulalion; as a matter of fact, the possession of a 
point of undulation entails a sort of limitation on the nature of the curve, Plain 
reasoning shows that a point of undulation, when existent on a curve, may be regarded ' 
as a special type of cyclic pomt, the specialty consisting in that the circie, which passes 
through the four consecutive points, 1s of infinite dimensions so as to approximate (o the 
form of a straight line. IL follows automatically that, when a cyclic point ‘a’ of a curve 
reduces lo a point of undulation, its centre of curvature must move off to infinity so that 
the normal at ‘a’ becomes an asymptote of the evolute of the given curve. 

Let us now proceed to discuss the possible existence of a point of undulation on a 
bicursal bieireular quartie I. If we now refer to Fig. 2. of Ari 4, the fact stands out 
that the cycle point « will degenerate into a point of undulation on T, if and only if its 
centre of curvature, viz., the pomt e! (Iyıng on X) be at infinity, That is to say, œ will be 
a point of undulation of I if the tangent to II at æ be an asymptote of &, and conversely. 
Accordingly, the necessary and sufficient condition jor the bicircular quartic T to havea 
point of undulation is that an asymptote of one of the focal conics (say, X) should touch 
the associated circle of inversion IL; furthermore when this condition is fulfilled, the . 
actual point of contact of the said asymptote with 1I will be the point of undulation. 
Palpably the conditions for two or more points of undulation can be obtained by mere 
superposition of the aforesaid conditions. Thus the conditions—at once necessary and 
sufficient-—for a bicursal bicircular quartic to have iwo 'cognate'* points of undulation are 
that both the asymptoles of one of the focal conics should touch the corresponding circle 
of inversion. Inasmuch as the four focal conics %, E,, Z,, 3, have altogether 4x2 or 8 
asymptotes (real or imaginary), it follows that the total number of points of undulation 
(on a -bicursal bieireular quartic) can never exceed 8. Further consideration shows 


* Points of undulation aie here termed ‘cognate’ in the sense that they me situated on the same circle 
of inversion. . . 
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that ‘the highest“ number (of undulations) cannot even be as large as 8. For a bicursal 
bicweular “quartic has ordinarily 12 pomts of inflexion and cannot therefore have more 
than 6( = 3 of 12). undulations, the reabon being that a point of undulation 1s formed 
by the union of two points of inflexion. Inquisitive students may propose to- ascertain 
the precise number -of undulations, that a bieieular quartic can have under the most 
auspicious conditions, 

8. Leaving aside theoretical speculations, we shall now obtain the Cartesian 
equations of a bieireular quartic, actually possessing one or more points of undulation, 

As in Art 6 we may initially represent a bicircular quartic in the form: 

(z* + y? +07)” = 4{a?(x — f? — b*(y —g)*}, (e? = i? ~ a? — B*), 
it being supposed that a circle of inversion II and its associated focal conic X are given by 
z-[f-*(y-g? = e 
and i 
` z? 4 
l pope 

Expressing the condition that II may touch one (or both) of the lines y = + (b/a).z, 
we are squarely led to the following special results: 

(i) that the bicireular quartic, defined by . 


{orn SOT - a 


has the point 
: "y ` {aol toa) bg) blat + bg) 
+b? at n 


for à pomt of undulation, the tangent thereal being 
az+by = af bg; 
(ii) that the bicircular quartic, defined by 


[eer FEV = aee mien 
has two points of undulatıon, vis., 
a?f abf ) ( af abf =) 
(Fi a? +b? end arb) arb 
the tangents at which are respectively 5 


ale—f)+by - 0 and a(z—f)—by = 0; : 
(fü) that the bieireular quartic, defined by | | 


t 


has two pointe of undulation, vis., 














242 2 
ad Mey 


. 
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“abg a (- b?g 2.) 
(e are Bne cU eae) 


the tangents at which are respectively 





ax+b(y—g)=0 and az-b(y-g)- 0. 


Arguing from first principles, we can easily write down the general equation of an 
extensive class of bicircular quartics, having one or more points of undulation. It ıs easy 
to see that,  U=0 and V=0 be a pair of right lines, one of which (say, the first) 
touches the circle S = 0 at a point (say, P), the equation : 


- UY A) 


must denote a bicircular quartic, of which P will be a point of undulation, the tangent- 


at this undulation being the line U = 0. 


tt is hardly necessary to add that, when both the right lines U = 0, V = 0 touch 
the circle S = 0, the respective points of contact being P and Q, the symbolic 


equation (A) will denote a bicircular quartic, having both P and Q as points of 
undulation. 


As numerical illustrations of the above proposition, we may mention that of the 
two bicireular quartics: 
(a? + y? — 8z + 10y — 15? = (5z—12y — 152)(z y +1) 
and . 
(wi + y8-—Qe+4y—12)* = 4et+y—19)(de—ytlh), 


the first has the single undulation (4, —11), whereas the second has the pax of 


undulations (5, —1) and (—8, —1). Any number of (bicircular) quartios of this category 
can be obtained if one utilises the symbolic equation (A). 


9. We wil now make a few general observations on the generation of bicireular _ 


quartics, endowed with one or more pomts of undulation. The cardinal point io be 
noted in this connection is that although the general type of bieireular quartic T 
(bicursal or unıcursal) may not, fand, in general, will not) possess even a single point of 
undulation, still it can be made to generate, by process of inversion, a special type of 
bicircular quartic, possessing one or two points of undulation. For during (circular) 
inversion, a cyclic point P on any given curve I’—not necessarily a bieireular quartic— 
will be converted into a cyclic pomt or a pomt of undulation on the inverse curve, 
according as the origin of inversion does not or does lie on the osculating circle of T at P. 
This general principle being borne in mind, we learn that, if the origin of inversion O be 
taken somewhere on the oseulating cırele of a bicircular quartie I' at a cyclic point P, the 
inverse curve will be another bicircular quartic having a pomt of undulation (viz., the 
inverse of P). In particular, when the origin of inversion is taken at a common point of 
two four-pointic circles of a bicireular quartic, the mverse curve—which is also a bicircular 
quartic—will have two points of undulation. 


D 
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SECTION III 
SYMBOLIC IRRATIONAL REPRESENTATION OF A BIOIROULAR QUARTIC 


10. Reverting to the topic of the general bieursal bicireular quartie I', we now 
proceed to establish one of its irrational symbolic equations. From Art. 2 we know that, 
i£ S =U and S’=0 denote a pair of ‘correlated’ circles (of double contact) —belonging 
naturally to the same family,—and if T — 0 denote their common line of contact, the 


equation can be thrown into the form 


_ SS = T’. j (1) 
This can at pleasure be put in the form: 
(S+2AT - A*87)8! = (TAS, (2) 
shewing that, for different values ot the parameter A, the equation 
S-2AT--A*S! —0 (8) 


will denote the set ot ‘cognate’ circles of double contact (that include S, 8’), and the 
equation : 

T+A8! = 0 
will denote the corresponding line of contact. 

If we now pick out, at random, three arbitrary circles of the system (3), by 
assigning in succession three - arbitrary values A,, Ag, A to A, the SOMME (2) ean be 
modified into each of the three ‘equivalent foıms. 

SS! = Tj. 8,8’ = T, and 8,8 = Ti, (4) 
where 

S, = S-2A,T--A,38! and T,= T--A,S', (= 1, 2, 8). 

Because the three concurrent hnes T,, T, T, must conform to a certam linear 
relation of the form: vay id i 
pT, +T, TT, = 0, 
(where p, q, r are constants depending on A,, Ay, A,), we infer immediately from the 
three equations, marked (4), that the equation of I’ admits of the irrational form . 

y (081) + V (m8,) + V (n8,) = 0, (8) 
where I, m, n are constants*, Thus-the general bicircular quartic must be expressible 
in the symbolic irrational form (5), ıt being postulated that S,, Sa, 8, are circles of double 
eonlact, belonging to the same ‘cognate’ family. One or more of these circles may, 
as a special case, be four-pointic circles or point-circles (at the foci). When, however, 
rectangular Caites:an coordmates are used, and the common coefficient of z?, y* in 
S,, Ss, S, is unity, the bicircular quartic (5) will break up into a circular cubie and the 
line at infinity under the condition: ` 

: Vlx.mtwn-O. 

Plainly the very form of thé equation (5) reveals-that a bicircular quartic (as well as 

a circular cubic) beiong to the class of curves, called ‘polyzomal’ by Professor Cayley. 
N 





* Obvicualy, J, 3n, n = pP, q?, r? respectivery. 
8—1688P—4 
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SECTION IY 
CIRCULAR CUBIOS 


11. Inasmuch as the general type of circular cubic, when coupled with the line at 
infinity, constitutes a degenerate (or improper) bicirculer quartic, it follows that almost 
every property of a bicircular quartic must have its counterpart in the theory of circular 
eubies. Of course, a property of a (bicireular) quartic must have to be suitably modified 
so as to be applicable to a (circular) cubic. In fact,” the theory of circular cubics 1s very 
often sub-ordmated to that of bieireular quarlics. However, there is no bar to pursumg 
an independent line of investigation, in which a circular cubic : studied on its own 
merits without any reference to bicireular quartics. In this section we intend to touch 
briefly on an independent treatment of the circular cubic. 

As is well-known, a bieursal circular cubic possesses, in much the same way as a 
bicursal bieweular quartic does, four distinct familhes of circles of double contact. A 
little reflection shows that, if S = 0 be any such circle (of double contact) and u = 0 
be its chord of contact, the equation of the (circular) cubic T must be amenable lo 
the form : Í - l 
A S.» = u, ^ ` (1) 
where v = 0 is a certain right line. A glance at (1) reveals the- fact that the point O 
(given by u = 0, v = 0) lies on the curve I’ and has, for its tangent, the line v = 0, 
which is parallel to the real asymptote of I’. The point O is accordingly a centre of 
inversion; it goes without saying that there must be altogether four such centres 
(ot inversion), seeing that there must exist four tangents (to T), which are parallel to the 
real asymptote. Manifestly, then, the equation (1) can be made use of to study the 
properties of any one of the four familıeg of ‘cognate’ circles of double contact, attaching 
respectively io the four centres of inversion. To be more precise, we choose at random 
one of the four centres of inversion (say, O), and take it as the ongin of Cartesian 
coordinates (in general, oblique). - 

At the very outset we may set > 

5 i u=2 and 9 y, 


so that the coordinate axis y = 0 is parallel io the real asymptote of I‘; we may further 
write - 
: S = ala? +2zy cos w+ y?) -F2gz c 2fy +e, (2) 
where w stands for the obliquity. We shall now make a special choice of the circle of 
"double contact,. the specialty consisting in that the two attached pomts of contact shall be 
coincident. For this to be possible the line æ = 0 must touch the circle S = 0, leading 
to the condition : 
-f£=oa. : (8) 
Subject to this condition, 8 =0 will be-the oseulating (1.e., four-pointie) circle (of T) 
at the óyolio point æ, viz., (0, —f/a), and the centre of curvature (œ) for a—which is none 
other than the centre of S—is designable as the point of intersection of tHe line-pair ; 
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alz cos w+y)+f = 0, (4) 
and 

a(z +y cos w) +g = 0. (5) 

The Cartesian equation (1) of I' now becomes l 
S. = 2 
which can be turned mto > h E 
(S - 2A - A*y)y = (e Ay)", . : (6) 
(where A is a parameter). It ıs evident that, for different values of-A, the equation 
- - S 92Xz-- Ay = 0 : ^d ^ 


defines a set of co! ciroles of double contact, whereas the equation 
etry = 0 (8) 
determines their chords of contact, (which clearly form a pencil through the related 
centre of inversion 0). - PE 
The Jacobian of three arbitrary circles (with A,, Aj, A, as parameters) being the 
invariable circle (II), via: . 


z*--2zy cos et y* = c/a, f ^" (9) 
it follows that the series of circles (7) intersect II at right angles. l 
Moréover Chasles' charactoristics (a, v) for (7) being given by 

=2 and v= 4, 


the centre-locus (say, X) can be legitimately expected to be a curve of the second degr ee 
This locus 3 can without difficulty be verified to be the parabola : i 
[a(z- y cos w) +g]? = —2[a(æ cos w +y) +f]. (10) 

. Hence, using Casey's nomenclature we can affirm that the circle IT, as given by (9) is 
one of the four ‘circles of inversion’, and that X, given by (10), is the related ‘focal 
parabola’, so that the original cubic I, viz., (6) is definable as the envelope of circles, 
whose centres lie on X, and which cut II orthogonally. 

Plainly the cyclic points and foci, lying on II, can be found in much the same way 
as in the case of a bicircular quartic (Art 2). 

Thus imposing the condition that (7) shali denote a point-circle, (so that the L. 8. 
shall break up into two linear factors), we find the coordinates of the four foci (attaching 
to II and therefore lymg on its periphery) to be 





(E COs psp ears COS v- _ u?— 2p 008 w— y cos sera), 


2a sin? w - 2a sin? 


where BO his Has Hss Ha setieessivelys these being the four roots of the biquadratic 

in p, viz., 4 
a, . G0080, gtp |=0. 

a COS c, a, — [+p] 


7 ` -g tp, ] t /2, ca L.S mes 
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When, however, we introduce the condition that the line (6) shall touch the girele La we 
immediately obtain the four cyclic points situated on IL, viz., 





i ` (0, —f[a) 
and i : 
_ A(U 2Ag —9f) A? + 2Ag —2| C—À 
{ 2a(A* — 2A COS w + 1)’ 2a(A* — 2 cos w+!’ ( Ay Aw s), 


it being understood that A, A, A, are the three non-zero roots of the biquadralic 
in A, viz., 
en (A2.+ 2g —2f)* = 4ac(A*—24 cos w+1). 

As is to be expected, the first of the four cyclic pomts found above ıs no other than the 
point 4. Now simple ınspeetion of the Cartesian equation (10) evidently suggests that 
the parabola X touches the hne (4) at ils pomt of intersection with the line (5), so that 
the actual point of contact of (4) with 318 simply the pomt «, vizs., the centre of 
curvature (of D) answering to the cyche point e. Further notiemg that the line (4) 
intersects the axis OY perpendicularly at the cyche point æ, and that OY touches the 
given cubic T at æ, we conclude that the normal to T at æ touches X at a. 





Fic. 8 P Fra. 4 


Besides the same normal (vie., thal at æ) must touch the evolute Q (of D) at exactly the 
same point a’. x 
Thus as could be foreseen from other comsıderations, the normal to the (bicursal) 
. circular cubic I' at a cyclic point « touches the focal parabola X, as well as the evolute Q 
at one and the same pomt viz., a’, (which is the centre of curvature at a), ` Fig. 8 shows 
' the relative configuration of the points «, o/ and the come-par S, X. Similar properties 
must hold likewise for.the other three cyclic points £, y, 8 (cognate with a) relatively to 
their respective centres of curvature 8’ y’, 8, a fact given prominence toon Fig. 4. 
Considerations of symmelry at once reveal the existence of analogous relations between 
the four cognate cjele points (lying oh each of the other three circles IL, I, II; and 
their four centres of curvature lying on the corresponding focal parabola. In this manner 
without referring ab all to the bicicular quartic, (of which every circular cubic can bo 
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fegarded as a degenerate variety), we can derive an independent proof of the following - 
proposition: . ` ; 

The evolute Q of a bicursal circular cubic I’ possesses 16 cusps (real or imaginary), 
situated, four by four, on the four focal parabolas X, 3., Za, X4 Further Q touches any 
of these focal parabolas (say, 2,) at each-of the four cusps (situated on its periphery), the 
, four commun fangents at these-points being normal to'the cubic T at the four cognate 
cycho points, thal lie on the corresponding circle of inversion IL, „As a consequence, 
the 16 cuspidal tangents of Q consist of the four tetrads of common tangents to the four 
conic-pans: ö 


(II, 2), T, ais (I,, Za) and (IIs, X). 


12. If we proceed on "lines similar to those of Art. 10, we can appeal to the 
equations (6) and (7) of Art 11 and establish therefrom the ‘polyzomal’ character of a 
circular cubic D. To: that end we ascribe three arbitrary values Àj, Ay, Ag to A, and 
express the equation of I' in each of the three equivalent forms: 


S,.y = T,?, S,.y = T, and Say = Ty, i (I) 
where f ; 
S, = S«-2A,24-A,y and T,=a+A,y, (r= 1, 2, 8), 

Palpably the three concurrént limes {7,} conform to the identical relation f 

e R pT,+qT,+rT,=0, (I) ' 
where Mn ; " 
D, q, E Aa Às Asm Ad, À;—À4, so thal p+q+r= 0. 


In view of (II), the three equations of (I) lead to 
y (18,3 N (mS,)+ y (n8,) = 0, 
where l, m, n are constants satisfying the relation 
viltymtyn=0. , 
Thus (IIT) ıs the desired mrational expression of the-circular cubic T m terms of three 
arbitrarıly chosen curcles of double contact 8,, 8,, Sa. 
13. We now propose to scrutinise the inter-relations between four cognate cyclic 
pomts «æ, B, y, B on a bieursal circular cubic I. Evidentiy.the radii of curvature 


Pir Pa» Ps» Pa at these pomts must, as m the case of a biemeular quartie I',' abide by the 
relation : l 


il pd +i 1 = 0, x 

Pi P2 Ps P4 » 
for the simple reason that Roberts’ theorem quoted in Art 4 holds universally for 
every type of algebraic curve, not excepting a parabola. 

Our next query has reference to the polar reciprocal (=) of a focal parabola 

3 w.r.t the associated circle of inversion II. Appealing to Fig 4 of Art 11, we gather 
that the fom lines aa’, BB’, yy', & being tangents to X, their respective poles vis., 
e, B, y, 8 (taken 1. r. t the auxiliary circle IT) must lie on the’ reciprocal curve E; 
‘besides, this conie goes also through the cente O ot II, seemg that Z touches the 
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. line at infinity, Thus E passes through all the five points viz., O, e, B, y, 8. If we 
now attend to the patent tacts: 


(i) ‘that the polar conic of the centre of inversion O touches the cubice at O 
and goes through the cyclic points «, 8, y, 8, (lying on II) these being the 
points of contact of tangents from O toT; 

and (i). that a come is uniquely defined by five. given pomis (no three o£ which are 
f collinear), - 

we cannot escape lhe conclusion that & is ideniacál with the polar conic of Ow. r. t. T". 

We may therefore summarise our conclusions in the following garb: 


For a bicursal circular cubic D, the polar reciprocal of any of the four focal 
parabolas with respect to the associated circle of inversion is identical with the polar conic 
‘(wort D) of the related centre of inversion, 


Fiom this theorem on circular cubies we can, by changing ow view- point, deduce 
immediately an mieresting theorem on conics Bearing m mind the elementary 
priticiple that, with any given parabola 3 as a focal parabola and any given circle as the 
corresponding circle of inversion, a circular cubic 1s perfectly determinate, having its real 
asymptote parallel fo the directrix of X, we are justified in drawing the following 

-inference: | Ne . - 
If four lines aa’, BB’, yy’, 8% touch a circle II, (whose centre is O) at the points 
a, B, y, 8 respectively, then the tangent at O to the uniquely determinate conic passing 
through the five points O, o, B, y, dis parallel to the directrix of the uniquely determinate 
parabola, that touches the four lines mentioned above. 


In the addendum we shall have occasion to say a tow words more about recıproca- 
tion with special reference to a bicircular quartic. 


` ADDENDUM 


14. When it is desired to investigate the polar reciproca: (E) of any of the four 
focal comes (say, E) of a bieursal bicireular quartic T w, r. t. the corresponding circle of 
inversion II, we may employ a mode of reasoning almost sımilar to that of Art. 18. 
For this purpose we shall still continue to refer to Fig. 4 (of Art. 11); subject to 
the proviso that X is no longer a focal paraboia but is rather an ordinary focal conic. 

In the first place we notice (as before that the cyclic points «, B, y, è being the 
poles w. r. t. ID) of the four tangents to 3, vis., aa’, BB’, yy’, 6%, must he on the 

reciprocal Ej. The second pomt to be stressed is that the four eognale foci a, b, c, d 
(attaching to II) being its intersections with X, their polars w. r. t. the (auxiliary circle) 
Ii—which are no other than the tangents to IL at the very same points—must all touch 
the reciprocal curve Æ. We are therefore entitled to formulate our conclusions in the 
tollowing manner: 

"E: If, for a given bicursal bieireular quartic I’, X denote a focal conic and TI its 

- associated circle of inversion (having O for its centre), and if U denote the quadrilateral 


- 


Ct 
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formed by the four ‘oognate’ cyclic points (seated on II) and V denote the quadrilateral 
formed by the tangente (drawn to II) at the related tetrad of ‘cognate’ foci, _then there 
must- exist -a` uniquely determinate conic E, which ig insoribed in V but circumscribed 
about U. Furthermore this conic Œ can be identified as the reciprocal of S w. r. t. I. 
Finally B will pass through the centre of inversion O, when and only when I’ reducea 
to a circular cubic, in this special case, Fi is the same as the polar conic of O w. r. t. the 
curve, This -proposition loses much of its interest, unless" ihe two sets of points 
(a, B, y, 8) and (a, b, c, d) located on TT are all real, as visualised in. Fig. 4 of Art 9, 

“45. We shall now close this topte by referring briefly to the F-conic* that attaches 
to the conic-par (II, E). Remembering that this covariant conict goes through the 
eight pomis of contact (real or imaginary) of IL, E, with them tetrad of common tangents, 
and attending to the results of Arts 4 and 9, we are forthwilh led to the following 
theorem : . 

For a bicursal bicircular quartic or for a (bicursal) eircular cubic, any four cognate 
cyclic points (situated naturally on a certain circle of inversion II) and their attached 
centres of curvature (situated on the corresponding focal conic X) make up a set of eight 
points, lying on a common conic ‘This conic is nothing but the F-conie of (II, 3). Rs . 

As against this, inquisitive students may propose to investigate (he contravariant 
envelope viz., $-conic—sometimes. called the ‘harmonic envelope’—of the conıc-pair 


(I, 2). 
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~ * As waa first defined by Salmon. the F-conic associated with a given conio-pair (8, 8°) is the locus 
(of the second degree) of a moving point, the two pairs of tangenta drawn from which to 8.8” form a 
harmonie pencil. LC ~ 
+ Bee Askwith’s ‘Analytical Geometry of Conic Sections’ (1985) , Art, 894. 


THE DUAL OF A THEOREM PROVED BY F. MORLEY 


By 
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(Communicated by the Secretary --Received October 10, 1948) 


Ilearn with deep regret, from the March number of the Bulletin of the Calcutta ` 
Mathematical Society (Vol. 40, 1948, p. 49) that my old and much respected friend, 
C. V. Hanumanta Rao, formerly Professor at Lahore, has died. So far as I know his 
last publications relating to a theorem variously known by the names of Petersen, 
Hjelmslev and Morley, taken in projective form (Bulletin, 87, 1945, p. 131 and 38 1946, 
p. 111). I should like to offer the following lines for publication in tribute to his memory. 
‘Lhey were actually written in correspondence with him about ‘his last two papers; and, 
as will be seen, the result might appropriately be called after his name. 

In ordinary space of three dimensions, let u, v, w, w, v', w be six lines, passing 
through a point T, which lie on a quadrie cone. If we take any two ordered triads from 
these lines, say u, v, w and w, v’, w, and consider the six planes 


& — (v, w), o — (vw), B ww), B= (w, w), y — (uv), y = (ud), 


then the three lines of intersection of pairs of these, (2, «’), (8, 8^, (y, y), he in a plane 
through T. ‘This follows from Pascal’s theorem for six points of a conic, and the plane 
may be called a Pascal plane. We denote it-by 


( v, 2) 
u = . 
ul, w!, v! à 


We consider, with the same notation, also the three other Pascal planes 
u, v, W i v, W, u w, U, vN 

que vi w!, ») E (a, u, v) mm ae v, u) 
‚by a remark usually ageribed to Steiner, these three planes meet in a line, say s, as will 
inoidentally appear below. : 
. * Now take upon the respective Imes u, v’, w, u’, v, w arbitrary points U, V!',. W, 
u’, V, W', forming askew hexagon. here is then, upon the plane A, a transversal of the 
opposite sides VW’, V'W, say I. Equally there is a transversal of the opposite sides 
WU!, W'U of this skew hexagon, lying in the plane a, say m; and a transversal of the 
opposite sides UV’, U'V lying in the plane v, say n. In the general case, when the lines 
l, m, n are skew, there is a quadrie surface containing them. We shew that this quadric 
surface touches the Pascal plane w. For this 1t is necessary and sufficient that the points 


in which the lines l, m, n meet the plane w should be in line—and this is what we prove. 
Take coordinates x, y, z, t, so that, ihe point of intersection T of the lines u, v, w, 
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w, v', w is (0, 0, O, 1), and the plane o is z--y-- 2 = 0, Letihe planes «, «/, which 
meet on w, be given by a,e+4,y+a,2 — 0, a,zay-c as = 0 so chosen that 
a,—a, = 1, 8, ~a, = 1, a, —a, = 1, so that we may write a/—« = w. Similarly let the 
planes 8, É' be respectively b,x+b,y+b,2 = 0, b.m by b bus =0, with b/—b, = L, 
so that #®-ß=w; ‚and the planes y, y be respectively eet Cay + Coe = 0, 
cet c4 y o 0,8 = 0, with - cf =c; — 1, so that Y-y=u. = 

The plane A contains the lines (wu, wv), (ww, uv’), "or (B, » (B', Y) thus, as 
B'—y = B—y, we may write A = B= —y and A= B'—y. Similarly the plane ‘u contains 
the lines (u, v’w), (uv', vw’), or (y, a), (y, 2), and we may write & — y—* and 
a=y-@. And the plane v contains the lines (v'w, wu), (vwt, ww), or (e, B), (x! B"), 
and we may write v — «—f and v — «'—f, The planes A, u, v bhus meet in a has 8, 
given by a= B = y, ord — f! — y. ES 

"TE (Pis Pas Pa) and (Gis 92, qa) be two sets of Minds numbers, we may denote. Alio 
three numbers p,ds—fPido. Psdi— Pide Pida— Pav respectively, by (pg), (rd). (pq), ; 
so that, if (r,, Ta, 7,) be another set of three numbers, ‘tho sum (pq),r, + (pq),7, + (pq),, is 
the determinant (pqr). Then, for instance, the point U on the line v, lies on the planes 
(wu), (uv), or B, y, and has coordinates | Ue 


; [(be!),, (bear (bos, f] 
where f is a number fixing the position of U on u, And we may, for brevity, denote the 
four coordinates by [(bc'), f]. With this notation the six angular points of the skew 


hexagon are easily seen to have Ihe respective coordinates ZEN > 
; U V Ww U Y! wi 
[(be), f], ea), g], [(ab), h]: [Q'o), f], [(e'a) g'], [(a'd), h] 
with suitable values for the six numbers f, g, h, f', g^, /. Using then U, V, . - - for these’ 


` gets of coordinates, we can at once prove that the points U' — U, V'—V, W!—W lie on the 


Pascal plane w, being the points where the diagonals of the skew liexagon UV'WU'VW!^ 
meet this plane. For instance, thé condition that the point U' — U, whose coordinates are. . 


[(b'c), — (bo!),, (b'c),— (bo^), (bc), — (bo*),, f'—f], 
should be in ihe plane z+y+e=0, is (b/o1) — (bo/1) = 0, which is verifled in virtue of 
b) —b, =}, ej — C =1. 
Also, we have seen that the plane A» or ,. . 


u, v, w 

(a wi, v! E 

is given by 8-y=0, or B!-yY — 0. From this we can at once prove that this plane 
meets the two opposite sides VW’, V'W of the skew hexagon in the respective, points“ 
V -- W!, V'+W. For the first point, V+ W!, ‘has coordinates [(ca/) + (a/b), g+h’], and the 
condition thus lies on B —y = 0, 38 - 

(ca!b) + (a/bb) — (ca!c) — (abo) : =0 = 
which 1s satisfied; and V/+W likewise lies on this plane, namely, [(c'a) en g’+h] lies 


on f/—y' = 0 because 
9- 1683P—4 


^ 


a 
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` (cab!) + (ab!b";— (clac’) — (ab!c/) = 0, 


The transversal of-the, sides VW’, V'W which lies in the plane A, thus contains the pent 
(V! -- W) - (V --W!), or V’-V-TW'-W); and this point les on the plane o, which, we 
“have seen, is determined by the three points U'—U, V'- V, W’-W. Simlarly for the 
two other pairs of opposite sides of the hexagon, namely, IVU’, W'U and UV’, U'V. 
“The transversals of the three pairs of opposite sides of the skew hexagon lying respectively 
in the planes A, a, v, thus meet the plane v in the respective pomis 
LSS (Wie WS. W'-W-(U'-U)} Ute Ua (EE), 


. and these are in lime. So that the enunciated theorem is proved. 


_ Tf we take the dual of the figure considered, we shall have, in the plane which 1s the 
dual of the point T, six lines U, v, w, u’, v/, w’, touching a conie, and six points ~ 


A —(x,w). A=(vwW), B=(w,u, B=(ww, OC-(u,v) œ= (u, v), 


respeclave duals`of the plane «, 2’, B, ', y, y', forming two triangles ABC, A'B/C!, which, 
by Brienchon's theorem, are in perspeclive, from a pomt O the dual of the plane o, 
namely, this centre of perspective O is the dual of the Pascal plane 


u, v, W 
n v, 2 
Conversely two such triangles ABC, A'B!C! in perspective give rise to six lmes touching 
a conic. 

The Pascal plane A, contamıng the lines (uw, wv), (uv! ww), has for dual a point L,- 
through which pass the two lines Joining the pairs of points (w’u, u'v), uy’, u'w), namely 
the lines BC, B'C', which are corresponding sides of the iwo triangles ABC, A'B'C'. 
Likewise M, the dual point of the plane a, is the intersection of CA, C'A'; and N, the 
dual of v, ıs the mtersection of AB, A'B!. Thus the Steiner remark that the Pascal planes 


A, p, v meet in a line becomes in the dual figure the fact that the perspective triangles 
have an axis of perspectivity, LMN. 


The six sides V/W, TU',... of the skew hexagon m the orginal figure are 
similarly seen to give rise, m the dual figure, to lines a, b’, , drawn respectively 
through the points A, B’,..., which form a skew hexagon in iiis dal figure And the 


. transversal of VW’, VW in aie plane A, gives rise to the transversal of the opposite sides 
a, a, une from L. This transversal, and the two others. from M to b, b’, und from N 

. too, ey are thus all met by a line in the dual figure passing through the point O, the 
ips of perspective of the two triangles, And this 's the projective form of the theorem, 
known as Morley's, referred to, 
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A NOTE ON HAMY'S THEOREM - 


` Bye | E 


£e 


E NL. Gnosn . z 


(Received October 4, 1948 - 


- .: M. Hamy (1889) discovered ‘the theorem that a heterogeneous liquid rotating in 
relative equilibrium about an axis cannot have an ellipsoidal density -slintifiention:*"He 
` proved il from the dynamical equations, 


AC 
te 


az .9b,18p s (1) 
x põr 
oo , Lop 
wy = -2 + IE 9 
x ; Oy  pOy > A 
i o= 3P, 1p 
Oz pO? 


(8) 

where w is the constant angular velocity about the z-axis,- 3$ the ara val ionn. potential, p 
the density and p the hydrostatic pressure at the point æ, y, z, by utilising the well- known 
form for the gravitational potential of a homogeneous ellipsoidal shell. The purpose of 
the present note is to show that the theorem 1s a consequence of the consistency of the 


above dynamical equations with the gravitational equation 


= 9,909,900 l 
29 = + +25 = -4G 

. V oy Bet pu. . (4) 
and ıts vahdity does not really E on the particular forın of the potential of an 
ellipsoidal shell. To prove this we proceed as follows: From oquations (1), (2), (3) 

w'(zdz + ydy) = -db + T i " (5) 
In (5) e*(zdz--ydy) is a perfect differential, ns a constant and so ıs d. Hente 
dp/p must be a perfect differential in order that integration of (5) may be possible. Thus 
we must have l 


d ^ x 
J= ~ (6). 
p p^ E 
unless p is constant, and hence í : T è 
= J iode — P(p), say, $a. ups 
From (5) we have i f : 
ry) = -+ flp) (8) 


Operating with V? on both sides and using (4) we have 
MD 2o? = 4nGp+ V*f(p) (9) 


Now let : : 
p = (an? + By! o ye?) - : (10) 


* 
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"Bubstituting in-(0) and putting j 
He) = Milan! + By? + year} = Flur? + By? ya?) (11) 


we have, . 
; 20° = AnGp+ V*F(ua* + By* + yz*). 


That is, - 
- Karat + Ay? 3 y'a?) F! + a4 B+y)Fl+4nGp = Qu? (12) 
whege P and F" denote differ entiations with respect to the argument 227+ By +yz’. 
. (12) reduces to 
ara? + B*y* + y*a*) P! + (7+ B p y)F! + 9G. art + By? +yz”) = u? . (18) 
Tf (18) is to be integrable (as must happen m any possible case) wo must have. either 
. F" =0, giving F' = const. 
and hence from (13) 
E Year? + By* +yz?) = p = const. 
or, 2707+ Py? + y?2* must be a function of sz? + By? yz? which 1s impossible ufilless 
i a= By. 
That is, ıf the fluid be heterogeneous, no strictly ellipsoidal distribution of density is 
possible, which proves the theorem. ; 4 . 

It must be noted: here that though the original theorem only mentions a hates: 
geneous liquid, it applies nevertheless to any heterogeneous fluid, including a gas by 
virtue of equation (6). E 

There are two points to be observed in connection with the above proof of Hamy's 
theorem. 

There is no assumption -with regard to the torm of the boundary of the rotating 
fluid at the start. And so, no use has been made of a definite form of the potential 
function. The mere consistancy of the dynamical equations and Poisson's gravitational 
equalion excludes the possibility of ellıpsoidal stratification and so geñerally ‘of ellipsoidal 
boundaries. The case p = const. is a special one, as stated before. The method may be ` 
useful in eliminating some other forms of stratifications. 

In equations 1—4, ® may represent the self-gravitation of the rotating fluid together 
with the potential due to external gravitating bodies (which would not disturb the condi- 
tions of motion assumed). The dynamical problem will not thereby be changed, and the _ 
above conclusion will remain valid. Hence Hamy's theorem will not only be true under 
` the self-gravitation of a rotating fud mass but also when the same is placed in an 
"external gravitational field which would not disturb the ehtwacter of the motion. : 

In conclusion I must express my grateful thanks to Prol. N R. Sen for his kind 
interest and encouragement. . 
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